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Einstein's Special Relativity (E-SR) is the cornerstone 

of physics. De Sitter invariant SR (dS/AdS-SR) is 

a natural extension of E-SR, hence it relates to the 

foundation of physics. This book provides a description 

to dS/AdS-SR in terms of Lagrangian-Hamiltonian 

formulation associated with spacetime metric of inertial 

reference frames.

One of the outstanding features of the book is as 

follows: All discussions on SR are in the inertial 

reference frames. This is a requirement due to the first 

principle of SR theory. The descriptions on dS/AdS-

SR in this book satisfy this principle. For the curved 

spacetime in dS/AdS-SR theory, it is highly non-trivial.
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De Sitter Invariant Special Relativity:
———————————————————————-

Einstein’s Special Relativity (E-SR) is one of the cornerstones of

the modern physics.When the Einstein’s cosmological constant

Λ is non-zero in spacetime, E-SR will naturally become De Sit-

ter Invariant SR (dS/AdS-SR). Hence it is essentially related

to the foundation of physics. This book provides a description

of dS/AdS-SR in terms of Lagrangian-Hamiltonian formulation

with spacetime metric of inertial reference frames.

One of the outstanding features of the book is that all descrip-

tions of SR are in the inertial reference frames. This is a require-

ment due to the first principle of SR theory. The descrip- tions

of dS/AdS-SR in this book satisfy this principle. It is highly

non-trivial for the curved spacetime in dS/AdS-SR theory.
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���ööö���ùùù���ÖÖÖ���ÄÄÄÅÅÅµµµ

de Sitter ØØØCCCdddÂÂÂ���éééØØØ´́́Einstein���»»»ÆÆÆ~~~êêêΛØØØ���"""������¥¥¥���ddd

ÂÂÂ���éééØØØ"""���888§§§¦¦¦+++ùùù���������ÊÊÊ···555~~~êêêΛ������333������UUU555®®®222���

���ÉÉÉ§§§,,,���������AAA���§§§33340cccccc���¤¤¤���de Sitter ØØØCCCdddÂÂÂ���éééØØØ

%%%���888333ÔÔÔnnn...������$$$���§§§333ùùù«««���¹¹¹eee§§§���«««������ÖÖÖªªª///000���de

SitterdddÂÂÂ���éééØØØ���ÖÖÖÔÔÔwww555´́́III������§§§ùùùÒÒÒ´́́���ööö���ùùù���ÖÖÖ���ÄÄÄ

ÅÅÅ"""ÌÌÌ���ëëë���©©©zzzµµµ

1§P.A.M. Dirac, The electron wave equation in de-Sitter space, Annals of Mathematics, 35, 657 (1935)

2§K.H. Look (Q.K. Lu), C.L. Tsou ( Z.L. Zou) and H.Y. Kuo, ( H.Y. Guo), 1974, “ Motion effects and

cosmologic red-shift phenomenons in classical domain space-time”, Acta Physica Sinica, 23 (1974) 225

(in Chinese)

3§A.G. Riess, et al., “ Observational evidence from supernovae for an accelerating universe and a

cosmological constant”, Astro. J. 116 1009 (1998); S. Perlmutter , et al., “Measurements of Omega

and Lambda from 42 high redshift supernovae”, Astro. J. 517, 565 (1999) [astro-ph/9812133]

4§Yan, M.L., Xiao,N.C., Huang,W., Li,S., 2005, “ Hamiltonian Formalism of de-Sitter Invariant Spe-

cial Relativity” Commun. Theor. Phys. (Beijing, China) 48, 27 (2007), hep-th/0512319.
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1§§§���éééØØØnnnØØØ���ÄÄÄ���°°°   µµµ

1§dÂ�éØµ��AÛ(½Ô�$Ä"£Ý5´�½�¶TÝ5÷vý

�Einstein �§¶gdâf�.5$Ä¶�m-�mäk��é¡5"¤

2§2Â�éØµÔ�$Ä(½��AÛ£Einstein �§¤§��AÛK�Ô�

$Ä£á§��§!��m|Ø�¤"
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2§§§������¯̄̄KKKµµµ

i§�Einstein �»Æ~êΛ = 0 �§�½dÂ�éØ��AÛ�Minkowski Ý

5

{ηµν} =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


,

(1)

´÷výýý���Einstein �§�µ£�÷v.5$Ä½Æ¶÷v��é¡5���

¦¤

Rµν −
1

2
gµνR+ Λgµν = Rµν −

1

2
gµνR = 0. (2)

ii§�´§�Einstein �»Æ~êΛ 6= 0 �§þã(ØØé�ùJø
���U

5µÏ~�Einstein dÂ�éØ£or Poincaré ØCdÂ�éØ¤�UØé§�

�É��5gΛ 6= 0 �?U�
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2§§§������¯̄̄KKKµµµ

i§§§���Einstein���»»»ÆÆÆ~~~êêêΛ = 0���§§§���½½½dddÂÂÂ���éééØØØ������AAAÛÛÛ���Minkowski

ÝÝÝ555

{ηµν} =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


,

(3)

´÷výýý���Einstein �§�µ£�÷v.5$Ä½Æ¶÷v��é¡5���

¦¤

Rµν −
1

2
gµνR+ Λgµν = Rµν −

1

2
gµνR = 0. (4)

ii§§§���´́́§§§���Einstein ���»»»ÆÆÆ~~~êêêΛ 6= 0 ���§§§þþþããã(((ØØØØØØééé���ùùùJJJøøø


������

���UUU555µµµÏÏÏ~~~���Einstein dddÂÂÂ���éééØØØ£££or Poincaré ØØØCCCdddÂÂÂ���éééØØØ¤¤¤���UUU

ØØØééé§§§������ÉÉÉ������555gggΛ 6= 0 ���???UUU���
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iii§§§���»»»\\\���)))äää���¢¢¢���***ÿÿÿµµµ~�Ïfµ

q0 ≡ −a0ä0/ȧ
2
0 '

1

2
(ΩM − 2ΩΛ) ≈ −0.64+0.14

−0.12 < 0, (5)

Rµν −
1

2
gµνR+ Λgµν = −8πGTM

µν − 8πGρdark energygµν , (6)

Λeff = Λ + 8πGρdark energy = Λ + Λdark energy ' 1.26× 10−56cm−2. (7)

5¿µ¢�ÿþ�´Λeff = Λ + 8πGρdark energy = Λ + Λdark energy, �Λ. ��

Ê·~ê�Λ§���K§�k�ÿ½"Λdark energy´�.�'�§´�m¼

ê§<�b½Λ = 0Ø��"£Yan,Hu,Huang, Mod Phys Lett, A27 1250041 (2012)¤

——————————–

A.G. Riess et al, Astro J 116, 1009(1998); S. Perlmutter et al Astro J, 517 565 (1999)

www.njnu.edu.cn


14/58 P��i?�	�≫≪><

iv, dddÂÂÂ���éééØØØ���ÄÄÄ���ÝÝÝ555gµν dddeeeããã^̂̂���(((½½½µµµ

a§ý�Einstein �§µ

Rµν −
1

2
gµνR+ Λgµν = 0. (8)

b§.5½Æ£Úî1�½Æ¤µ

δS = −mc δ
∫
ds = −mc δ

∫ √
gµνdxµdxν = 0, ⇒ ẍi = 0, (9)

c§��é¡�m(�310��Ý5gµνN�)¤�(Killing ¥þ) ξµ(1), · · · ξµ(10))µ

£ξ(i)gµν = 0, ξµ(i) : i = {1, 2, · · · N(N + 1)

2
= 10.} (10)

÷vù3�^���5��´MinkowskiÝ5ηµν , with Λ = 0"1970- 1974

ºººééé���!!!qqq������!!!HHHÇÇÇ===uuuyyy


Λ 6= 0)))µµµgµν =BeltramiÝÝÝ555Bµν(x) =
ηµν
σ(x) +

ηµλx
ληνρxρ

R2σ(x)2
with σ = 1− ηµνxµxν/R2 and R2 = 3/Λ���÷÷÷vvvùùù3���^̂̂���.

ùùùÒÒÒ������


De SitterØØØCCCdddÂÂÂ���éééØØØ���uuuyyy���
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c§��é¡�m(�310��Ý5gµνN�)¤�(Killing ¥þ) ξµ(1), · · · ξµ(10))µ

£ξ(i)gµν = 0, ξµ(i) : i = {1, 2, · · · N(N + 1)

2
= 10.} (13)

÷vù3�^���5��´MinkowskiÝ5ηµν , with Λ = 0"1970- 1974

ºººééé���!!!qqq������!!!HHHÇÇÇ===uuuyyy


Λ 6= 0)))µµµgµν =BeltramiÝÝÝ555Bµν(x) =
ηµν
σ(x) +

ηµλx
ληνρxρ

R2σ(x)2
with σ = 1− ηµνxµxν/R2 and R2 = 3/Λ���÷÷÷vvvùùù3���^̂̂���.

ùùùÒÒÒ������


De SitterØØØCCCdddÂÂÂ���éééØØØ���uuuyyy���
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3, ³³³|||ÑÑÑ���éééØØØ:
i) gdâf.¼þ: LNewton = 1

2m0v
2, .¼�§: d

dt
∂L

∂−̇→x
− ∂L

∂−→x = 0

ii) .5½Æ: −→v =~ê⇒ .5X

iii)³|ÑC�+²£C�+=ÄC�(.5Xm�C�):

x1 → x̃1 = x1 − v1t+ a1

x2 → x̃2 = x2 + a2

x3 → x̃3 = x3 + a3

t→ t̃ = t+ t0

iv) ÃÊ·~ê.

v) 3³|ÑC�+²£C�+=ÄC�e,LNewtonØC,=LNewton → L̃Newton =

LNewton+~ê, ÏdkUþÅð(E),ÄþÅð(p),�ÄþÅð(Neother charge).

www.njnu.edu.cn
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vi) M¼þ(�KUþ): H = ẋ · −→π − L, Ù¥�KÄþ−→π = ∂L
∂ẋ .

vii) �K�§:

ẋi =
∂H

∂πi
= {H,xi}PB

π̇i = −∂H
∂xi

= {H,πi}PB,

where the Poisson bracket {xi, πj}PB = δij , {xi, xj}PB = 0, {πi, πj}PB = 0 are

as usual. It is straightforward to check ẋi = constant by using LNewton.

viii) þfz: { , }PB ⇒ 1
i~ [ , ]

ix) �Kþ=Neother charge: M¼þ=ÔnÿþUþ; �KÄþ=ÔnÿþÄþ.

(Ì��I, .¼þ��mÃ')

www.njnu.edu.cn
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4, Einstein dddÂÂÂ���éééØØØ:
i) gdâf.¼þ:

Lc = −m0c
ds

dt
= −m0c

√
ηµνdxµdxν

dt
= −m0c

2

√
1 +

ηij ẋiẋj

c2
= −m0c

2

√
1− v2

c2
,

where Lorentz metric ηµν = diag{+,−,−,−}, dxµ = {d(ct), dx1, dx2, dx3} and

i, j = 1, 2, 3. .¼�§: d
dt

∂L

∂−̇→x
− ∂L

∂−→x = 0

ii) .5½Æ: −→v =~ê⇒ .5X

iii)LorentzC�+²£C�+=ÄC�(.5Xm�C�, Poincare’ C�):

x1 → x̃1 = γ
[
x1 − v1t− a1 + βa0

]
x2 → x̃2 = x2 − a2

x3 → x̃3 = x3 − a3

t→ t̃ = γ
[
t− βx1/c− a0 + βa1

]
where γ = 1/

√
1− β2 and β = v1/c.

www.njnu.edu.cn
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iv) Ê·~êc: ?Û.5X¥ÿþ��1���.

v) 3LorentzC�+²£C�+=ÄC�e,LcØC,=Lc → L̃c = Lc+, ÏdkU

þÅð(E),ÄþÅð(p),�ÄþÅð, 9BoostÖÅð(Neother charge).

vi) M¼þ(�KUþ): H = ẋ · −→π − L = c
√
−→π 2 +m2

0c
2,

Ù¥�KÄþπi = ∂L
∂ẋi

=
−m0ẋjηij√

1−β2
.

vii) �K�§: ẋi =
∂H

∂πi
= {H,xi}PB

π̇i = −∂H
∂xi

= {H,πi}PB.

Poisson bracket {xi, πj}PB = δij , {xi, xj}PB = 0, {πi, πj}PB = 0.

viii) þfz: { , }PB ⇒ 1
i~ [ , ]. ù�§Poisson bracket ÒC¤
Heisenberg �

êµ [xi, πj ] = i~δij , [xi, xj ] = 0, [πi, πj ] = 0. (14)

5¿πµ = ηµνp
ν , [πi, πj ] = 0 ⇒ [pµ, pν ] = 0, �Poincaré+�N§��dÂ�é

ØÚþfnØ�N,gT.
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ix) Heisenberg �ê�)�Poincaré algebra: the 4-dimensional invariant com-

mutation relations for xµ and π̂ν (i.e., Heisenberg algebra):

[xµ, πν ] = i~δµν , [xµ, xν ] = 0, [πµ, πν ] = 0. (15)

The solution is

πµ = −i~∂µ, or pµ = −i~ηµν∂ν . (16)

pµ together with operator Lµν = (xµpν − xνpµ)/i~ form an algebra as follows

[pµ, pν ] = 0

[Lµν , pρ] = ηνρpµ − ηµρpν (17)

[Lµν , Lρσ] = ηνρLµσ − ηνσLµρ + ηµσLνρ − ηµρLνσ

which is just the Poincaré algebra, (i.e.,Poincaré Invariant dÂ�éØ���é¡

5).`̀̀²²²333���KKKþþþfffzzzeee���ÏÏÏ~~~dddÂÂÂ���éééØØØþþþfffåååÆÆÆgggUUU���
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ix) �Kþ=Neother charge: M¼þ=ÔnÿþUþ; �KÄþ=ÔnÿþÄþ.

(Ì��I, .¼þ��mÃ'):=E = H, −→p = −→π .

x) 5¿: ÚîåÆ: E = 1
2mv

2, p = mv, ¤±m→ 0�, 7kE → 0, p→ 0, =

ý�. éudÂ�éØ,3m → 0±9v → c4�e,ØE = p = 0�ý�)	,

�kE 6= 0, p 6= 0�1þf):

E = lim
m→0, v→c

mc2√
1− v2/c2

6= 0, p = lim
m→0, v→c

mv√
1− v2/c2

6= 0.

�E/p = c. �λν = c '�, �kE = hνÚp = h/λ, Ù¥h�Plank~ê. Ïd

þfØ”A�”�±ldÂ�éØí�Ñ5.

xi) AÛ: Minkowski Ý5: ηµν = diag(+1,−1,−1,−1). 3PoincaréC�e:

xµ → x̃µ, ηµν → η̃µν = ∂xλ

∂x̃µ
∂xρ

∂x̃ν ηλρ = ηµν

www.njnu.edu.cn
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5, de Sitter ØØØCCCdddÂÂÂ���éééØØØ:
o)¯̄̄KKK���ddd555:
1, Einstein 1917cccJJJÑÑÑ���»»»ÆÆÆ~~~êêêΛ, (þþþjjj���cm−1);

2,Dirac 1935ccc���ÑÑÑ���±±±���333Λ 6= 0���dddÂÂÂ���éééØØØ£££���¦¦¦���<<<vvvkkk���EEE

ÑÑÑ555¤¤¤§§§ÚÚÚ???ØØØ���'''������fffÔÔÔnnn¶¶¶

3, 1974cccºººééé���,qqq������,HHHÇÇÇ===, ���EEEÑÑÑ


///;;;...������000nnnØØØ§§§¿¿¿

???ØØØ


���»»»ÆÆÆ¶¶¶///;;;...������000nnnØØØÒÒÒ´́́Λ 6= 0 ���dddÂÂÂ���éééØØØ§§§===De

Sitter ØØØCCCdddÂÂÂ���éééØØØ¶¶¶

4, 1998cccuuuyyy���»»»\\\���)))äääyyy���§§§LLL²²²Λeff = Λ + Λdark matter 6= 0;

£££ùùù`̀̀²²²Λ���ØØØ���0§§§���UUUÔÔÔnnn���¦¦¦???¿¿¿������¤¤¤

5, ùùù±±±���§§§???ØØØººº!!!qqq!!!HHH���;;;...������000nnnØØØ£££===De Sitter ØØØCCCddd

ÂÂÂ���éééØØØ¤¤¤���ÔÔÔnnnÒÒÒkkk777���


"""2004cccJJJÑÑÑ


De Sitter ØØØCCCdddÂÂÂ���

éééØØØåååÆÆÆ���Lagrange-HamiltoniannnnØØØ§§§¢¢¢yyy


De Sitter ØØØCCCdddÂÂÂ

���éééØØØþþþfffåååÆÆÆ!!!De Sitter ØØØCCC222ÂÂÂ���éééØØØ������EEE§§§ÄÄÄuuu###nnnØØØ¦¦¦

)))


������fff¯̄̄KKKÚÚÚçççÉÉÉ¯̄̄KKK���(Yan et al, 2005, 2011, 2012, 2014,

2015).
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i), de Sitter ��é¡5µ5-���dS���¥¥¥¡¡¡���(ds)2333SO(4,1)^̂̂===CCC���eeeØØØCCC"""

Ù¥ηAB = diag{+,−,−,−,−}, ηµν = diag{+,−,−,−}.
d(ds)2 = ηABdξ

AdξB|(ξA,B∈{R}) = Bµν(x)dxµdxν �¦�

Bµν(x) =
ηµν
σ(x)

+
1

R2σ(x)2
ηµληνρx

λxρ, with σ(x) ≡ 1− 1

R2
ηµνx

µxν ,

www.njnu.edu.cn
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ii) Beltrami metric and Lagrangian LdS for free particle:

Bµν(x) =
ηµν
σ(x)

+
1

R2σ(x)2
ηµληνρx

λxρ, with σ(x) ≡ 1− 1

R2
ηµνx

µxν , (18)

where the constant R is the radius of the pseudo-sphere in dS-space, and it can

be related to cosmological constant via R =
√

3/Λ. Seting up the time t = x0/c,

Bµν(x) can be rewritten as follows

ds2 = Bµν(x)dxµdxν = g̃00d(ct)2 + g̃ij
[
(dxi +N id(ct))(dxj +N jd(ct))

]
(19)

= c2(dt)2

[
g̃00 + g̃ij(

1

c
ẋi +N i)(

1

c
ẋj +N j)

]
,

The free particle in BΛ is described by the corresponding Landau-Lifshitz (L-L)

action:

SdS = −mc
∫
ds = −mc

∫ √
Bµν(x)dxµdxν ≡

∫
dtLdS(t, xi, ẋi), (20)

LdS = −mcds
dt

= −mc
√
Bµν(x)dxµdxν

dt
= −mc

√
Bµν(x)ẋµẋν , (21)
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And then gdâf.¼þ:(¹�¿ÃÌ��IL¼XÚ)

LdS = −mc2R

√
R2(c2 − ẋ2)− x2ẋ2 + (x · ẋ)2 + c2(x− ẋt)2

c2(R2 + x2 − c2t2)2
.

When R→∞,

LdS → LEins = −mc2

√
1− ẋ2

c2
.

iii) d.¼�§: d
dt

∂L

∂−̇→x
− ∂L

∂−→x = 0, ⇒ ẍi = 0,.5½Æ¤á!: −→v =~ê⇒ .5
X.
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iv)�BeltramiÝ5���C�(de SitterC�):

t→ t̃ =

√
σ(a)

cσ(a, x)
γ

[
ct− βx1 − a0 + βa1 +

a0 − βa1

R2

a0ct− a1x1 − (a0)2 + (a1)2

σ(a) +
√
σ(a)

]
.

x1→ x̃1 =

√
σ(a)

σ(a, x)
γ

[
x1 − βct+ βa0 − a1 +

a1 − βa0

R2

a0ct− a1x1 − (a0)2 + (a1)2

σ(a) +
√
σ(a)

]

x2 → x̃2 =

√
σ(a)

σ(a, x)
x2

x3 → x̃3 =

√
σ(a)

σ(a, x)
x3

where σ(a, x) = 1− ηµνaµxν/R2. 3TC�eBµν(x)ØC,=:

Bµν(x)→ B̃µν(x̃) ≡ ∂xλ

∂x̃µ
∂xρ

∂x̃ν
Bλρ(x) = Bµν(x̃).
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v) �KÄþÚ�KUþ(=Hamiltonian): Ú?Cþ:

Γ ≡ cdt

ds
=

1√
1− ẋ2

c2
+ (x·ẋ)2−x2ẋ2

c2R2 + (x−ẋt)2
R2

, Γ|R→∞ = γ.

dnØåÆ��:

πi =
∂LcR
∂ẋi

= −m0Biµẋ
µΓ,

HcR =

3∑
i=1

∂LcR
∂ẋi

ẋi − LcR = m0cB0µẋ
µΓ.
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vi) 4-�KÄþ, �KÚÑ'X, �K�§, Poisson)Ò:

πµ ≡ (π0, πi) = (−HcR

c
, πi) = −m0cBµν

dxν

ds
,

Bµνπµπν = m2
0c

2. (22)

HdS ≡ −cπ0 =
1

2B00

{
2cB0iπi ± c

√
4(B0iπi)2 − 4B00(Bijπiπj −m2c2)

}
,

(23)

where the metric Bµν has be given in above and hence

B00 = σ(x)

(
1− c2t2

R2

)
, B0i = −σ(x)

ctxi

R2
, Bij = σ(x)

(
ηij − xixj

R2

)
,

It is straightforward to to get the following canonical equations

ẋi =
∂HcR

∂πi
= {HcR, x

i}PB (24)

π̇i = −∂HcR

∂xi
= {HcR, πi}PB,
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where the Poisson bracket {xi, πj}PB = δij , {xi, xj}PB = 0, {πi, πj}PB = 0 are

as usual. It is also straightforward to check ẋi = constant by eq.(24).

vii) 333R→∞ ���

HdS =
1

2B00

{
2cB0iπi ± c

√
4(B0iπi)2 − 4B00(Bijπiπj −m2c2)

}
−→ HEins = ±

√
c2p2 +m2c4 (25)

������§§§333HEinseee§§§������âââfff���ÄÄÄåååÆÆÆ´́́ééé¡¡¡���¶¶¶éééuuuHdS§§§������âââ

fff���ÄÄÄåååÆÆÆ´́́ØØØééé¡¡¡���"""ùùù´́́���ééé«««���(âMìÅOK(1960’s)!¶ï¥

¢�(2013))
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vii)Beltrami-ÝÝÝ555eee���(LorentzCCC���+²²²£££CCC���+===ÄÄÄCCC���):...555XXXmmm���CCC

���, de Sitter CCC���eee, ÝÝÝ555ØØØCCC, ���^̂̂þþþØØØCCC:

dc: 3xµ → x̃µe, Bµν(x)→ B̃µν(x̃) = Bµν(x̃), ù��

A = −m0c

∫ √
Bµν(x)dxµdxν → Ã = −m0c

∫ √
B̃µν(x̃)dx̃µdx̃ν

= −m0c

∫ √
Bµν(x̃)dx̃µdx̃ν = A.

uuu´́́kkk10���ØØØCCCþþþ(Noether ½½½nnn). ^$Ä�§ẍi = 0, �y

d

dt
(Γ) = 0

ÏÏÏddd???���ÚÚÚ���yyyµµµ

£ξ(i)Bµν = 0, ξµ(i) : i = {1, 2, · · · N(N + 1)

2
= 10.} (26)

÷÷÷vvv������ééé¡¡¡���mmm^̂̂���"""
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1)3�boost charges:

Gβi = m0c(x
i − tẋi)Γ.

2) Äþ:

pi = Gai = m0ẋ
iΓ.

3)Uþ:

E ≡ cp0 = cGa0 = m0c
2Γ.

4-Äþ:

pµ ≡ {p0, pi} = m0ẋ
µΓ =

m0c

σ(x)

dxµ

ds
= − 1

σ(x)
Bµνπν ,

4) �Äþ:

Gωi = −m0Γεijkxj ẋk.

��y:
d

dt
Ga=(1,···,10) = 0.

www.njnu.edu.cn
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viii) þþþfffzzz: { , }PB ⇒ 1
i~ [ , ].ddduuuéééde SitterdddÂÂÂ���éééØØØ���KKK���§§§¤¤¤

ááá, dddHeisenberg ���êêê§§§···���kkk:

HcR = i~B−1/4 ∂

∂t
B1/4, πi = −i~B−1/4 ∂

∂xi
B1/4

Ù¥B = det(Bµν). �\þ¡�Uþ-ÄþL�ª§��4-Äþ�Î

pµ = i~[(ηµν − xµxν

R2
)∂ν +

5xµ

2R2
]. (27)

pµ together with operator Lµν = (xµpν − xνpµ)/i~ form an algebra as follows

[pµ, pν ] =
~2

R2
Lµν

[Lµν , pρ] = ηνρpµ − ηµρpν (28)

[Lµν , Lρσ] = ηνρLµσ − ηνσLµρ + ηµσLνρ − ηµρLνσ

which is just the de-Sitter algebra SO(1,4).

(((ØØØµµµééédS-SR QM ���Heisenberg ���êêê���dS���������dSééé¡¡¡555���êêê���ggg

UUU���
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dddBµνπµπν = m2
0c

2, üüüâââfff$$$ÄÄÄ���ÅÅÅ���§§§:

(ηµν − xµxν

R2
)∂µ∂νψ − 2

xµ

R2
∂µψ +

m2
0c

2

~2σ(x)
ψ = 0

�R→∞, þã�§¤�²¡Å�§: (�− m2
0c

2

~2 )ψ = 0.

ix) ÚÚÚÑÑÑ'''XXX: pµpνBµν = (m0c/σ(x))2

±±±þþþ2:::���UUU¬¬¬������«««OOOEinsteindddÂÂÂ���éééØØØ���de SitterØØØ
CCCdddÂÂÂ���éééØØØ���UUUNNN***ÿÿÿ¢¢¢���!

—————–

dS-������ééé¡¡¡555���½½½���zzz¬¬¬������dS-GR
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6§§§ééé¡¡¡555���)))ÄÄÄåååÆÆÆ: £££ooo(((¤¤¤

EinsteindÂ�éØ(E-SR) de SitterdÂ�éØ(dS-SR)

Globalé¡5 Poincaré dS or anti dS

.5XÝ5 ηµν = diag(+,−,−,−) Beltrami metric Bµν =
ηµν
σ(x)

+ 1
R2σ(x)2

ηµληνρx
λxρ,

Ù¥σ(x) ≡ 1− 1
R2 ηµνx

µxν

�^þ S = −m0c
2
∫ √

ηµνdxµxν S = −m0c
2
∫ √

Bµνdxµxν ≡
∫
dtLdS ,

≡
∫
dtLE LdS = −m0c

2σ−1Γ−1,

LE = −m0c
2γ−1 Γ−1= 1

R

√
(R2 − ηijxixj)(1 + a

c2
) + 2tb− at2 + b2

c2

γ−1 =

√
1 +

ηij ẋiẋj

c2
Ù¥µa ≡ ηij ẋiẋj , b ≡ ηijxiẋj

.5½Æ δS = 0,⇒ ẍi = 0 δS = 0,⇒ ẍi = 0

�.5X xµ → x̃µ = Lµνx
ν + aµ xµ → x̃µ = ±σ(a)1/2σ(a, x)−1(xν − aν)Dµ

ν

Ý5�C� 5¿Lµν Úa
µ ´�x Ã' Dµ

ν := Lµν +R−2ηνρa
ρaλ(σ(a) + σ1/2(a))−1Lµλ,

�~ê L := (Lµν ) ∈ SO(1, 3),

5¿ÚE-SR��Lµν Úa
µ ´�x Ã'�~ê
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½�z Lµν ⇒ Lµν (x), aµ ⇒ aµ(x) ÚE-SR��,Lµν ⇒ Lµν (x), aµ ⇒ aµ(x)

ù�.5X�m��IC ��.5X�m��IC�Ó�¤�

�¤�2Â�IC�µ 2Â�IC�µxµ → x̃µ = fµ(x)

xµ → x̃µ = fµ(x)

éäÚÄåÆ 2Â�IC��Ã7éä ÚE-SR��,2Â�IC��Ã7éä

´Christoffeléäµ
{
λ
µ ν

}
, ��U´

{
λ
µ ν

}
§

éA�Ý5´gµν(x) 6= ηµν , éA�Ý5´gµν(x) 6= Bµν ,

ÄåÆ�§µ ÄåÆ�§µ

Rµν − 1
2
gµνR = − 8πG

c4
Tµν Rµν − 1

2
gµνR− Λgµν = − 8πG

c4
Tµν

(see: Utiyama, PR 101(1956)1597; �¦Bµν(x)´ÄåÆ�§�ý�)§

Kibble, J. Math Phys 2 (1961) 212 KΛ = 3
R2 (see: Yan, arXiv: 1004.3023).

Cho, PRD14, (1976) 2521, etc)

þ!Ú�� ds2 = c2dt2 − a(t)2( dr2

1−kr2 ÚE-SR��:ds2 = c2dt2 − a(t)2( dr2

1−kr2

Ó5�� +r2dθ2 + r2 sin2 θdφ2) +r2dθ2 + r2 sin2 θdφ2)

(FRWÝ5) a(t)÷vØ¹Λ�Friedmann�§ a(t)÷v¹Λ�Friedmann�§

��m ^ηµν£��²�m ^Bµν£��Betrami�m

/n�m0 .�mÝ5µgµν .�mÝ5µgµν

�mÝ5µηµν �mÝ5µBµν
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7, éééOOOÏÏÏddd"""dddÂÂÂ���éééØØØ(E-SR)���������
]]]ÔÔÔµµµ

I, OOOÏÏÏddd"""dddÂÂÂ���éééØØØµµµThe spacetime metric of the

local inertial system is Minkowski metric:

{ηµν} =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

 , (29)

which is spacetime independent.
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������fff111ÌÌÌµµµE satisfies Dirac spectrum equation:

Eψ =

(
−i~cα · ∇ − e2

r
+mec

2β

)
ψ, (30)

E ���°°°((())):

E ≡ Wn,κ = mec
2

(
1 +

α2

(n− |κ|+ s)2

)−1/2

(31)

α ≡ e2

~c
, |κ| = (j + 1/2) = 1, 2, 3 · · ·

s =
√
κ2 − α2, n = 1, 2, 3 · · · .

£££555¿¿¿µµµe2 ´́́Dirac ���§§§¥¥¥³³³UUU1/r ccc���XXXêêê§§§~c´́́Dirac
���§§§¥¥¥ÄÄÄUUUiα · ∇ ccc���XXXêêê§§§α ≡ e2/(~c) ' 1/137 ´́́ùùù2���
XXXêêê���'''¤¤¤
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ùùù���, ddduuu333���»»»���???���½½½���...555XXX���

ÝÝÝ555ÑÑÑ´́́������IIIÃÃÃ'''£££===������»»»ùùù£££zÃÃÃ

'''¤¤¤���Mikowski ÝÝÝ555ηµν§§§OOOÏÏÏddd"""ddd

ÂÂÂ���éééØØØýýýóóóµµµ

α = αz (32)

ÙÙÙ¥¥¥z ´́́���fff¤¤¤333???���ùùù£££"""
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• ùùù���E-SR���nnnØØØýýýóóóéééíííººº¢¢¢���:

{{{IIIggg%%%¡¡¡keckUUU©©©��� HHH{{{���|||VLTUUU©©©���
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♣^̂̂dS-SRþþþfffåååÆÆÆ¦¦¦)))���

���fffµµµ

2s1/2 − 2p1/2-splitting in dS-SR

Dirac equation:

(ieµaγ
aDµL −

µc

~
)ψ = 0, (33)

DµL ≡ D
µ
L − ie/(c~)Aµ, Aµ = {φB, A}

/¥þ���fUÌ:

Yan, arXiv:1004.3023 [physics.gen-ph]
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• ÿÿÿùùù£££z???���αzµµµ
• ^̂̂i ���LLL111ÆÆÆ���[[[Mg I (3s2 1S0 → 3s3p 1P1) £££÷÷÷vvv4` =

±1¤¤¤§§§¤¤¤***ÿÿÿ���������[[[ªªªÇÇÇ���^̂̂eeeªªªLLL���µµµ

ωi ≡ ωi obs = ωi lab + qix+ q′ix
2 + . . .

= 35051.277(1) + 106x− 10y, (34)

ÙÙÙ¥¥¥x ≡ (αz/α)2, y ≡ (αz/α)4 − 1, ωi lab ´́́///¥¥¥¢¢¢���
¿¿¿���ωi���ÿÿÿþþþ���§§§ªªª¥¥¥3���ccc���XXXêêê´́́ÄÄÄuuuOOOÏÏÏddd"""ddd
ÂÂÂ���éééØØØ§§§ ^̂̂���fffÔÔÔnnn¥¥¥���þþþfffõõõ>>>fff(E-SR)-Dirac-
Hartree-Fockêêê���OOO������{{{���ÑÑÑ���"""ùùù������KKKþþþ������ÏÏÏLLL
UUU©©©***ÿÿÿÿÿÿ���ωi obs§§§ÒÒÒ������


αz. (XXXJJJuuuyyyµµµαz = αÒÒÒ���
½½½


E-SR, XXXJJJuuuyyyαz 6= α,ÒÒÒÄÄÄ½½½


E-SR.)
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• ÜÜÜ©©©(E-SR)-Dirac-Hartree-Fock OOO���(((JJJµµµ

(PRL 82(1999) 884)

Mg II 2P J = 1/2 : ω = 35669.286(2) + 119.6x,

J = 3/2 : ω = 35760.835(2) + 211.2x,

Fe II 6D J = 9/2 : ω = 38458.9871(20) + 1394x+ 38y,

J = 7/2 : ω = 38660.0494(20)11632x10y,

6FJ = 11/2 : ω = 41968.0642(20) + 1622x+ 3y,

J = 9/2 : ω = 42114.8329(20) + 1772x+ 0y,

6P J = 7/2 : ω = 42658.2404(20) + 1398x− 13y.

www.njnu.edu.cn


48/58 P��i?�	�≫≪><

• 2011(((JJJµµµÏÏÏLLLÿÿÿ������UUUNNN���fff111ÌÌÌ���ÄÄÄåååÆÆÆ£££ÄÄÄ§§§ÿÿÿ

α ≡ e2

~c
:

£££Keck ^̂̂¤¤¤uuuyyy���140 absorption systems§§§VLT ^̂̂



¤¤¤uuuyyy���153 ���áááÂÂÂXXXÚÚÚ¤¤¤
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(((JJJuuuyyyµµµ

αz 6= α

αz = αz(Ω)

LLL²²²α´́́CCCzzz���§§§���ÙÙÙCCCzzz´́́������ÉÉÉ
555���"""ùùù���OOOÏÏÏddd"""dddÂÂÂ���éééØØØ±±±999���
»»»ÆÆÆ���nnn���ÀÀÀâââ���´́́éééOOOÏÏÏddd"""dddÂÂÂ���
éééØØØ���������]]]ÔÔÔ���
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II, nnnØØØ���ÄÄÄ:
(a) 333���fffÔÔÔnnn¥¥¥°°°[[[(((���~~~êêê½½½ÂÂÂ´́́������fffDirec ÌÌÌ���

§§§���³³³UUU���XXXêêê���ÄÄÄUUU���XXXêêê���'''µµµα ≡ e2/(~c)

Eψ =

[
(~c)(−i)~α · ∇+ βmc2 − e2 1

r

]
ψ. (35)

(b)333dS-SR ¥¥¥§§§éééuuuùùù£££���z������???������fffDirac ���§§§¬¬¬

���???���§§§������///ooo���kkk

Eψ =

[
f(z)(−i)~α · ∇+ βm(z)c2 − g(z)

1

r

]
ψ. (36)

uuu´́́§§§¦¦¦���µµµαz = g(z)/f(z) 6= α. ùùù´́́���fffÔÔÔnnn���(((JJJ§§§
������¢¢¢���'''���"""

(M.L.Yan, Commu Theor Phys, 57(2012) 930; 62(2014)189)

www.njnu.edu.cn


52/58 P��i?�	�≫≪><

(c) þþþããã'''uuuαz ���UUU©©©***ÿÿÿ§§§´́́ÄÄÄuuu���fff111ÌÌÌ���ÔÔÔnnn¢¢¢

���§§§ØØØ���999Planck UUUIII'''uuu###ÔÔÔnnn���nnnØØØµµµXXXstring!!!���

			���!!!///1115«««ååå000· · · ���"""

(d)333 ^̂̂UUU©©©***ÿÿÿÿÿÿ���ωi obs������555½½½αz���§§§��� ^̂̂ÄÄÄuuuOOO
ÏÏÏddd"""dddÂÂÂ���éééØØØ���þþþfffõõõ>>>fff(E-SR)-Dirac-Hartree-
Fockêêê���OOO���"""333¢¢¢���(((JJJ���E-SR ������������§§§ùùù���???nnn
¢¢¢���(((JJJ´́́ØØØ���(((���§§§���¹¹¹


555ggg���»»»ÆÆÆ~~~êêê���XXXÚÚÚØØØ
������
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III, ������ïïïÆÆÆµµµ
ddduuuÄÄÄuuuOOOÏÏÏddd"""dddÂÂÂ���éééØØØØØØUUUgggUUU???nnn¢¢¢���***			êêêâââωi obs 555ÿÿÿ½½½αz§§§

ïïïÆÆÆ¦¦¦^̂̂ÄÄÄuuude Sitter ØØØCCCdddÂÂÂ���éééØØØ���(dS-SR)-Dirac-Hartree-Fock

õõõ>>>fffOOO���(((JJJ§§§555???nnn¢¢¢���êêêâââ"""ùùù���OOOÏÏÏddd"""���»»»ÆÆÆ~~~êêê������AAAòòò������

ÄÄÄ"""���KKKþþþõõõ


���NNNëëëêêê§§§ÏÏÏ""")))ûûû���»»»ÆÆÆ���nnn¯̄̄KKK§§§���ëëë¢¢¢���¥¥¥���XXXÚÚÚØØØ

���µµµ

£££1¤¤¤ííí���(dS-SR)-Dirac-Hartree-Fockúúúªªª¶¶¶

£££2¤¤¤^̂̂þþþãããúúúªªªÚÚÚõõõ>>>fffþþþfffnnnØØØOOO���MgÚÚÚFe������fffÚÚÚlllfffUUUÌÌÌ¶¶¶

£££3¤¤¤CCCÄÄÄOOO���¥¥¥α���ÑÑÑ\\\���§§§���ÑÑÑωi obsÐÐÐmmmªªª¥¥¥xÚÚÚy ccc���XXXêêê¶¶¶

£££4¤¤¤���¦¦¦µµµ(i) αz������ÓÓÓ555¶¶¶(ii)^̂̂þþþ¡¡¡���êêêiiiOOO���???nnn���§§§KeckÚÚÚVLT���αz(((

JJJ���������¶¶¶

£££5¤¤¤^̂̂dS-SROOO���������fff111ÌÌÌ§§§���ÑÑÑαz���LLL���ªªª§§§'''���¢¢¢������nnnØØØ"""

—————————-

S.S.Feng and M.L.Yan, IJTP, 55 (2016) 1049.
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þþþ¡¡¡���óóó���òòò������ÊÊÊ···~~~êêêΛ���êêê
���ÿÿÿ½½½§§§ùùùéééÔÔÔnnnÆÆÆkkkÄÄÄ:::555���
���555���
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8, (((ØØØÚÚÚ???ØØØ:
1) ���333gggTTT���de-SitterØØØCCCdddÂÂÂ���éééØØØ���

LagrangianÚÚÚHamiltonian///ªªª;

2)...555$$$ÄÄÄ½½½ÆÆÆ¤¤¤ááá;���¹¹¹2���ÊÊÊ···~~~êêê:c, R, R → ∞���£££���dddÂÂÂ���ééé
ØØØ;

3)nnnØØØ���L���H������mmm���''',���vvvkkkÌÌÌ������III,���kkkde SitterØØØCCC555;

4)ÏÏÏdddnnnØØØ������KKKþþþÚÚÚÅÅÅðððþþþØØØ������: −→π 6= −→p , H 6= E

5)þþþfffzzz555ggg���KKK///ªªª���Poisson)))ÒÒÒ,¤¤¤±±±AAA´́́:[xi, πj] = i~δij,ÚÚÚ[t,H] =

i~, [xi, pj] 6= i~δij, ÚÚÚ[t, E] 6= i~
6)dS-SR���½½½���zzz���������dS-GR.

7)   uuu���������»»»���mmm���������fff���^̂̂dS-SR QM + dS-GR¦¦¦ÑÑÑ���²²²���

)))§§§���������ÑÑÑMMMÇÇÇùùù£££������fff111ÌÌÌÄÄÄåååÆÆÆ£££ÄÄÄ.

8)åååÆÆÆ´́́ÔÔÔnnnÆÆÆ���ÄÄÄ:::µµµ

(dS− SR mechanics)|R→∞ ⇒ (E− SR mechanics)

(E− SR mechanics)|c→∞ ⇒ (Newton mechanics).
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In this case the frequency of each transition can be expanded in a series in α2 :

ωi = ω
(0)
i + ω

(2)
i α2 + · · · , (37)

= ωi lab + qix+ · · · , x ≡ (α/α0)2 − 1, (38)

where α0 stands for the laboratory value of the fine structure constant. Note that

Eq.(37) corresponds to the expansion at α = 0, while Eq.(38) at α = α0. In

both cases, parameters ω
(2)
i and qi appear due to relativistic corrections. We note

that both ωi lab and qi are calculable by the Dirac-Hartree-Fock method and the

quantum many body perturbation theories (and ωi lab are of course measurable in

laboratories).

For a fine structure transition the first coefficient on the right hand side of (37)

turns to zero, while for the optical transitions it does not. Thus, for the case of a

fine structure and an optical transition one can write:

ωfs

ωop
=
ω

(2)
fs

ω
(0)
op

α2 +O(α4) (39)
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while for two optical transitions i and k the ratio is:

ωi
ωk

=
ω

(0)
i

ω
(0)
k

+

(
ω

(2)
i − ω

(2)
k

ω
(0)
k

)
α2 +O(α4). (40)

More often than not, the coefficients ω
(2)
i for optical transitions are about an

order of magnitude larger than corresponding coefficients for the fine structure

transitions ω
(2)
fs (this is because the relativistic correction to a ground state electron

energy is substantially larger than the spin-orbit splitting in an excited state [?] [?]).

Therefore, the ratio (40) is, in general, more sensitive to the variation of α than

the ratio (39).
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