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Motivation CFT spin chain Discussion

Motivation

Emerging interests in subsystems rather than the entire system
Entanglement entropy in

© many-body quantum systems Vidal-Latorre-Rico-Kitaev 0211074,

Kitaev-Preskill 0510092, Levin-Wen 0510613, - - -

o CFTs Calabrese-Cardy 0405152, - - -

¢ holographic theories and gravity Ryu-Takayanagi 0603001, - - -

<> ..
Entanglement is one of the most intriguing character in a quantum
system that is different from a classical one

m Entire system in state p

m Subsystem reduced density

matrix (RDM) pa = trzp
von Neumann entanglement
entropy \ Sa = —tra(palogpa) \

Rényi entanglement entropy Z
Sﬁ\") = ——'°gnt_“;p 4 for integer n

Sa=limy1 S
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m Thermalization of subsystems in nonequilibrium evolutions of
isolated quantum systems Calabrese-Cardy 0503393, Rigol-Dunjko-Olshanii
0708.1324

<o

<&

The initial state is a pure state [¢)(0)) that is not an energy
eigenstate of the Hamiltonian H

The entire system is always in a pure state |¢(t)) = e **|1(0))
In long time the subsystem “feels” likes in a thermal state

t'l}”;o PA(t) = PA,therm
For nonintegral/chaotic systems the thermal state is the ordinary
canonical ensemble state
For integrable system it is the generalised Gibbs ensemble
Rigol-Dunjko-Yurovsky-Olshanii 0604476
The system acts as its own thermal bath

m Eigenstate thermalization hypothesis Deutsch 1991, Srednicki 1994

(o4

Local measures cannot distinguish a highly excited energy eigenstate
from a thermal state
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m Black hole information paradox Bekenstein 1974, Hawking 1975

<

&
<&
<o
&
<&
<o
<&

Matter in a pure state collapses to a black hole

Classically there seems nothing wrong

Quantum effect leads to a paradox

The black hole has Bekenstein-Hawking entropy

It gives out Hawking radiation which is thermal

The black hole appears thermal for a local observer

After the black hole evaporates out, the initial information seems lost
Semiclassical gravity cannot distinguish the high energy energy
eigenstate and thermal state

Knowing the entanglement entropy is not enough

In all the above examples one needs to distinguish quantitatively the
RDMs of a subsystem

Many measures can distinguish various states: correlation functions,
entanglement entropy, Rényi entropy, Holevo information
-+, He-Lin-JZ 1703.08724, 1708.05090, Guo-Lin-JZ 1808.02873, 1812.11753, - - -

More importantly, we need distance in the Hilbert space of the RDM
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m Mathematically, a distance should: Nielsen-Chuang 2000

© be nonnegative d(p,0) >0

¢ be equal to zero if and only if its two inputs are exactly the same
d(p,o)=0&p=0

© be symmetric in its inputs d(p, o) = d(o, p)

© obeys the triangular inequality d(p, o) + d(o, A) > d(p, \)

m Well-studied quantity in literature: relative entropy Nielsen-Chuang 2000

S(pllo) = tr(plog p) — tr(plog o)

m It is a very important quantity and can be calculated in gauntum
field theory Lashkari 1404.3216, 1508.03506
m Drawbacks: it is not a distance! watrous 2018

¢ It is not symmetric in its inputs
¢ It does not satisfy the triangle inequality
o It can be infinity for some (very close) inputs
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There are an infinite number of definitions of distance
Any matrix norm ||A|| gives a definition of distance ||p — o]

o |IAll =0

o [[Al=0&A=0

o [IAA] = [A[[|A]]

o A+ 1Bl = |A+ B

Schatten n-norm gives n-distance with n > 1 Watrous 2018

1
Dn(PMT) = WHP— alln

n-norm ||A]l, = (32, a")}/" with a; being the singular values of A
By definition 0 < D,(p,0) <1

© The nearest states D,y(p,0) =0& p=o0
o The farthest states D,(p,0) =1 < po =0
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D = D, trace distance, D, Frobenius distance or Hilbert-Schmidt
distance, D, operator distance

D5 4 have been calculated Basu-Das-Datta-Pal 1705.03001, He-Lin-JZ 1708.05090

1
Trace distance is special | D(p,0) = 5tr|p — ol

It provides an upper bound for the difference between expectation
values of observable O (with O? = 1) in different states Fagotti-Essler

1302.6044
|tr[(p — 0)O]| < 2D(p, o)

Trace distance is UV cutoff-independent and scale invariant in CFT,
being different from the n-distance with n > 1, as we will see later

In subsystem eigenstate thermalization hypothesis, trace distance is
proposed to characterize the difference of the RDMs of the pure and
thermal states Lashkari-Dymarsky-Liu 1610.00302, 1611.08764
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Difficult to impose the absolute value in definition of trace distance

m RDMs are Hermitian: ||p — |5 = tr(p — o)™ for an even integer n.

m Replica trick for trace distance Jz-Ruggiero-Calabrese 1901.10993, ...

© We first calculate tr(p — o)™ for general even integer ne
¢ And then take ne — 1 limit

tr|p —o| = nliml tr(p — o)™

The matrix p — o is not semi-positive definite

tr(p — o)™ and tr(p — o)™ behave very differently

lim tr(p— o)™ =0

no—1

No guarantee that the strategy would work for all systems
It works at least for the examples we calculate

Similar to replica trick for entanglement entropy and entanglement
negativity Calabrese-Cardy 0405152, Calabrese-Cardy-Tonni 1206.3092
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Replica trick for entanglement entropy caiabrese cardy 0405152

m Replica trick leads to a CFT

on an n-fold Riemann surface CFT in<p A |

m It is equivalent to an n-fold

CFT, which we call CFT”, on ;
a one-fold Riemann surface CFTinp 3

m Boundary conditions in CFT”

can be replaced by insertion of _ Q .
twist operators T, T CFTinp

m For one intervals A = [0, /]

trapa = (T(¢£,€)7(0,0)),, cFT” in7;;ap®p ”

m We review two methods to evaluate the entanglement entropy

m Both of them will be useful for the calculation of trace distance
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Short interval expansion from OPE of twist operators

m A short interval A in a general translationally invariant state p
m Twist operators are primary operators Calabrese-Cardy 0405152

m Operator product expansion (OPE) of twist operators Headrick
1006.0047, Calabrese-Cardy-Tonni 0905.2069, Chen-JZ 1309.5453

=\ ay aj, r= s s
T(z,2)T(0,0) = —2— z2hnz2h Z Z KK et 2597550 (0, 0)

r,s>0

m We need to construct quasaprimary operators ®x in CFT”
m The OPE coefficient dk Calabrese-Cardy-Tonni 0905.2069

m Thanks to the translation symmetry of the state, we only need
jij2:Jk _ 1 i J
¢J}1<2 k —X11X22-~-ka

m We will use the OPE of twist operators to calculate the leading short
interval expansion of trace distance
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Exact excited state EE from conformal transformations

State/operator correspondence in 2D CFT |¢) = ¢(0)|0)
One interval A =[0,¢] on a cylinder capped with primary operator ¢

Note the n-fold operator ® = HJ'-’:_OI op

The n-fold cylinder can be mapped to an n-fold complex plane,
which can be further mapped to a one-fold complex plane
Alcaraz-Berganza-Sierra 1101.2881, 1109.5673

[
m
m Replica trick leads to a one-fold CFT on an n-fold cylinder
[
m

———— & ?9
e
,,,,,,,,,, o5
) = q)' E Y- * \ o
_______________ ¢o . \\\ -
""""""" N ¢ .o

n-fold cylinder n-fold complex plane one-fold complex plane
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m Partition function on the n-fold excited state cylinder

trapp, i (2 _ 7r£)2"A¢

F ) = —sin —
s (0) tanho | ) _sin
n—1 _ _
hy zhe chy h Z Z
< TLIE T 5 o6 500! (5.5)]),
j=0

m Universal ground state partition function
R < L . WZ)—“hn
r = ¢y — sin —
ApA,O n Te L
Positi = B+ £ = B
m Positions of operators on the plane f;, = e™ Y1) f; =e™

m The function F(g")(é’) would be useful to calculations of the leading

order short interval expansion of trace distance
m The method would also be useful to calculate exact n-distances
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Repllca tI’ICk for trace dIStance JZ-Ruggiero-Calabrese 1901.10993, ...

m The previous techniques for

the entanglement entropy can A <Po A |

be applied to the trace

distance v
m tra(pa —oa)" is a sum of 27 CFT in pi §

terms, each term corresponds

to an n-fold Riemann surface
m It is equivalent to CFT" with CET ,n,,z@f

each copy of the CFT in
different states

m Twist operators still apply, at o e
least after we sum them CFT" in po®0:1®02
together He-Lin-JZ 1708.05090

tra(pa0pat - pan—1) + perm. = <7'(f,f)7~'(0,0)>®;;;pj + perm.
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From OPE of twist operators He-Lin-JZ 1708.05090

€\ 4hn
tI’A(pA — UA)n = C,,(Z) Z KAXH_ +hAx, le"'Xn
{X1,0 X0}

x (A1) = (X)) -~ ((Xn) = (Xa)o)

Many terms have been canceled because of permutations

Leading term in short interval expansion

€

traloa — 04" = en(5) " [0 by (65 — (6)0)" + o(£7)]

¢ is the Hermitian quasiprimary operator with the lowest scaling
dimension that satisfies (¢), # (¢)«

It only applies to the cases without degeneracy, i.e. that at scaling
dimension Ay there is only one such operator

The power ("¢ still applies to degenerate cases, but the overall
coefficients are more complex
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We take n. — 1 limit for even integer no =2p, p=1,2,---

Leading short interval expansion of trace distance

Xpl2 1 (9)p — ()o .
D(pa.oa) = =5 islwm o(t%)

The coefficient x, from the OPE coefficient of twist operators

'2p$¢ 2p—1 h.=h - ij
= iim (T (67706, 8)]) o f=eF
%= i, o (LI 5 e ) =

It is independent of the UV cutoff ¢, being different from
Dn(pa,oa), with n>1

It is scaling invariant, i.e. that it is dependent on ¢ and L only
through £/L, noting (¢), ~ 1/L%¢

It is universal in the sense that it applies to general translationally
invariant states in general CFTs (with no degeneracy)
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5 9 BEZ
b, .0 b, ‘
@
.0
¢o o¢ 7777777777777777 * n¢
¢. .¢ ¢. . .
IR 0?

m Remember the function F(gp)(é) in calculation of Rényi entropy

2psp ;D qlN\2PAs p-1 - - -
0= (o) (ILIEe7e 5" ot Bots. ),
j=0

FS2(L)2)

m The way to calculate the coefficient x, = 25,

m |t is related to the Rényi entropy 551%42) with index 1/2
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Exact n.-distance from conformal transformations
m From conformal transformations (ax = ay = 1)

L WZ)

tr — "=r¢ (— sin —
Alpax — pay) nl—sin 7

x 3 { )\Sli 2(|3\5x+|5|5y)< sin ¢
X

)2(|5|Ax+\5|Ay)

SCSy

(fe F)XT(5,5))]

m The ne-distance D, (pa.x, pa,y) with ne > 2 is UV cutoff-dependent
and is not scale invariant
m We use another UV cutoff-independent and scale invariant quantity

tra(pax — pay)™
2trap,

Dn(pax,pay) =
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2D free compact massless boson theory

2D free massless real boson theory compactified on a unit circle
L o< 0pdp, © ~ o+ 2w

A 2D CFT withc=1

Equation of motion 99y = 0, leads to (z,2) = ¢(z) + H(2)
Spectrum: primary operators with conformal weights (h, h)
Identity with (0,0)

Currents J = i9¢, J = idp and JJ with (1,0), (0,1) and (1,1)
Vertex operators V,, 5 = exp(ia¢ + ia¢) with (a?/2,a2%/2),
a,a=0,£1,---

RDMs px = trz|X)(X[: po. pa.a. ps. P73 03

Excited state entanglement entropy Alcaraz-Berganza-Sierra 1101.2881,
1109.5673, Essler-Lauchli-Calabrese 1211.2474, 1406.7477
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Leadlng ShOFt InteI’V3| trace dIStance JZ-Ruggiero-Calabrese 1901.10993, ...

Cases with no degeneracy
m We take the two RDMs p, a, par,a a@s an example

m The expectation values

2mid

m The coefficient x; = 1/7T‘ from the function Essler-Lsuchli-Calabrese
1211.2474, 1406.7477

4

FP0 = (2an ™))
J p L rz(%)
2

m The leading short interval trace distance from the universal formula

D(pa.,ar Par,a) = M T o(%)

m The other examples are similar
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Cases with degeneracy

m Cases with degeneracy, i.e. (J), # (J)o, (J), # (J),, are more
complicated

m The universal formula for nondegenerate cases does not apply
m We need to redo the calculation from the beginning

m One example of leading trace distances for degenerate cases

D(pspovar) = /(o — @2 1 (@~ @)y + o)

Other cases

m There are other cases that we only get the leading powers of ¢/L but
cannot get the overall coefficients

m One example of such cases

2 2
Dl £+ ()
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ExaCt n—dIStance JZ-Ruggiero-Calabrese 1901.10993, ...

m Exact ne-distances for a small even integer ne = 2,4,--- are easy
m Exact trace distances and other n,-distances are hard
m For vertex operators and from conformal transformations

1 a—a' Y +(a-a')?
Do (paapara) = 5 Y (=) [Hp (S HE=D
2

SCSo
sin =£ |s| 1<) sin? m(j1—j2)
Hy (8) = (—oL _ R
€ n.sin L sin (1 —jp+£/L) sin w(1i—jp—2/L)
€ nel J1:2€S Ne Ne

For the special case (a« —a/)? + (@ —a')? =1
m Exact ne-distance that can be analytically continued to arbitrary real
n-distance with n > 1

+oo et 1
log Dy, [1] = ne log(27) — log2 — 2/0 dtT{m
0
X tl —Neg| — —
enl —1 2

m Exact trace distance D = 7
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XY spin chain

XY spin chain with transverse field

14+~ 1—7 A
H: _Z (TUX 7(+1+ 4 0'{0'/+1+ 20/)
I=1
There are totally L sites of Pauli matrices o>*

XY,Z _ XY
Periodic (P) boundary conditions o/} = o}

Anti-periodic (AP) boundary conditions 77, = =07, 0f; = o}

Critical behaviors Barouch-McCoy

A .
1971, Latorre-Rico-Vidal 0304098 7\/ XX . Ismg
critical

At v =X =0, critical XX
model without transverse field
= free massless boson theory

compactified on a unit circle
c=1

critical

At v = X =1, critical Ising
model = free massless
fermion theory ¢ =1/2

Y
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JW F B
o = a.a] = bubf = ci.cl
U
dm

m It can be exactly and analytically diagonalized Lieb-Schultz-Mattis 1961

: . . 1 .
m Jordan-Wigner transformation with 0¥ = (o7 +i07)

2
-1 /-1
a) = (HO—J'Z)O—T7 87 = (ng)gf
j=1 j=1
2wk
m Fourier transform with ¢y = —i

L L
1 . 1 ;
bk = — E e"“"ka,, b]L = — E e_ll*”kaT
V8= VL& :

m Bogoliubov transformation

0 0 0 0
ck = by cosfk + ibT_k sin ?k, CI = b,t cos?k — ib_ sin ?k
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The parameter 0y € (—m, 7] is determined by

00 _ A — €os @k + iy sin @k

ek = \/(/\ — cos k)2 + 2 sin?
Ek

e

Special cases tp = 0/, = 0
Different boundary conditions for fermionic modes ay, a;r

Antiperiodic boundary conditions a;+; = —ay, ahl = —aI,
Neveu-Schwarz (NS) sector, half-integer modes k

Periodic boundary conditions a; 1 = ay, aLl = a]lL, Ramond (R)
sector, integer modes k

Parity operator P = exp (7ri S afa/) =exp (ﬂ'izk bl bk)

Totally four sectors: PNS sector P = 1, PR sector P = —1, APNS
sector P = —1, APR sector P =1

The Hamiltonian in each sector
1
H = Zk:&( (CZCk — 5)
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Entanglement entropy in XY model vl tatorre Rico Kitaey 0211074,
Latorre-Rico-Vidal 0304098, Alba-Fagotti-Calabrese 0909.1999, Alcaraz-Berganza-Sierra 1101.2881, 1109.5673

m Empty states in NS and R sectors

ck|0,NS) =0, k € half integers,

ck|0,R) =0, k € integers
Ground and excited states by imposing c): on the empty states

Each state is represented by the excited modes, e.g. K = {—%, %,%

Majorana modes d,,, m=1,2,--- ,2{ for an interval with ¢ sites

day—1 = a;+ 37, doy = i(a) — a;r)
m Correlation matrix [k in state K
<dmdm’>K = 6mm’ + r;{qm'

m It is Hermitian and antisymmetric, and contains all the information
of the RDM!
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The correlation matrix can be transformed to the standard form
¢
- 0 iyK
P ok ¢ )
@ _1fy.K 0
J=1 J

RDM in the particular basis

l
i (1+7/)/2 0
pK‘??( 0 (1—ﬁﬂﬁ)

Entanglement entropy does not change under change of basis

L K K K K
L+ 1497 1= 1-—9
SK:—Z< 2’Iog 2J+ 2jlog 21)

j=1

In terms of the 2/ eigenvalues vX of Ik

20 K K
2:1+vm L+ vm
SK Sl 2 > Iog 5
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Subsystem trace distance in XY model jzruggiero-Calabrese 190110003, ...
m 2/ x 2 RDM in state K in the complete basis Latorre-Rico-Vidal 0304098

1

pr= 5 D ARk
1,000,520 €{0,1}

m As it is a free theory, all the multi-point correlations are calculated
from correlation matrix by Wick contractions
m Subsystem trace distance

2@
1
D(pk.pkr) = 5 Z RY
i—1

A; are the eigenvalues of px — pxr

The size of RDM py grows exponentially with ¢

Numerically we choose ¢ =4,5,6,7, L =8,16,--- ,2048

We can probe a large scope of ¢/L, especially when it is small

With explicit RDMs we can also calculate relative entropy, fidelity, ...

Subsystem trace distance in conformal field theory Jiaju Zhang, SISSA and INFN



Motivation CFT spin chain Discussion

ne—dIStance |n XY mOdeI JZ-Ruggiero-Calabrese 1901.10993

Correlation matrix [' <+ RDM pr

Algebra of the RDM Fagotti-Calabrese 1003.1110

prpr: = tr(prpr:)prxr
m The trace of two RDMs
tr(prpr:) = 11 ?
A€[spectrum(I'T)]/2
m The new correlation matrix
FTxM=1-Q-M)@1+IT)1-T)

Can be used successively for tr(prpr pr~ ---) and for ne-distance
The size of the correlation matrix I grows linearly with ¢

We can probe the full range of ¢/L € (0,1)

It cannot be used for trace distance, relative entropy, or fidelity

Subsystem trace distance in conformal field theory Jiaju Zhang, SISSA and INFN
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XX spin chain with no transverse field

m It is a special case of XY spin chain
L

_ X X Y -y
Hf—i E (O’,O’,+1+0/0'I+1)
1=1

m It is critical and gapless
m Exactly digonoalized with a trivial Bogoliubov transformation 6, =0

1
H = —Zcosapk(c):ck — 5)
k

m Energy of modes in the NS (blue) and R (red) sectors

10fey o
L ] L]
L] L]
05 ° °
L] L]
X
S . .
8 00
(IJ . .
L] L]
-05 . .
° .
. °
-1.0 ®eo0®
% -4 -2 0 2 4 6
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m Its continuous limit is the free massless real boson theory
compactified on a unit circle
m One-to-one correspondence of the low energy excited states

10F o ' ' ' o 10F o ' ' '
(e} o (o)
05 © © ] 05 ©
o o] o L]
00 00
° ° L] L]
-05
-05 . . 1 . .
° ° L] L]
-1.0 . 0 ] -10 )
-5 0 5 -5 0 5
ground state Vio
10l . . . -~ 10F S . . .
) o o
05 © ° q 05 ©
L] L] o L]
0.0 00
L] L] L] o)
-05 . . 1 -o0s . .
L] L] L] .
1.0 o o 4 -1.0 o o
-5 0 5 -5 0 5
V2,1 J
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Trace distance in XX spin chain sz ruggiero-Calabrese 190110093, .

m We compare the leading short interval trace distances in the boson

D(p.9)

D(p,0)

theory and XX spin chain

10 10
08 'f:;ing 08 f:;ing
L=16 L=16
06 132 5% 132
L=64 g * L=64
04 ® VooV ¢y 04 1=128
©® Voo-Voz 4 1256 L=256
02 ® Voo-Vor  » =512 02 1=512
® Vig-Vor v L=1024 L=1024
00 ® Voo-Vie  * L=2048 00 ® J-vi, L=2048
0.0 02 04 0.6 08 1.0 0.0 0.2 04 0.6 0.8 1.0
L
1
g B e
L=16 L=16
L=32 g oom L=32
L=64 g * 164
L=128 0.001 < [=128
L=256 * 12256
® Voo-dT » 1o512 10+ > L=512
© T v 1=1024 v L=1024
©® Voo-J * L=2048 10 * 1=2048
00 02 04 06 08 10 0005 0010 0050 0.100 0500 1
a o
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CFT spin chain Discussion

n-distance in XX spin chain JZ-Ruggiero-Calabrese 1901.10993, ...
m We compare the n-distances in the boson theory and XX spin chain

08

0.6

Dy(p,0)

0.4

0.2

0.0

® Voo-Voy
© Voo-Vor
® Voo-Va
® Vio-Vou
® Voo-Vio

— exact
<« =128

® V-V

® Vor-Vo,
© Voo-va,
® Vip-V,
® Voo-Vy,

-1

-1

1

0

o
«
<

e,
- e
e

«
>

<« =128 4

0.0
oL

0.6

0.8 1.0

04 08

L

— exact

4 L=8

* L=16

v L=32

+ [=64

< [=128

* [=256

» =512
v L=1024
* [=2048

0.01
L

® n=3
© n=5

oL
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2D free massless fermion theory and Ising spin chain

m 2D free massless Majorana fermion theory
L oc YO + o)

m Itisa 2D CFT with c =1/2

Related to boson theory by bosonization: two-fold fermion theory <
boson theory Di Francesco-Mathieu-Sénéchal 1997

Results in fermion theory can be got from results in boson theory
The fermion theory is the continuous limit of critical Ising spin chain

Ising spin chain is another special case of the XY spin chain

The calculations and results are similar to those in the boson theory
and XX model case
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Summary

m We developed replica trick to subsystem trace distance in 2D CFT

m Universal leading order short interval trace distances from OPE of
twist operators

m The method was applied to several low lying excited states in 2D
free massless boson the fermion theories

m For a special case we got the exact trace distance as well as the
n-distance with arbitrary n > 1 for an interval with arbitrary length

m We calculate trace distance numerically in XX and Ising spin chains

m Short interval trace distance and exact n.-distance in both CFTs
and spin chains

m Perfect agreement of analytic CFT results with numerical spin chain
calculations
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Discussion

It is the first time that subsystem trace distance is calculated in QFT

There are several interesting possible generalizations

m Other states in 2D CFT: open systems, disjoint intervals, finite

temperature, generalzied Gibbs ensemble, inhomogeneous systems,
states after quantum quench, etc?

2D large ¢ CFT?
2D massive theories?
Higher dimensional boson and fermion theories?

Holographic theories and gravity?
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Thanks for your attention!
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