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I. Motivation

e Einstein gravity is not a quantum complete theory (at least
as the folklore says.)

e T he principle of General Relativity is too good to throw away.

e Introduce higher derivative term, while keeping the principle
and the symmetry. The f(R) formalism is the simplest gen-
eralization.

e Enlarge the symmetry to include supersymmetry, vielding su-
pergravities. (Boosted by string theory, as low-energy effec-

tive theories of strings)

e Although both are generalizing GR, little overlap between the
two.



I. Motivation, continued

A rather fundamental property of supergravity is that it admits
Killing spinor equations, whose defining property is that the I'-
matrix projected integrability condition give rise to equations of
motion.

It is hard to imagine such a property for f(R) theories, and hence
the two subjects rarely overlap.

However, in a recent paper (arXiv:1111.6602), we (Liu, LU and
Wang) demonstrate that there exist large classes of f(R) theories
that do admit Killing spinor equations.



I. Killing Spinor Equations in f(R)

Condition:

(4(D— 1)(D—2)W2—|—R)W’ W

f”— f/ +

f=0.

<4D(D— 1)W2—|—R>W (4D(D— 1)W2—|-R>W

Killing spinor equations:

Dye = (DM + W(R)I‘M>e =0,

(rﬂqu 4 U(R))e —0,
where
(4D(D — 1)W? 4+ R) f"(R)
4(D — 1)W’
The integrability condition projected by a I'-matrix:
M Ruve=0.

U=—



I. Motivation, continued

e [ he existence of KSE is not unique to, but an important
feature of supergravities

e Thus the f(R) formulation of gravity is not totally incompat-
ible with supersymmetry

e Hence the f(R) formalism is not totally incompatible with
string theory

e Higher-order curvature terms are little known in supergravities
or in string theories

e May shed some light on the supersymmetrizing of higher order
curvature terms.



T WO reviews

Before going to discuss f(R) formalism of supergravities, we first
give some short reviews on the following two subjects:

e \Why is Killing spinor equation so important in supergravities?
e What is f(R) theory?



Why is KSE so important in supergravity?

This is a new way of looking at constructing supergravities that
you do not seen in supergravity books.

Introduce a fermionic partner for the graviton, a gravitno vy,.

Note that
6(v—gR) = Gw/ég“y

where G, = Ry — 3Rguy Thus, any symmetry transformation

has to generate Gy, to cancel the above one. The kinetic term

for the fermions has one derivative, so the the transformation
rule for the fermion has to have another.

General coordinate transformation:
O9uw =V (uv) -

Analogous transformation
o0y = Dye
where the covariant derivative on fermion is
Dye = Oue + 7 1 abl_



Property of covariant derivatives

On vector:
[v,u, VuVFP = RPAMVV)\

On spinor:
[Dy, Dule = 2R 0T e

Describe parallel transports around an infinitesimal closed path.



Projections

M“[Dy, Dy]e = 3R e

I_,LLVp[Dl/y Dp]€ — GMVI_VG

We see that the Einstein tensor G appears!



Gravitino kinetic term

L= %\/ —gtuT*"P Dyt

Consider a transformation 4, = Dye, then we have

5£ — —g/(E'ur'L”/pr(S'lpp — V —QTZMI_'LLVPDVDIOG

— %\/ —g'lzlur'uyp[Dy, Dp]e — %\/ —gG,UJ]/'QE'UJI—VG



Graviton/Gravitino system: pseudo-supergravity

L=+=g(R+ 30.M*PDyi,)

transformation rules:

bey, = %&Mr%, SO dguy = %ﬂ(ury) €

The Lagrangian is invariant under the above transformation rules
if we do not look beyond quadratic order in fermions.

Any bosonic gravity theories that admit consistent Killing spinor
equations can pseudo-supersymmetrized up to and including the
quadratic order of fermion fields in the action.



f(R) theories of gravity

Replace the Ricci scalar R in the Einstein-Hilbert action with a
generic function f(R).

f(R) can be an arbitrarily custom-made function to suit whatever
the purpose.

If one is not a cosmologist, one might feel embarrassed to be
associated with it.



Properties of f(R) theories

It is equivalent to a special class of the Brans-Dicke theory.

Introducing an auxiliary field x, then the Lagrangian

e 1L =f(x)+ FrOO)R—x).

Variation of x gives to f,y (R—x) = 0. Provided that f,y # 0,
we have y = R, and substitute this to the Lagrangian, we obtain

f(R) gravity.

The Lagrangian is nothing but a scalar/gravity system with the
scalar x that has no kinetic term. To see it more clearly, we can

define ¢ = f,(x), and hence the Lagrangian becomes

e 1L =R+ f(x(¥)) —ox(p).

The conversion requires to find the inverse function for f/(R)
and the close-form conversion may not always exist.



Converting scalar/gravity to f(R)

In supergravities, we typically have scalar/gravity system in the
following form

e 1Lp =R—3(80)° -V (e),

The equations of motion for dilaton ¢ cannot be solved alge-
braically like the ¢ in the previous case.

However, let's make the following conformal transformation

G — 6—20@9/”7 o = eﬁ(b,

where

«

o 1 6=\/ D -2
G ENCER) 2(D—1)



The Lagrangian becomes

6_1‘CD — SOR o ‘7(90) )
where

V(o) = D2V ($(¢)).

The Lagrangian has no derivative on ¢, and hence it is an aux-
iliary field. The variation of ¢ gives rise to an algebraic equation
on ¢, which can solved in principle. Substitute the solution of ¢

into the Lagrangian gives rise to an f(R) theory.

Thus we define the frame where the dilation has no kinetic term
is the “f(R)" frame.



Equivalence and Inequivalence

Three Lagrangians

1. e 1Lp=R—1(80)2 -V (9),
2. e lLp =R - V(p),
3. e 1y = f(R)

Lagrangian 2 and Lagrangian 3 are classically equivalent. It is
analogous to the relationship between the Polyakov action and

the Nambu-Goto action in string theory.

Lagrangian 1 is not equivalent to 2 or 3, because the conformal
scaling can be singular in the solution space.

In the f(R) theory, the trace mode is turned on. The purpose of
the auxiliary ¢ in Lagrangian 2 is that it excites the trace mode.
Thus Lagrangian 2 should be viewed as a gravity theory, rather
than gravity plus matter.



The f(R) frame and Kaluza-Klein theory

Recall that the conformal transformation and field redefinition to
cast the theory into the f(R) frame:

2 Bo

Juv —> € aqbg/u/a p=€e",

where

o 1 5 \/ D -2
J2(D—1)(D -2) 2(D—-1)

For those who familiar with Kaluza-Klein reduction, the con-
stants («a, ) are familiar: Consider D + 1 Lagrangian

§—1£D+1 — R
and the reduction ansatz
ds® = ez(wds% + 2% (dz + A(l))2

The D-dimensional Lagrangian is

e 1L =R L(99)% — L 2(D-Davg2



Thus, if we consider reduction ansatz with the D-dimensional
metric unscaled, then we have

ds? = ds? + 2 (dz + Aq))?
The Kaluza-Klein theory becomes
e_1£D = pR — %903]_—(22) :

In other words, the f(R) frame is the same as the (D + 1)-

dimensional frame. And the breathing mode is auxiliary. If there
IS @ cosmological constant in D 4+ 1 dimensions, we have

e 1Ly =o(R—2A) — %@3}"(22) :
Solving for ¢, we have

—1 __ 4 R—2A
(2)
This is the f(R) description of the Kaluza-Klein theory. It is
classically equivalent to the usual Kaluza-Klein theory up to a
conformal scaling that can be singular.



The breathing mode iIs auxiliary

String theory can be obtained from M-theory via KK reduction

on S or S1/Z,. The expectation value of the breathing mode is

related to the string coupling constant. The possibility that the

breathing mode is auxiliary suggests a non-perturbative formula-
tion of the string theories.

Is this an artefact of low-energy effective action? When the Rie-
mann square term is included in D 4+ 1 dimensions, the breathing
mode ceases to be auxiliary. However, in the reduction of Gauss-
Bonnet term, the breathing mode retains its auxiliary feature.

e_lﬁp

= p(R—No+ aEgp) — 2¢°F& + 04903( — RN F oy Feq — FacFap)
+2V Fp VOF + L0FZ) — 2VaVy (F2)%® 4 2V, FPveF,,

— OV Fp VOF“ 4+ 4AFV  VEF, — %fabvcvbfac)

+a¢® (3(FE)2 + 3R P (FE)ws).



String dilaton an auxiliary field?

The breathing mode from D = 11 to D = 10 is the string loop
coupling field.

At least for heterotic string theory, it can be demonstrated that
the dilaton is an auxiliary up to and including the o/ correction.

For type IIA or type IIB, it is too complicated to determine at
this moment.



The f(R)-frame vs. string frame

If we view type IIA string theory from D = 11 compactified on

Sl the f(R) frame is the most natural frame, especially when
higher-order curvature terms are included.

On the other hand, from string theory point of view, type IIA
supergravity is natural in the string frame.

A paradox?

Depending on the perturbative or non-perturbative approach to
strings.



The f(R) theories of D = 10 supergravities

In order to convert the usual supergravities to the f(R) descrip-
tion, it is necessary first to go to the f(R) frame.

All ten-dimensional supergravities are related to D = 11 one way
or the other. The f(R) frame is nothing but the M-theory frame.
This implies that all ten-dimensional supergravities have a natural
f(R) description.



Example N =1 D = 10 supergravity

Bosonic sector in the Einstein frame

In the f(R) frame:
The f(R) theory:




Including the fermions

Full Lagrangian in the f(R) frame:

e 1L =p(R+ K) - 15¢ 'F& + Xa, (1)

where K and the Yukawa term X3 associated with F(3) are given
by

K = %?Zuruprywp — QT@XFMVDMwV _I_ %Du(wl/rljwu> )
X5 = (= dgBul "N = B TOUT BT ) B

The supersymmetric transformation rules in the f(R) frame are
given by

5w,ul = D3,LL€ _I_ ]?%FT/[)O'I_ILLVPO]ZG — %Flulyprypé,
—_— | —
5)\ — mgﬁ (F“@Mgo — EFMVPF'“V’O)E,
befy = F0uT%,  Sgw = 30gmye, 6o = —glsple,

§A,, = go(—%gr[u%]jtﬁgrw/\).



The f(R) description of ten-D supergravity

Integrating out ¢, we find that the f(R) theory of the N = 1,
D =10 f(R) supergravity is given by

elL = \/—l(R+K)F<%)+X3,

0ty = Dpue+ & praruyff — 5 FuuplPe,
SA = 43/'_F 1(r OuF — f5FpuwpmP)e,
(5€Z = 4¢,u|_a’ 5g’u,/_2¢('u’yy)€0,
§A,, = F(— Qer[ﬂzpy]+3ferWA)

One can add further the matter Yang-Mills multiplet (Ay, x). In

the f(R) frame, the extra parts of the Lagrangian and supersym-
metric transformation rules are given by

_ _ _ 1 _
e 1 Lym = —%F%) + 5oXTDux — a5 FuvpxTH° _—4\1/5902va>(erpr,&
1_
ox = ﬁir“’/ﬂwe, §A, = —ﬁgﬂxrue,
1_
5extraAw/ — ﬁiQPQXA[IUJrV]E'

It is again straightforward to integrate out the auxiliary ¢ and
obtain the f(R) theory of heterotic supergravity.



The f(R) description of ten-D supergravity

We find that all the D = 10 supergravities can be cast into the
f(R) descriptions.

However, this is not universal. Most of lower dimensional exam-
ples do not land themselves naturally in f(R) theories.

For example, D = 7 gauged supergravity in the f(R) frame is
given by

_ 7 _8v6 3f 2\/_
e 1Ly = soR—92905(%90 5 —2¢ 5 —2¢ 5 )

5_|_4\/_ 2 5_|_2\/_

L \2
4890 > F(4)—190 ( (2)) + e ﬁFFAa

The irrational power suggests that this frame is not natural to
describe the system.

The majority of supergravities in fact will have such irrational
powers in f(R) frames.



An example in lower dimensions

N =2, D =5 gauged supergravity with a vector multiplet:
1 1 2 2(n —=% = 1 —=b. 0 1 =b 0
+%€_1€'LLVPO-AFILU/FPO‘A)\ ’
In the f(R) frame:

e L = p(R+89%)+¢ (497 —3F ) —aw T Fy—ge TP Fu Fpo Ay

Supersymmetric transformation rules

Sy = [Dy — ig(\FQAH + A,)le + %ggorﬂe

+31/6_|@_1pr|_“er€ — %(\/5 90_1F,LLI/ _I_ SOFMI/)I_VG,

| _ _ i _
——<<p 1I_“VM90 —glp—p b = %(\/590 1FW — QQOFIUJ/)F’LW)G

SN
V6



So what?

Is there any new physics emerging?

Even at the classical level, the solution space of the usual super-
gravity is different from that of the corresponding f(R) theory.



Example 1: N =2, D=10

The f(R) theory admits the following AdS; x S3 solution

dr2

ds® = (2 (LQ + 7 dztdx, + dQ(23)> , dQ3 = df? + sin? 0dQ3,
r

Fiy = 303 cos 6 sin? 6d6 A Qeoy, @ = £COos0.

Note that ¢ = 0 at the S3 equator § = x/2. Thus in the original
description, the solution has a power-law curvature singularity at
the equator, and hence 6 € [0,7/2). The charge is Qg = fF(3) —
41q.

In this f(R) frame, the geodesic is not complete at the equator,

and hence 6 € [0,w]. However if we allow that, we have Qg =
4mq —4mq = 0 and also ¢ is negative at the southern hemisphere.

To avoid ghosts, we impose at a delta function source at the
equator

F(3y = 33| cos 6] sin®0do A Qo @ = £| cos o).

This solution with such global property clearly does not exist in
the original theory.



An analogy: AdSg in the D4/D8 system

Does it make sense to talk about solutions with a source sitting
at the equator? In fact that is how AdSg is embedded in string

theory. D1/D8 system in massive type IIA:

QL

V)
N
o

I

2
(cos 0)3(dsGys, + 2d0° + 2sin® 0dQ3)
1 5
Fuy = 5—\66(cos 0)3sin>0do A Qs @ = (cosh) 9

Thus the solution has a power-law curvature singularity at the

equator §# = w/2 of the S*. The solution becomes regular in the
D4-brane frame, in which the Lagangian takes the form

e 1L =3(R—2(0log3)? — 1440F(6)) + more.

The metric of the D4/D8 solution is then simply the AdSg x S%
without the pre-factor. Furthermore, ¢ = (sin0)1/3. Thus it is
necessary that 6 runs from 0 to « with the (cos)l/3 factor in

both Fi4y and ¢ added an absolute-value sign, namely |(cos 6)1/3|.
This requires a delta-function source on the equator.



Another example

It is well-known that NN = 2, D = 5 gauge supergravity has

no BPS static black holes. The static BPS solution has a naked
singularity. The solutions are called *super stars.” The resolution

either turns it to be a bubbling solution or rotating solution with
less supersymmetry.

In the corresponding f(R) theory, the solution becomes

dr2
ds2 = —H 1hdt® + H(% + r2d§25> . Foy=V2dtAdH 1,
r 4 ¢2 "

Since we have

it follows that the solution describes a wormhole with r runs from
—oo to +oo. The positivity of ¢ requires that a delta-function

matter source at »r = 0 is needed for supporting this wormhole.



The corresponding D = 10 type IIB solution is given by

12 — \/Z( 4 ii(fq-; a®)° 2 + E:i/j(fj >_|6_qu22)2
+(r® +¢%)dQ3 + 9_2d92)
92#\/5(% sin® 0 (o7 + 05 + (03 + 24(1))?)
ary
re + g2
2

.
A = cos?64+ —sin?e.
+r2-|-q2

It is thus clear that the coordinate r runs from O to co in D = 10.

_|_

cos? 0 dqb2> :



Thus

Usual supergravity and its corresponding f(R) theory do not have
the same solution space.

The local solutions can be related by some conformal factors
that can become singular. However, the global structures do not

survive.

In a gravity theory, a solution is not only specified by a local
metric, but also by its global structure.

Wormholes emerge naturally in f(R) theory whilst they are more
or less impossible in Einstein gravity with matter.



Conclusions

The majority of supergravities, when cast into the f(R) frame,
have irrational power of the scalar coupling. Few examples, in-
cluding all D = 10 supergravities have nice integer powers. An-
other example we find is N/ = 2, D = 5 gauged supergravity with
a vector multiplet. Such theories have a natural f(R) description.

The original theory and the f(R) counterpart do not share the
same solution space.

The f(R) frame is related to the Kaluza-Klein circle reduction
and it implies that the breathing mode is auxiliary. This could
hold even with appropriate higher-order curvature terms. If this is
true for M-theory, it suggests some special property of the string
coupling dilaton field.



Conclusions

The fact that N =1 D = 10 supergravity can be expressed as

“1L10=/-3iRFZ -} ’(tr(F(Q))—l— Riem )

suggests that there can exist very unusual types of coupling

between the curvature tensors and the matter form fields. In this
formulation, there is no string loop coupling constant and the

theory is strlctly non-perturbative.

Such a construction of supergravities and such types of coupling
between gravity and form fields were not considered previously.

Our works seem to raise more questions than answer them.



AdS and Lifshitz Black Holesl
iIn Conformal and Einstein-Weyl Gravitiesl




A Quick Review

The most general action of gravity up to quadratic curvature
invariants is

1
1= /\/——g d*z(R — 2A + aR*" Ry, + BR? + vEgg) .
K

The theory admits one AdS vacuum with R,, = —Aguv, and the
AdS Schwarzschild black hole.

‘The linear spectrum consists of a massless graviton, a massive
scalar and a ghost-like massive spin-2 mode.

The massive scalar decouples if we set 8 = —a/3, and the massive
spin-2 mode disappears and it is replaced by the log modes at
the critical point a = —1/2.

The AdS Schwarzschild black hole has a temperature, but van-
ishing energy, entropy and free energy, and hence can be viewed
as the “thermalized vacuum.”



Einstein-Weyl gravity and conformal gravity

When 8 = —a/3, and v = /2, the theory is simply Einstein-Weyl
gravity, with

1
[=_—_ /\/_—g d*2(R — 2\ + 2a|Weyl|?) .
K2 2

Ruv — 5Rguw + Nguw — 2a(2VPV7 + RP7)Clpor = 0.

Conformal Gravity is like to take a — oo:
1
I =—— /\/—gd4x(%a|Weyl|2).
2k2



Lifshitz vacua

5 dr? 22,2 | D, D 2
ds* = 5T dt< 4+ r<(dz< + dy~©) ,
or
with
_z2—i—2z—|—3
 4z(z—4)

T he Existence of such a solution may not be so surprising since
the previously-known Liftshitz solutions are constructed with a
massive vector:

-1, __ 12 1 2 42

d 2
ds® = 52( — r?2dt? 4 r?(dz? + dy?) + 7‘%) , Ay = qrdt,
2z 24244 202(z — 1)
02 = — N = — q2 =
02’ 2/ ’ 2z '

Thus it is natural expect Lifshitz solutions in theories with mas-
sive spin-2 modes.



Schrodinger vacua

dr2
ds?® = —r??dt® + % + r?(—2dtdz + dy?) ,
[r'.

with
B 1
22(1—22)°

(87



Focus of the talk

Are there new spherically (T2, H?)-symmetric black holes beyond
Schwarzschild-AdS black holes?

Are there new black holes that are asymptotic to the Lifshitz
vacua?’



Ansatz

dr?
f(r)

ds® = —a(r) dt® + + r2dQ5 .

Equations of motion:
212 2 2 AN / /
a,,:r fa'< + 4a<(k + 67 f—rf)—rad’(4f +rf")

2r2af
Note that the trace equation is independent of «.

f” _ 1 (4r2a2

2 . / 32 /3 2 2
27°2a2f(7°a’—2a) o (a(k + 3r f)—rfd)4+r>f<a>+ 2r<a“

—r2afa/2(3f +rf) — a3(48fr4 — 16r2f + 8f2 — 247“3]”/ + 4rff 4+ 3
—4ka3(4r® — 2f — rf’)) .

We cannot solve these two equations.

Still some properties can be extracted.



Noether charge for £ =0

ds® = —a(r) dt* + ()+b<r>(da: + dy?), .

The metric is invariant under the scaling a — a/A2, b — b\, t — X,

(z,v) — (z,y)/vX. Thus the curvature polynomial invariants are
invariant under this scaling. Furthermore /—g is invariant. Thus

the Lagrangian has this additional global symmetry. Gauging this
global symmetry gives rise to Noether current and the charge:

e
\/@ (ra’ — 2a)

—a(4ra — fa' — af)(36r°%a® — 8a’f — rafa’ — 2r°fa’? — 9ra2f/)) .

A\ 2’ra(187‘a2 — 1Oa2f — 2rafd — Tzfalz)




Physical meaning of the Noether charge

In two-derivative gravities, the Noether charge has been shown
with examples to have the following properties

B AWo B 2 T
167 (z4+2) (242)

This is not longer in general true for solutions in higher-derivative
gravities.

S.



Solutions in conformal gravity

Without explicit solutions, it is very difficult to demonstrate
whether new black holes with massive spin-2 hair could emerge.

Fortunately, conformal gravity provides an answer. Up to an
conformal factor, the most general spherically symmetric black
hole was known, given by

2 — k2
3d

The constant b is the cosmological constant of the asymptotic
AdS. If ¢ = k, the solution becomes the usual Schwarzschild-AdS
black hole. Thus it has one extra parameter, associated with the
massive spin-2 hair.

dr? d
ds? = —fdt2 + 2 412402, f=0br2+ r+e+ 2,
7 2k .

Is this a black hole?

Surprisingly, the global structure of this solution was not studied
previously.



T hermodynamics

Schwarzschild-AdS: f = —3Ap? + k — 2M/p.

M = %p+(3k — /\p%_) :

k — N\p3
T = P+ : S = %a(ﬁ%k — /\p?l_)wg,
47T,0_|_
00 a(3k — Ap2)2ws
F = —%/ r2dr |Weyl|? = — T :
327 Jry 12mwpy

o alpy (=3k + Ap3 )wo _ a(=Nw> Vs
36 om




T hermodynamic relations

o 3k — Ap2 w
JE = TdS+Odh.  F=E-Ts, o= 2Pt — P2
7T

New Smarr relation:
E = 20A



T hermodynamics for new black holes

(32 . k2
3d

d
f:’r'2—|— T—I—C—'——,
-

Set d = —Jr+, we have

2 CQ—k‘Q ~
— — ~ d>0.
ri ¢+ 33 +

T: (3J—C)Q—~k2’
127TT_|_d

S = %a(k—l—3cf— C)wo .

awg((c — k)2 —-3(c—k)d+ 3672)

247T7“_|_

F=-—



Additional thermo qunatities?

How to handle the extra parameter? One might expect the fol-
lowing

dE = TdS + XdY F=FE_—-TS—- XY

In this relation, we have three unknowns (F, X,Y). We need an
independent way of calculating these quantities.

All the previously-known methods (Deser-Tekin or AMD) of cal-
culating the energy vield divergent result. We adopt a new
method, and find the energy.



T hermalized vacuum

It is instructive to look at the solution with d = O first:

f:r2—|—5r+k.

This solution has a curvature singularity at » = 0, which can be
shielded by an horizon at » = rg provided that = is chosen so

that =2 > 4k. The temperature is given by

2 _ L
Tg=-0""
47‘(‘7“0

However, we find that the entropy and free energy both vanish,
suggesting that the energy should vanish also. Thus the solution

can be viewed as a ‘‘thermalized vacuum.” In a Deser-Tekin or
AMD calculation, this thermalized vacuum will generate a diver-

gence in the evaluation of the mass, and it should be subtracted.

The thermalized vacuum is locally conformal to the de Sitter
space and the horizon is mapped to the cosmic horizon.



Energy of new black holes

Adopting a new method, we find that

awWo

E——( d+m),

where
_ (c—k)(c? —k?)
18d '

Note that when ¢ = k, it reproduces the energy for the Schwarzschild-
AdS black hole. When d = 0O, it is necessary that ¢ — k with
= = (c?2 — k2)/(3d) held fixed. In this limit, the quantity m van-

ishes, and hence we see that the thermalized vacuum indeed has
Zero energy.




T hermodynamical relations

It turns out that
F=FE-TS.

But clearly, dE = TdS. How we introduce the new (X,Y). It is
natural to think that the thermalized vacuum, it is a true vacuum,
can be held fixed when we vary thermodynamical variables, and
indeed, if we hold = fixed, we have dE = T'dS. This leads to

—k
dE = TdS + Wd=, v = w2le= k)
2471




T he most general thermodynamical relations

d
f=-iN?4+Z=r4c+ -, with 3=d=c? —k?.
70

Letting r4 be the radius of the outer horizon, and defining d =
—ryd, we have

3d — c)? — k? .
T=( 2 S=%aw2(k+3d—c),

127rqd
w:awg(c—k), @:awgd,
247 24T
aw2<(c — k)2 —3(c—k)d+ 3&2)
F=_— | E=20A+ W=,

247ry
These thermodynamic quantities satisfy the relations
dEE =TdS + O d\+ Vd=, F=FE-TS.
The entropy of the general black hole can be decomposed as

S = %awg k + %oz (—=N)A + 87V + %anEm_ :



z = 4,0 Lifshitz(-like) black holes

4dr? c c? — k2 d
2 __ 8 2 2 2 —
ds® = —r°fdt +r2f +r dQQ’k, f_1+7°2+ 3,4 —|-T6.
Adr? C c? — k2
ds® = — fdt? 2dQ3 . =14+ — .
S f + ']"2f + r Q,k f + T2 -I_ 3T4

Thermodynamics can also be worked out for these two solutions.



AdS and Lifshitz black holes in Einstein-Weyl gravity

Near-horizon structure:

a(r) = (r—ro)+ax(r—ro)°+az(r—ro)>+as(r—ro)*+--,
f(r) = filr—ro) + fo(r—ro)* + f3(r —r0)°> + fa(r —ro)* 4+ - .

3r§ +5f1r5 —2ffro+kro+kfi (Brg—firo+k)

a2 = > 2 p) ’
fl TO 404 f]. ’I“o
_ (f1—=3ro)Brg—2firo+k) , 3(3r5 — firo+ k)
f2 - 2 _I_ .
Ji7§ 4o f1 10

Schwarzschild-AdS black hole f1 = 3rg + k/rg.



Numerical analysis: an example

We find that if « lies in the region —oco < a < —3, then defining

fi=3ro+k/ro+ 9,

there is a range for 4, with 6_ < <4, for which the numerical

solutions indicate the occurrence of asymptotically AdS black
holes. The lower limit 6_ is negative, while the upper limit o is

positive. If the value of ¢ is fine-tuned to be equal to é_ or 5+,

then the asymptotic behaviour of the black hole changes from
AdS to Lifshitz. The value of z in the asymptotically Lifshitz case
IS given previously. If the parameter ¢ is chosen to lie outside the
range 0 <9 <44, then the numerical analysis indicates that the

solution becomes singular.

As an example, let us consider o« = —%, which implies that there

should exist asymptotically Lifshitz solutions with z = 2. Taking
k = 0 and choosing rg = 10, we find that the limiting values for
d are

0_ ~ —11.596956988, 04 ~ 62.826397763.



