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High spin field

@ Free HS theory well-defined in flat and curved spacetime;rrondal,

@ Interacting HS field theory only well-defined in a spacetime
with cosmological constant, both positive and negative;vasiiev

@ Remarkable feature: in D > 4, once we include one massless
field with spin higher than two, we must include an infinite
number of massless fields with various higher spins and also
other compensator fields;

@ Though it looks intractable, HS field theory has drawn much
attention in the past decade, for its close relation with string
theory and AdS/CFT correspondence;
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HS and string theory

@ It has been known for a long time string theory has a rich
symmetry;

@ The massless HS fields appear as the excitations of tensionless
string;

@ In AdS/CFT correspondence, what'’s the dual to the free SYM
theory?

@ Naively, one may expect that it's the tensionless string in AdS;

@ However, the degrees of freedom on both sides in AdS;/CFT4
do not match;

o Nevertheless, it was conjectured by Polyakov and Klebanov in
2002 that three dim. O(N) model in the large N limit is dual
to HS theory in AdSy;

@ It is very interesting, but will not be the topic | am going to
talk about;
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HS in AdS;

Extra compensator fields vanish;

Finite truncation to a spin n is possible;

Especially, the action of HS in AdS3 could be rewritten as a
Chern-Simons gravity;

For pure AdS3 gravity, it could be written as a Chern-Simons
theory: Achucarro and Townsend 1986;E. Witten 1988

@ Combine the frame-like fields and the spin connections into
two SL(2,R) gauge fields:

1 e 1
A= (wy, + 7€Z)Jad$”, A= (wy — 7eZ)Jad:ﬂ“.

@ Einstein action + C.C. term

Seun + Sa = Scs[A] — Scs[fi] (1.1)

. _ 1
where with k = 7~

Scs[A] = 4£/Tr(A/\dA+ %A/\A/\ A); (1.2)
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Spin-3 AdS3 gravity

e To account for spin-3 field, SL(2,R) —— > SL(3,C);

e The SL(3,C) group has the generators J,, Typ(a,b=1,2,3)
with Ty, being symmetric and traceless;

@ They satisfy the following commutation relations:
[Jau Jb] = EachC7 [Jau Tbc] = eda(ch)du

[Tabu Tcd] = U(na(ced)be + nb(ced)ae)*]e'

® We combine the vielbein-like fields and the connections of
spin-2 and spin-3 into two gauge potentials A4, A

1 1
A = (Wi + g€ o+ (Wi + 7€) Tap)dat,
A _ a_la ab_}ab dat
- ((wu leu)J(l + (wu leu )Tab) T3
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Spin-3 AdSj3 gravity |l

@ Then the CS action gives the correct theory for spin-3 field
coupled to gravity with a negative cosmological constant.

@ Starting from CS theory, the asymptotic symmetry has been
studied;

o It was found that with Brown-Henneaux b.c., spin-3 gravity in
AdS3 has W3 asym. symmetry algebra, with the same central
charge ¢, = cg = 31/2G.

@ It has been conjectured that for spin-n HS gravity in AdSs, its
asymp. symmetry algebra is W, algebra with the same central
charges;

@ In the n — oo limit, there is another approach starting from
HS algebra dlrect|y, M. Henneaux and S.J. Rey 1008.4579
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3D gravity

No local physical d.o.f. in 3D gravity;
This is also true for high spin fluctuations in 3-dim;
However, there could be boundary d.o.f. ==> BTZ black hole;

Nevertheless, one may add higher-derivative terms to have local
d.o.f. (but also ghost usually);

A simple choice is to add a gravitational Chern-Simons term, which
is parity breaking and topological:s Deser et.al. 1982

1 2
Ios = ﬂ /dgx\/ _gs)\uvrﬁg <8NFZV + 3FZTF7V—/)> (2.1)

It leads to a new massive, propagating d.o.f;

However, 3D TMG in AdS3 is not well-defined for generic value ul,
either because of the instability or because of negative energy for
BTZ black hole:

It may allowed other vacua: warped spacetime;p.Anninos et.al. 0807.3040
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Chiral gravity conjecture

Li, Song and Strominger in 2008 found that at the critical point
ul = +1, 3D TMG in AdS;3 is well-defined;

In this case, the local massive mode becomes massless and
degenerates with the massless graviton in the left-mover;

Both local mode and left-moving graviton are just pure gauge;
The only physical d.o.f. is the right-moving boundary graviton;
That's why it's called chiral gravity;

Moreover, by imposing self-consistent Brown-Henneaux B.C., it was
found that the ASG is one copy of Virasoso algebra with central
charge cp = 3l/G,

Conjecture: chiral gravity is holographically dual to a 2D CFT with
CR;

The partition function is holomorphic and modular invariant,
supporting this conjecture. A. Maloney et.al. 0903.4573
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Remarks on chiral gravity conjecture

@ There is actually a log mode, as the equation of fluctuation is
a third order differential equation;

@ lIts existence once brought much debate on stability and chiral
nature of the chiral gravity;carip etal. (2008)Grumiller et.al 0805 2610

@ It boils down that one may impose Brown-Heanneaux B.C.
and get a chiral CFT dual;

@ Instead, one may also impose a relaxed B.C. to allow the log
mode, which could break chiral nature of the theory, but is
still well-defined;maioney et.al. 0003.4573

@ In the latter case, the theory is conjectured to be dual to a
logarithmic CFT;

@ The graviton 1-loop determinant in TMG breaks the chiral
nature and is consistent with Log CFT conjecture;
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@ How HS fields coupled to TMG?
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@ How HS fields coupled to TMG?

o If this is possible, do they change the nature of chiral gravity?
@ What's the asym. symmetry?

@ Some kind of generalization of chiral gravity conjecture?
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1st order formulation of TMG

In first order formalism, TMG with a negative cosmological
constant A = —[~2 is described by the action

1 1 1
Srue = —— ARg+——= €apce®NeP Ne®) — L “AT,
e = o | (ARt gpcaenelAcc) T X cs+(ﬂ3 ‘ ),
where
1 bAec

R, = dw,+ §eabc(wb A w’ + ¢ B ¢ )

T = de®+ ¢ wy A e,

Lcs = w* ANdwg + %eabcw“ INEINES (3.2)

The field 5% is just a Lagrangian multiplier, imposing the torsion
free condition such that the above action is equivalent to the
action in terms of Christoffel symbol.
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Relation with CS gravity

It would be illuminating to rewrite the above action in a form
relating to Chern-Simons gravity with gauge group
SL(2,R) x SL(2, R):

Stue = (1 - :l) SCS[A]—(l + :l) Scs[fi]jlfm / (Ba /\Ta) -

@ The solutions of AdS3 gravity are automatically the solutions
of TMG;
In these cases, 5% = 0;
An important subtlety: it does not mean AdS; TMG is
equivalent to CS gravity,
© In TMG, there is a local massive mode at generic pul;
@ CS gravity is just topological, no local d.o.f;
o A different story at chiral point:
@ No more local d.o.f.;
@ Central charge cp = 0,cg = 35[ <== CS gravity;
© Holographic nature of partition function;
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Action of spin-3 TMG

To study the topological massive gravity coupled with spin-3 fields,
we now propose the following action:

s — (1 _ ;l) SoslA] (1 + /;) SoslA]
K

—m (Ba A Ta — ZO'Bab A Tab) . (33)

Here the last two terms are introduced to impose the torsion free
conditions. Now the torsions are defined as

T = de® + ¢®uwy A e, — doe®epy A wcd, (3.4)
T et + Ecd(a|wC A 6d|b) + ecd(a\ec /\wd“))' (35)

Note that the torsion 1 for veilbein gets modified by the spin-3
field and the torsion T is for spin-3 field.
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Action in terms of frame-like field

In terms of the frame-like field and connection, the action (3.3) could be
written in a more familiar form:

612
-9 ab _ a bd c _ ab c d
o™ Ndway — 20€pc€" N W™ Awy — 20€*” N €(q)caw N Wip)

1 1 1
S = 3rG / (ea A dwg + ieabcea AW ANw® + —eqpce” N el Aef
™

4 a bd c 1 a 1 a b c
_Tzeabce Ne Aed)_lﬁwGu/(w /\dwa+§eabcw Aw’ Aw
—20w™ A dwgp — 40€qpew® A WP A w + pYNT, — 2087 A Tab),

(3.6)

where
ab

~ e
ﬂab :ﬂab+ IT

could be taken as an independent field.
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@ The first part of the action, proportional to 1/87@, is the same as
the one of pure spin-3 AdS3 gravity;

@ The two terms proportional to T,, Ty, are just to impose the torsion
free conditions:

T = 0,
T = 0,
@ The remaining parts are just the spin-3 generalization of

gravitational Chern-Simons term, which has been discussed by
Damour and Deser in 1987;

@ Such gravitational CS terms are parity breaking.
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Equations of motion

1
R = 5, (BBa + €ane” N " = 20000 Ny =0,
1 el A et P A et
R, + Eeabc |:I3b A el — 7 + 4o (lzd — b A /Bcd):| =0,
1
Ry — ! (dﬁab + €ca(a) BN wd|b) + €cd(a| W N ﬁd\b)> =0,
1 1
Ry + 3 <€cd(a‘,3c A ed‘b) + ch(a|6’c A 5d\b)> - ﬁﬁcd(a\ec A edlb) =0,
where
1 ) . €b A et d €pd \ ecd‘
R, = dw,+ §€abc(w A wC + 7 ) — 20€gpe(wWpg A w,* + —r
1
Ry = dwg + Ecd(a\wc A wd|b) + ﬁecd(a|ec A ed\b)'
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@ The equations are different from the pure gravity case, with
contributions from %, 8% terms;

@ However, notice that when

a 6ab

b
5(1 = ﬁ7 Ba = ZTJ (37)
the extra terms vanish due to the torsion free conditions.

@ This suggests that the solutions of pure gravity coupled to
spin-3 field theory proposed in 1008.4744 remain the solutions
of above equations of motion;

@ But it could be possible that there exist more solutions: for
example, the warped spacetime with vanishing spin-3 fields;

@ In our work, we just focus on AdSj3 solution;
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Equations of fluctuation

To the leading order, we have the following equations of motion of the
fluctuations:

be ~ b =
de® + €y Ne. + € wy Ne. =0,

_ N 1
dwq + €qpe (@ N wE + B ) — M(dﬁa+eabc,8 AW + €qpef° AN @°) =0,
A 1
dwq + €qpe (@ A w° +6176)+26abc {B ANef + B nes — = }
de® + e“delg, lb) + ecdle ‘e /\wdb 0,

1 nc —C
Rap — E (dﬁab + ecd(a\ﬁ A w |6) + €cd(a|W A B \b)) =

1 > ~c 1 e¢
Rap + 5 (ECd(aIBC N €y + €cd(al® A ffl\b)) = Ced(a® A€y =0,
where

_ 1 _
Rab = d(,dab —+ ch(a‘wc A wdlb) + ﬁch(alec A\ edlb).
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Graviton fluctuation

@ To the leading order, the fluctuations of the spin-3 fields
decouple from the gravitons;

o TT gauge: V#h,, =0 and hj, = 0;
@ In our formalism, the fluctuations of gravitons h, satisfy the
following equation

2 1 2
ﬁ)hg + ;e”“’jvu(D + < )hue =0, (4.1)

O+ B

@ It is a third order differential equation, the same as the one
got by Andy’s group in 2008;
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Spin-3 fluctuation |

It is much more involved;

1st step: solve the torsion free condition;
2nd step: get B”a5 = %D@Wﬁ;

Physical field: ®,,, = euabéﬁég;

Gauge condition:

O f =0, VHED,, =0, (4.2)

Finally, we obtain:
1
O@P8 4 ZGPWVMD(I)VO‘B = 0. (4.3)

The spin-3 fluctuations satisfy a third order differential
equation as well;

The above gauge condition is a little bit too strong, it
eliminate the trace part of spin-3 fluctuation;a. Bagchi etal. 1107.0015
In our work, we focused on the traceless spin-3 fluctuations;
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Spin-3 fluctuation Il

@ In AdS; background, the equation could be rewritten as
1
O(®? + ﬂef’“”vucp;’fﬂ) = 0; (4.4)

@ This third order differential equation could be decomposed
into three first-order differential equations, each corresponding
to different degrees of freedom.

© The massive degree of freedom satisfies a first order equation
Py, M) B — _op(M)pad, (4.5)

Q@ Both the left mover and right mover are massless and satisfy
respectively

ep“”VMCI),(,L) af _ _%@(L)paff’ epuvvuq)(VR) aB _ %@(R)paﬁ;
(4.6)



Spin-3 fluctuation Il

© The three equations share the same structure, which could be
denoted simply as

T, B O = g Deed (a7)

Where A can be M, L, R and m4 = —2u, —%,%
correspondingly.

@ One can derive the second order equation it satisfies as

4
Dcpgj}; = (m% — ﬁmgyy. (4.8)
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Conformal weights |

In the global coordinates the metric of AdS3 is:
ds® = 1?(— cosh? pd7? + sinh? pd¢? + dp?).

It has the isometry group SL(2,R); x SL(2,R)r. By defining
uw=7T+¢,v =7 — ¢, the generators of SL(2,R), can be written

as:
Vo = 10y,
. _u [ cosh2p
V=i = e (Sinh2pau s1nh2 % + 8)
iy [ €Osh2p 1 1
i = ie™ Oy — Oy — =0
L= (sinth “ " sinh2p® T 2 ”)’
satisfying

[Vi, VJ] = (i — J)VHJ
By exchanging » and v in the above equations, we can get the
generators Vo, V_1, Vi of SL(2,R)g.



Conformal weights Il

@ Define Lie-induced Casimir
1
£2 = ‘CVOEVO - 5(£V1£V_1 + EV—1£V1)7 (49)
and similarly for £2.

@ Then the quadratic equation could be written as
(mAl)2 - 6(mAl) +8

2 _ A
Lo puv - 4 ‘1’5)“2,,
25 . (mAl)2 —|—6(m,4l) + 8 A
Lo PIW - 4 (I)gmzf'

© Considering the highest weight state with conformal weight
(WA, B),

A
’CV q),ELV))\ = ‘C’Vl [LV)\ O’
4 _ A _ 7(A
‘C <I)/,u/)\ - h( ) ul/)\’ £V ;w)\ h( )(I);w)\’
then we have
2 _ A)2 A A
L9 pul/ - (h( )2 — h( ))(béw)n
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Conformal weights Il

@ The conformal weights of spin-3 fluctuations are:

pM) — ul + 2, BM) — ul—1; (4.10)
B =3 R =0 (4.11)
A =0, R =3 (4.12)

where we have assumed ul > 1.

@ Note that for the chiral gravity at ul =1, we have h(M) =3 and
(M) =0, which degenerates with the left-moving massless spin-3
fluctuations.

@ In the similar way, we may discuss the spin-2 fluctuations, which
have conformal weights

! _ -1
BM) — NT”’ 7M) _ NT; (4.13)
b =2 pE) =, (4.14)
R =0, R =2 (4.15)
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Explicit solution of spin-3 fluctuations

@ From the Killing symmetry of the background, we may make ansatz

7ihu7il_u)F

(I)uu)\ =e€ 2%

@ All the components of F,,» could be characterized by one
undetermined function ¢

FTTT = :*:90:
Fogg = o,
ip
F = —_—,
per i sinh? p cosh? p
FTT(b = @,
where _
¢ = C(cosh p) "M ginh?® p (4.16)

with a constant C.
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This is feasible because the equation of fluctuations is a third order
differential equation.

The log mode can be constructed as

Bjis — By
o(Los) = ljm ST (4.17)
pl—1 ul—1

We define a function A(r,p) as A(r,p) = —2(i7 + ln cosh p), then
the log mode can be written as @Lﬁ?,g) = A(r, p)(bff,,)g

This new mode grows linearly in time, and grows logarithmically in
the radial coordinate p.

By using the fact that
Ly, A= EVOA =1 LyA= EplA =0,
One can show that
0oL o L) .

Hence the log mode satisfies the classical equations of motion.
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Trouble with log modes

@ The existence of the log graviton mode in TMG brought much
debates on the stability and the chiral nature of the theory;

@ One has to impose appropriate boundary conditions on the
metric fluctuations;

@ If one impose the standard Brown-Henneaux boundary
conditions, such mode disappears and the only physical modes
are right-moving boundary gravitons, then the theory is chiral;

@ One may relax the boundary condition to allow the log mode,
whose presence break the chiral nature of the theory;

@ Such relaxed boundary condition is well-defined, leading to
finite conserved charge. It was conjectured that the log
gravity could be dual to a logarithmic CFT;

@ We just focus on the Brown-Henneaux boundary conditions.
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Energies of spin 3 fluctuations

@ The free action of the spin-3 fluctuations is of the form

_ _ 1 _
/dgx\/ -9 {_VA@I“MIBV)\@NUWM - Tvaéuluzuaeulaﬁt
%

S, =
> 7 647G

@ One subtle point: as there are three time derivatives in the action,
we need to use the Ostrogradsky method to define the Hamiltonian;

@ The energies of different spin-3 fluctuations are

2 . 1 —g
1 vV

E, = _T(l_i /d3 327 Gvoq,uwwgq)lfuwzugv
1 = .

Ep = _T(1+*)/d3x32wGVO‘I"£”2”3‘I’Ruwm-

@ The above three integrals are negative for primary fields;
@ Then pl > 1 gives Epy < 0, while pl < 1 gives Ef, < 0;
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Spin-3 chiral gravity

@ So only at the critical point ul =1, there are no modes with
negative energy, and in this case, we have E,; = E; =0,
suggesting that they are pure gauge;

@ At the chiral point pl = 1, the local massive spin-3 mode becomes
degenerate with the left-moving massless mode;

@ Both of them are just pure gauge;
@ This is the same as the spin-2 fluctuations;

@ There are only right-moving spin-2 and spin-3 fluctuation at the
chiral point;

@ Even with spin-3 field, the chiral nature of the theory at ul = 1 keep
intact;

@ What is the asyp. symmetry of spin-3 chiral gravity in AdS3?
@ Is there a CFT dual?
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Our speculation

The chiral high spin gravity is equivalent to a holomorphic
Chern-simons gravity with gauge group SL(3,C);

More precisely, the action of the holomorphic Chern-Simons
takes the form

~ k

Tr([l/\d]urgfl/\fl/\/l), (5.1)
where A takes values in SL(3,C) and the level is enhanced to
2k;

Comparing with the action (3.3) at the chiral point ul =1,
we find that the main difference resides at the last two terms
relating to the torsions;

They play a key role in studying the fluctuations around the
vacuum and induce higher derivative terms.

Once the fluctuations become pure gauge at the chiral point,
it is safe to ignore these two terms;
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Chiral gravity = holomorphic CS?

@ The only physical degrees of freedom are the right-moving
boundary gravitons, in accordance with the ones of a
holomorphic Chern-Simons gravity;

@ From the Chern-Simons gravity, the central charge could be
read easily and reproduce the result from the analysis of
asymptotic symmetry with Brown-Henneaux boundary
condition;

@ The partition function of chiral gravity is holomorphic and
modular invariant, in accordance with the expectation of
holomorphic factorization of Chern-Simons gravity

@ Therefore, the chiral gravity is expected to be equivalent to a
holomorphic Chern-Simons gravity.

@ We expect that the same equivalence could be extended to
the case with the spin-3 fields, though we are short of
evidence from the partition function.
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Asymptotic symmetry

The asym. symm. could be read straightforwardly from CS gravity;

One needs to introduce the boundary term for Chern-Simons action,
and impose appropriate boundary conditions

Ay =0, (5-2)
The gauge choice A, = b(p)d,b 1 (p);
Here it has been assumed that the space M = R x ¥, where X is a
two-dimensional manifold with boundary 9% ~ S' and R is the
radial direction. And we have defined 2% =t + ¢;
In the case with spin-3 field such that the gauge group is SL(3),
one needs to require the solution is asymptotically AdS,

(A - AAdS)|boundary = 0(1) (53)
The above boundary conditions are equivalent to the
Brown-Henneaux boundary conditions on metric fields

The asymptotic symmetry algebra turns out to be a classical
Ws-algebra with central charge
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Conclusion and discussions

@ We proposed an action for spin-3 TMG, which includes EH
term, grav. CS term and spin-3 CS term;
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Conclusion and discussions

@ We proposed an action for spin-3 TMG, which includes EH
term, grav. CS term and spin-3 CS term;

@ The action is closely related to a CS gravity action, with two
terms related to the torsion;

@ The spin-3 fluctuations around AdS3 vacuum have been
analyzed: E.O.M., conformal weights and energies;

@ In particular, we discussed the properties of the theory at the
chiral point and found that the chiral nature of the theory
keep intact if we impose Brown-Henneaux B.C.;

@ The spin-3 chiral gravity is equivalent to a holomorphic CS
gravity theory;

@ The asymp. symmetry of spin-3 chiral gravity is one copy of
W3 symmetry algebra with central charge cg = 31/G;

@ Namely the chiral spin-3 gravity could be described
holographically by a two-dimensional chiral CFT with W3
algebra and central charge cp.
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Discussions

Other spin case? especially the large N limit?
Partition function?

Other B.C.7

Large N duality;

Black hole solution?

SUSY case?

HS fields in warped spacetime?

e 6 6 6 o o o
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