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Phases of the Coalescence

Different methods are used to
study each of these phases.

Inspiral: Post-Newtonian

approximation.

In the adiabatic approximation to the circular motion


h+ =

4

D
(GNMc)

5/3(πfgw)2/3
(
1 + cos2 ι

2

)
cos [Φ(t)] ,

h× =
4

D
(GNMc)

5/3(πfgw)2/3 cos ι sin [Φ(t)] .

The Gravitational-Wave Phase Φ(t) can be modelled through

Φ(t) = 2

∫ t

t0

dt ω(t) = −
2

GNM

∫ v(t)

v(t0)
dv

v3

P (v)

dE

dv
.
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Hierarchy of Scales

Hierarchy of scales and the method of regions for bound binary systems
[M. Beneke and V. A. Smirnov, Nucl. Phys. B 522, 321-344 (1998)]

Orbital scale: v2 ∼
GNm

r
⇒ rs ∼ 2GNm ∼ rv2

GW scale: λ ∼
r

v

⇒ rs ∼ rv2 ∼ λv3

In the nonrelativistic regime, v ≪ 1, hierarchy of scales:

rs ≪ r ≪ λ

Method of regions: hµν = Hµν︸︷︷︸
potential modes

+ h̄µν︸︷︷︸
radiative modes

Hµν : off-shell modes scaling as (k0,k) ∼ (v/r, 1/r)

h̄µν : on-shell modes scaling as (k0,k) ∼ (v/r, v/r)
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The EFT for the Binary System

Non-Relativistic General Relativity construction of Goldberger and Rothstein.
[W. D. Goldberger and I. Z. Rothstein, Phys. Rev. D 73 (2006) 104029]

⇒ Idea: We write down a general Lagrangian containing all possible types
of local terms consistent with the symmetries of the problem.

The starting point: Theory of relativistic point particles coupled to gravity

S =
1

16πGN

∫
d4x

√
−g R[gµν ] + Spp ,

Symmetries of the theory:

❑ Diffeomorphism covariance

❑ Reparameterization invariance

Spp = −
2∑
a

ma

∫
dτa −

1

2

∫
dτ Sµνωµν︸ ︷︷ ︸

spin DOFs

+ cE

∫
dτ EµνE

µν + cB

∫
dτ BµνB

µν︸ ︷︷ ︸
finite size effects

+ . . .

Wilson’s ideia: by adding all these infinitely many operators (scaling as ∼ rs/r)
allowed by the symmetries, finite size effects are systematically taken into account.
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The Near Zone

The Near Zone is the orbital scale where the potential modes Hµν are exchanged
between the constituents of the binary system. In this case, gµν = ηµν +Hµν and

(k0,k)pot ∼ (v/r, 1/r) .

k0/|k| ∼ v ⇒ Departure from instantaneity: implementation of the PN expansion:

1

k20 − k2
= −

1

k2

(
1 +

k20
k2

+
k40
k4

+ · · ·
)

∼ r2(1 + v2 + v4 + . . . ) .

The 1PN correction, whose contributing diagrams are

gives

L1PN=
mav4a

8
+
GNm1m2

2r

[
3(v21 + v22)−7(v1 ·v2)−

(v1 ·r)(v2 ·r)
r2

]
−
G2

Nm1m2(m1+m2)

2r2
.

[Einstein, Infeld, Hoffmann, Annals Math. 39, 65-100 (1938)]
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The Far Zone

Integrating out the potential modes:

eiSeff [xa,h̄µν ] =

∫
DHµν exp

{
iSEH+GF[Hµν + h̄µν ] + iSpp[xa(t), Hµν + h̄µν ]

}

⇒ Seff =
1

2

∫
d4xTµν h̄µν

Multipole expansion, λ ≫ r, makes Seff → Smult:
[Goldberger and Ross, Phys. Rev. D 81, 124015 (2010)]

Smult = −
∫

dτ E −
1

2

∫
dxµ Labω

ab
µ +

1

2

∞∑
r=0

∫
dτ c

(I)
r IijR(τ)∇REij(x)

+
1

2

∞∑
r=0

∫
dτ c

(J)
r JijR(τ)∇RBij(τ) .

[Multi-index notation R = i1 . . . ir]
GW observables can be computed, e.g.:

P =
1

2T

∑
pol

∫
d3k

(2π)3
|A(ω,k)|2
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Nonlinear Effects: Emission and Self-Energy

Emission

The tail effect

iAtail(ω,k) =

(ω,k)

I , J E

❑ UV and IR divergences

❑ Renormalization group evolution

[G. Almeida, S. Foffa, R. Sturani,

Phys. Rev. D 104, 084095 (2021)]

The tail-of-tail effect contains three contributions:

I , J E E I , J E E I , J E E

Self-energy

iSeff =

Iij Iij

+

Iij IijE

❑ Im(Seff) ⇒ Energy flux

❑ Re(Seff) ⇒ Conservative

Computed for arbitrary multipole moments
[G. Almeida, S. Foffa, R. Sturani,

Phys. Rev. D 104, 124075 (2021)]
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State-of-the-art of the conservative sector (spinless case)

⇒ State-of-the-art on the conservative sector: 4PN (2019) (Potential + Radiation)
[S. Foffa, R. Porto, I. Rothstein and R. Sturani, Phys. Rev. D 100, 024048 (2019)]

Iij IijE

= −
1

5

∫
dω

2π
ω6

[
1

ϵ
−

41

30
+ log

(
ω2eγ

πµ2

)
− iπ

]
Iij(ω)Iij(−ω) .

⇒ 5PN Potential contributions: 106 diagrams via multi-loop integration methods.
[J. Blümlein, A. Maier, P. Marquard and G. Schäfer, Nucl. Phys. B 965 (2021) 115352]

⇒ 5PN Radiative contributions: 6 diagrams. (3 tails + L-tail + memory)
[S. Foffa and R. Sturani, Phys. Rev. D 101, 064033 (2020)]

Iij IijLi Iij IijIij Iij IijIij

⇒ Results are inconsistent with predictions from Self-Force formalism.
[D. Bini, T. Damour, A. Geralico, Phys. Rev. D 104, 084031 (2021)]

Finite size effects start to enter at the 5PN level, hence being the main
motivation for going forward to the completion of this order.
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The Gravitational Field

[G. Almeida, A. Müller, S. Foffa, R. Sturani, arXiv:2307.05327]

The Classical Gravitational Field at a spacetime position x is given by

⟨hµν(x)⟩ =
∫

Dh eiS[h]hµν(x) .

The most relevant role is played by the trace-reversed quantity h̄µν , defined by

h̄µν = Pµν
αβhαβ , with Pµν

αβ =
1

2

(
δαµδ

β
ν + δβµδ

α
ν − ηµνη

αβ
)
.

When interactions are considered, the field hµν will have the generic form

⟨hµν(x)⟩ =
∫
k

dω

2π

e−iωt+ik·x

k2 − (ω + ia)2
× iAµν(ω,k) .

This equation defines the Gravitational Scattering Amplitude iAµν .

In particular, in real space, this takes the form

⟨h̄µν(x)⟩ = −16πGN

∫
dd+1x′GR(t− t′,x− x′)Tµν(x

′) .

Hence, we have the identification

Tµν(x) ∼ iĀµν(ω,k) .
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Gauge Condition and Ward Identity

It follows directly from the trace-reversed version of ⟨hµν(x)⟩ that

∂µ ⟨h̄µν(x)⟩ = −
∫
k

dω

2π

eik·x

k2 − (ω + ia)2
× kµĀµν(ω,k) .

Hence, we immediately see that, if the condition kµĀµν = 0 is satisfied, we have

kµĀµν(ω,k) = 0 =⇒ ∂µ ⟨h̄µν(x)⟩ = 0 and ∂µTµν(x) = 0 .

The harmonic gauge condition: Γµ = 0.
From this, it is easy to derive the important result: kµĀµν(ω,k) ∝ (ω2 − k2).

Thus: Physically relevant amplitudes iAµν are such that, on-shell (k ≡ ωn̂),

kµĀµν(ω, ωn̂) = 0 ⇒ This is the statement of the Ward identity.

On-shell amplitudes: Useful to build hTT
ij in the far field approximation,D ≫ r:

hTT
ij (x) ≡ ⟨h̄TT

ij (x)⟩ =
1

4πD
Λijkl

∫
dω

2π
iĀkl(ω, ωn)e

−iωtret .
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Processes to be investigated

Diagrams for the emission processes that we want to investigate:

❑ Leading-order processes:

⇒ Gauge condition implies conservation of E, Li at this perturbative order.

❑ Mass tails:

I , J E

⇒ Ward identity fully satisfied.

❑ Angular momentum (failed) tails:

I , J L

⇒ Presence of a (consistent)
“Gravitational-Wave” anomaly.
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The Angular Momentum (Failed) Tail

Angular momentum (failed) tail:
[Here we use the representation Li =

1
2
ϵijkJ

j|k]

I , J L

⇒ Computation of iĀµν .

From the full amplitude, we have

kµĀµ0(ω, ωn) = 0 .

kµĀµl(ω, ωn) = (−i)r+1 c
(I)
r

2Λ4

(
iω

4

)[
kaω

2Ji|aIiRl(ω)

∫
q

qR

(q2 − ω2)

]
.

⇒ Hence, we notice that, since the integral in q is proportional to δR, this result
vanishes on account of the tracelessness of IiRl, unless r = 0, in which case

kµĀµl

∣∣
r=0

= 16πiG2
Nkaω

4Ji|aIil(ω) .
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Einstein’s Equation in Perturbation Theory

Variation of the Einstein-Hilbert plus gauge-fixing action, with metric expanded as
gµν = ηµν + hµν , yields

SEH+GF ∼ Λ2

∫
d4x (h∂2h+ h2∂2h+ . . . )

⇒ □h̄µν = Nµν [h, h] +Mµν [h, h, h] + . . . .

Perturbative expansion in GN , with h(n) denoting contributions of O(Gn
N ), gives

□h̄
(1)
µν = 0 ,

□h̄
(2)
µν = Nµν [h

(1), h(1)] ,

□h̄
(3)
µν = Nµν [h

(1), h(2)] +Mµν [h
(1), h(1), h(1)] ,

. . . .

⇒ Explicit check for h
(L−tail)
µν , for the electric quadrupole, shows that it is indeed

a solution of the perturbed Einstein’s equation □h̄
(2)
µν = Nµν [h(1), h(1)].
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Equations of motion for the full problem

A solution to the full problem is obtained once we solve simultaneously

□h̄µν = Λµν and ∂µh̄µν = 0 .

Once we obtain a particular solution hp
µν of □h̄µν = Λµν , we can always find a

homogeneous solution hh
µν that precisely cancels the divergence in ∂µh̄µν .

Solution can be given in terms of four STF tensors, say NL, PL, QL, RL.

⇒ General solution to the full problem is hµν = hp
µν + hh

µν .

In terms of amplitudes

āµν ⇐⇒ hh
µν and kµāµν = −kµĀµν .

For the anomalous case presented before, we derive

Qal = 16πiG2
Nω4Ji|(aIl)i and Rb = −8πiG2

Nω4ϵbcdJ
i|cIid .

From which the following results are obtained

ā00 = 0 , ā0i = −8πiG2
Nω3Jb|k(kjδib−kbδij)I

jk , āij = −16πiG2
Nω4Jm|(iIj)m .
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Self-energy diagrams from emission amplitudes

Radiation × Conservative contributions

IijR Li

×

IijR

⇓

IijR IijRLi
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Self-energy diagrams from emission amplitudes

For the gluing of two amplitudes Aµν and Bµν , we have

iSeff =
1

2

∫
k

dω

2π
Aµν(ω,k)D[hµν , hρσ ]Bρσ(−ω,−k) .

No anomalies for r > 0: the computation of the self-energy from standard EFT
methods or by gluing of amplitudes result in the same expression, given by

iS
(L−tail)
eff = G2

N

2r(12 + 50r + 35r2 + 10r3 + r4)

(r + 1)3(r + 2)3(r + 3)(1 + 2r)(3 + 2r)(5 + 2r)(2r)!

× Jb|a
∫

dω

2π
ω7+2rIaiR(ω)IbiR(−ω) . (r > 0)

⇒ For the quadrupole case, r = 0, we must glue the anomaly-fixed
amplitude iMµν = iAµν + iaµν previously obtained. In this case, we get:

iS
(r=0,L−tail)
eff = −

1

30
G2

NJi|k
∫

dω

2π
Iij(ω)Ijk(−ω)ω7 .

⇒ Standard self-energy computation gives the coefficient 8/15.
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Conclusions

❑ We have studied Gravitational Scattering Amplitudes for leading-order
processes, the mass tails, and the angular momentum failed tail;

❑ We have identified, for the first time, a classical anomaly in the quadrupole
cases of the angular momentum failed tails;

❑ A fixing at the level of the amplitudes could be implemented by the
introduction of counter-terms, within a consistent framework.

Besides this,

❑ We have learned how emission amplitudes could be used to compute
self-energy diagrams;

❑ In this case, we were able to correct previous results for the conservative
dynamics stemming from the angular momentum failed tail.

⇒ The work presented here is important to correctly account for the far-zone
effects of back-scattering in the conservative dynamics of compact binary systems.

⇒ Particularly important in the completion of the 5PN dynamics.
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Thank you!
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