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Extension of Hidden local symmetry

(Son & Stephanov ’03)

L =
K +1∑
k=1

f 2
k Tr|DµΣk |2−

K∑
k=1

1
2g2

k
Tr
(

F k
µν

)2
.

Σk = exp

{
iΠ

fπ
2f 2

k

}
, Π = πa τ

a

2
,

U = Σ1Σ2 · · ·ΣK +1

U → LUR†.

U = exp
{

2iΠ
fπ

}
,

4
f 2
π

=
K +1∑
k=1

1
f 2
k
.

K = 0 Weinberg ’79;
K = 1 Bando et. al, ’85;
K = 2 Bando et. al, ’88.
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Large NC and continuum limit

When K →∞,

U(xµ) = P exp

{
i
∫ +z0

−z0

Az (xµ, z′)dz′
}
,

The relation is first proposed by Atiyah and Manton (’89), to connect Skyrmions
and instanton solutions.
5D Yang-Mills action:

SYM = −
∫

d5x tr
[
−f 2(z)F2

zµ +
1

2g2(z)
F2
µν

]
.

The topological 5d Chern-Simons term provides a natural mechanism for U(1)A
symmetry broken and other anomalous processes:

SCS = −κ
∫

tr
[
AF2 +

i
2
A3F −

1
10
A5
]
, κ =

Nc

24π2
.

Baryon number

Q =
1

32π2

∫
dz d3x ε0µνλρTrFµνFλρ

=
i

24π2

∫
d3x εijk Tr[(U−1∂i U)(U−1∂j U)(U−1∂k U)].
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String construction: Sakai-Sugimoto model

D-branes configuration (Sakai & Sugimoto ’04):

D8

D8 
D4

z

τ

z

τ

D8
D4

Ukk

YM+CS action from the low energy action on the D8 branes.

Baryons from D4 branes wrapping around S4, and can be realized as the
instanton configuration on the D8 brane.
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Order O(p2) and O(p4) chiral Lagrangian

Even parity (Sakai & Sugimoto ’04, Hirn & Sanz ’05):

SYM ⊃
∫

d4x
[

f 2
π

4
< uµuµ >

+L1 < uµuµ >2 +L2 < uµuν >< uµuν > +L3 < uµuµuνuν >

−iL9 < f+µνuµuν > +
L10

4
< f+µν fµν+ − f−µν fµν− >

+
H1

2
< f+µν fµν+ + f−µν fµν− >

]
,

U = u2, uµ = i
{

u†(∂µ − irµ) u − u (∂µ − ilµ) u†
}
.

Odd parity (Sakai & Sugimoto ’05):

SCS ⊃ SWZW = −
iNC

48π2

∫
M4
Z(u, lµ, rµ)−

iNC

240π2

∫
M4×R

tr(gdg−1)5.

g−1(x , z) = P exp
{

i
∫ z

0
dz′Az (x , z′)

}
.

ξR(L)(x) ≡ g−1(x ,±∞), ξR(x) = ξL(x)† = u.

Alternative derivation with chirally delocalized quarks (Hill ’06)
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Low energy constants up to O(p4)

SYM ⊃ SχPT
2 [π] + SχPT

4 [π],

f 2
π = 4

(∫ z0

−z0

dz
f 2(z)

)−1

, ψ0(z) =
f 2
π

2

∫ z

0

1
f 2(z)

dz ,

L1 =
1
2

L2 = −
1
6

L3 =
1

32

∫ z0

−z0

(1− ψ2
0)2

g2(z)
dz ,

L9 = −L10 =
1
4

∫ z0

−z0

1− ψ2
0

g2(z)
dz , H1 = −

1
8

∫ z0

−z0

1 + ψ2
0

g2(z)
dz .

flat Cosh hard-wall Sakai-Sugimoto χPT
103 L1 0.5 0.5 0.5 0.5 0.9± 0.3
103 L2 1.0 1.0 1.0 1.0 1.7± 0.7
103 L3 −3.1 −3.2 −3.1 −3.1 −4.4± 2.5
103 L9 5.2 6.3 6.8 7.7 7.4± 0.7
103 L10 −5.2 −6.3 −6.8 −7.7 −6.0± 0.7
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Skyrme model and Skyrme parameter

Skyrme model (Skyrme ’61 & ’62)

S =

∫
d4x

(
−

f 2
π

4
tr
(

U−1∂µU
)2

+
1

32e2
S

tr
[
U−1∂µU,U−1∂νU

]2
)
,

e−2
S = 32 L1 = 16L2 = −

16
3

L3 =

∫
dz

(1− ψ2
0(z))2

g2(z)
.

Skyrme parameterµ

∞∑
n=1

g2
vnππ

m2
vn

=
1

3f 2
π

,
∞∑

n=1

g2
vnππ

m2
vn

=
1

4e2
S f 4
π

,

ρ-dominiance valid at about 2% level§so

e2
S ∼ 3m2

ρ/4f 2
π ∼ 7.72

to compare with ππ scattering results(∼ 7.42), and the value used in Skyrme
model calculation (5.452, Adkins, Nappi and Witten ’83).
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Anomaly matching
VVA correlator (one vector current carries a soft momentum)

i
∫

d4x eiqx 〈jaµ(x)j5b
ν (0)〉F̂ =

Q2

8π2
dabPα⊥µ

[
Pβ⊥ν wT (q2) + Pβ‖ν wL(q2)

]
εαβσρF̂σρ.

dab = (1/2)tr(Q{ta, tb}), Pα⊥µ = ηαµ − qµqα/q2, Pα‖µ = qµqα/q2.
mq = 0 (Adler, Bardeen ’69; ’t Hooft ’80; Witten ’83):

wL(Q2) =
2Nc

Q2
.

mq 6= 0, OPE gives

wL(Q2) =
2Nc

Q2
−

16π2χmq〈q̄q〉
Q4

+O(
1

Q6
),

magnetic susceptibility 〈q̄σµνq〉F̂ = χ〈q̄q〉F̂µν .
Extrapolation of pion pole term (Vainshtein ’02):

wL(Q2) ≈
2Nc

Q2 + m2
π

=
2Nc

Q2
−

2Ncm2
π

Q4
+O(

1
Q6

),

⇒ χ = −
Nc

4π2f 2
π

∼ −9 GeV−2

SUM RULE, VMD (P. Ball ’02) χ ∼ −3 GeV−2.
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Anomaly matching

mq = 0, to all orders in αs (Vainshtein ’02, Knecht, Peris, Perrottet, de Rafael ’03)

wT (Q2) =
wL(Q2)

2
=

Nc

Q2

Non-perturbative power corrections at large Q2:

wT (Q2) =
wL(Q2)

2
+

N2
C − 1

N2
C

16π3αs

Q6
χ 〈q̄q〉2 +O(

1
Q8

)

ΠV (Q2) = −
Nc

24π2
log

(
Q2

µ2

)
+

1
24π

αs 〈GµνGµν〉
Q4

−
14
9

N2
C − 1

N2
C

παs〈qq〉2

Q6
+ ...

ΠA(Q2) = −
Nc

24π2
log

(
Q2

µ2

)
+

1
24π

αs 〈GµνGµν〉
Q4

+
22
9

N2
C − 1

N2
C

παs〈qq〉2

Q6
+ ...

ΠV (Q2)− ΠA(Q2) = −
N2

C − 1

N2
C

4παs

Q6
〈q̄q〉2 +O(

1
Q8

).
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Anomaly matching

Holographic relation (Son & Yamamoto ’10):

wT (Q2) =
wL(Q2)

2
+

NC

f 2
π

[ΠV (Q2)− ΠA(Q2)]

wT (Q2) =
NC

Q2

∫ z0

−z0

dz A(Q, z)∂zV (Q, z), wL(Q2) =
2Nc

Q2
,

ΠV (Q2) =
1

Q2
f 2(z)V (Q, z)∂zV (Q, z)|z=+z0

z=−z0
,

ΠA(Q2) =
1

Q2
f 2(z)A(Q, z)∂zA(Q, z)|z=+z0

z=−z0
.

Extrapolating to large Q2 ⇒ χ = − Nc
4π2f 2

π
.

At low energy, it gives (Knecht et. al ’11)

CW
22 = −

NC

32π2f 2
π

L10.

OW
22 ≡ ε

µναβ〈uµ
{
∇γ f+γν , f+αβ

}
〉, O10 =< f+µν fµν+ − f−µν fµν− > .

CW
22 ∼ (6− 8) · 10−3 GeV−2, −

NC

32π2f 2
π

L10 ∼ 6.7 · 10−3 GeV−2.
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Resonance Lagrangian

SYM

∣∣∣∣
Kin.

=

∫
d4x〈−

1

2
(∇µvn

ν −∇νvn
µ)2 + m2

vn vn
µ

2 −
1

2
(∇µan

ν −∇νan
µ)2 + m2

an an
µ

2 〉,

SYM

∣∣∣∣
1−res.

=

∫
d4x

{
− 〈

fµν+

2

[
(∇µvn

ν −∇νvn
µ)aVvn −

i

2
([uµ, an

ν ] − [uν , an
µ])aAan

]
〉

− 〈
i

4
[uµ, uν ]

[
(∇µvn

ν −∇νvn
µ)bvnππ −

i

2
([uµ, an

ν ]− [uν , an
µ])banπ3 ] 〉

+ 〈
fµν−

2

[
(∇µan

ν −∇νan
µ)aAan −

i

2
([uµ, vn

ν ]− [uν , vn
µ])(aVvn − bvnππ)

]
〉
}
,

SCS

∣∣∣∣
1−res.

=

∫
d4x
{
−

NC

32π2
cvn ε

µναβ〈 uµ{vn
ν , f+αβ} 〉 +

NC

64π2
can ε

µναβ〈 uµ{an
ν , f−αβ} 〉

+
iNC

16π2
(cvn − dvn )εµναβ〈 vn

µuνuαuβ 〉
}
.

Anomaly matching for resonance couplings:

cvn = gvnππ ≡
m2

vn

2f 2
π

bvnππ , can = ganπ3 ≡
m2

an

3f 2
π

banπ3 ,

dvn =
m2

vn

12f 2
π

∫ +z0

−z0

ψ2n−1(1− ψ4
0)

g2(z)
dz.

cω|exp ∼ 5.80 , gρππ|exp ∼ 5.99 .

Fen Zuo£HUST¤ Hadron Properties in a class of holographic models



Introduction and previous achievements
Some generalizations

Summary and open problems

O(p6) chiral Lagrangian
Relations between form factors and scattering amplitudes
Holographic baryons:large-distance behavior and instanton size

Vector meson dominance

Flat Cosh Hard-wall Sakai-Sugimoto
VV-AA correlator

1−
a2

Vρm2
ρ−a2

Aa1
m2

a1
Σn(a2

Vvn m2
vn−a2

Aan m2
an )

99 % 300 % 350 % 840 %

1−
a2
Vρ−a2

Aa1∑
n(a2

Vvn−a2
Aan )

8 % 34 % 41 % 110 %

γ∗ → ππ

1−
aVρgρππ

ΣnaVvn gvnππ
18 % 0 -11 % -30 %

1−
aVρgρππ/m2

ρ

ΣnaVvn gvnππ/m2
vn

0.8 % 0 -2 % -6 %

γ∗π → πππ

1−
cρ(cρ−dρ)/m2

ρ

Σncvn (cvn−dvn )/m2
vn

2 % 0 1.5 % 4 %

1−
cρ(cρ−dρ)/m4

ρ

Σncvn (cvn−dvn )/m4
vn

0.3 % 0 0.3 % 1.4 %

γ∗ → πππ

1−
aVρ(cρ − dρ)

ΣnaVvn (cvn − dvn )
- 30 % - 20 % -30 % -50 %

1−
aVρ(cρ − dρ)/m2

ρ

ΣnaVvn (cvn − dvn )/m2
vn

- 5 % - 3 % -5 % -10 %
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O(p6) low energy constants: derivation

CW
22 =

NC

64π2

∞∑
n=1

aVvn · cvn

m2
vn

=
NC

128π2f 2
π

∞∑
n=1

aVvn · bvnππ

=
NC

128π2f 2
π

∞∑
n=1

∫ z0

−z0

ψ2n−1

g2(z)
dz ·

∫ z0

−z0

ψ2n−1(1− ψ2
0)

g2(z′)
dz′

=
NC

128π2f 2
π

∫ z0

−z0

1− ψ2
0

g2(z)
dz = −

NC

32π2f 2
π

L10

∞∑
n=1

1

g2(z)
ψn(z)ψn(z′) = δ(z − z′) .

C52 = −
1

8
SVππ − 2 (

Nc

32π2
)2 SVπ4 ,

SVππ =
∞∑

n=1

aVvn · bvnππ

m2
vn

=

∫ z0

−z0

∫ z0

−z0
G(0; z, z′)(1− ψ2

0)dzdz′,

SVπ4 =
∞∑

n=1

cvn · (cvn − dvn )

m2
vn

=
1

2f 2
π

∞∑
n=1

bvnππ · (cvn − dvn ) =
4

15f 2
π

.

G(0; z, z′) =
∞∑

n=1

ψn(z)ψn(z′)

m2
n

=
1

f 2
π

[
(1− ψ0(z))(1 + ψ0(z′))θ(z − z′) + (z ↔ z′)

]
.
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O(p6) low energy constants: a few results

ππ scattering

L1 =
1
2

L2 = −
1
6

L3, C1 + 4C3 = 3C3 + C4.

π → lνγ decay: GA(q2) = 0 ⇒

L9 + L10 = 0, 2C78 − 4C87 + C88 = 0.

γγ → ππ scattering

a00
2 = 256π4 f 2

π (8C53 + 8C55 + C56 + C57 + 2C59) ,

b00 = −128π4 f 2
π (C56 + C57 + 2C59) ,

a+−
2 = 256π4 f 2

π (8C53 − 8C55 + C56 + C57 − 2C59 + 4C78 + 8C87 − 4C88) ,

b+− = −128π4 f 2
π (C56 + C57 − 2C59 − 4C78) .

Holo. DSE Reso. Lagr. ENJL
a00

2 N2
C 3.79 13± 3.3 14.0

b00 N2
C/6 1.66 3± 1 1.66

a+−
2 0 −0.98 0.75± 0.65 6.7

b+− 0 −0.23 0.45± 0.15 0.38
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γ∗ → ππ vs. π0 → γγ∗ form factor

Fπ(Q2) =
1

f 2
π

∫ z0

−z0
f 2(z)V (Q, z)ψ′0(z)2dz.

Fγπ(Q2) =
NC

24π2fπ

∫ z0

−z0
V (Q, z)ψ′0(z)dz.

Fγπ(Q2) =
NC

12π2fπ
Fπ(Q2).

Previously found in hard wall model
(Grigoryan & Radyushkin ’08) and
Sakai-Sugimoto model (Stoffers & Zahed
’11).

Low energy limitµ

CW
22 =

NC

32π2f 2
π

L9.

CW
22 ∼ (6−8)·10−3 GeV−2

,
NC

32π2f 2
π

L9 ∼ 8.3·10−3 GeV−2
.

12π2 fπQ2
NC

Fγπ(Q2) (circles) and

Q2 Fπ(Q2) (squares) versus Q2, figure
taken from (Stoffers & Zahed ’11) .
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γ∗ → ππ vs. π0 → γγ∗ form factor
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Ultraviolet classification and constraint
Special coordinate:

y = ψ0(z) =
f 2
π

2

∫ z

0

1
f 2(z)

dz ,

f̃ 2(y) =
f 2
π

2
,

g̃2(y) =
f 2
π

2
g2(z(y))

f 2(z(y))
,

Characteristic index in the ultraviolet (y → ±1) :

g̃2(y) ∼ (1− y2)α

flat model: α = 0
asymptotic anti-de Sitter background ( “cosh” and hard-wall model): α = 1
Sakai-Sugimoto model: α = 4/3

Ultraviolet constraint (L1, · · · , L10 <∞, H1 →∞)

1 ≤ α < 2.
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Low energy π and photon scattering

π+π− → π0π0 process

A(s, t , u) =
(t + 2s)

4
h(−t) + (t ↔ u) .

γγ → π0π0 process

A(s, t , u)γγ→π
0π0

=
a2

(4πfπ)4

[
(s − 4t)

8
f 2
πh(−t) + (t ↔ u)

]
,

B(s, t , u)γγ→π
0π0

=
b

(4πfπ)4

[
3
8

f 2
πh(−t) + (t ↔ u)

]
.

γ → π+π−π0 process

F3π(0, s, t) = F3π
0 ×

f 2
π

4

[
h(−s) + h(−t) + h(−u)

]
.

h(Q2) =

∫ z0

−z0

dz
∫ z0

−z0

dz′ ψ′0(z)ψ′0(z′) G(Q2; z, z′) ,

=
∑

n

4g2
vnππ

m2
vn + Q2

Q2→∞−→
4H
Q2

.
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Asymptotic instanton solutions at large distance

Skyrmion (hedgehog):

U(~x) = exp(i~τ · r̂F (r)), F (r) ∼
β

r2
−

β3

21r6
, r →∞.

Holographic instanton:
Cylindrical ansatz (Witten ’79):

Āa
j =

φ2 + 1
r2

εjak xk +
φ1

r3
[δjar2 − xj xa] + Ar

xj xa

r2
,

Āa
z = Az

xa

r
, ˆ̄A0 = s.

Asymptotic solutions with special coordinate y (̃f 2(y) = f 2
π/2):

φ1 ∼
β3y(y2 − 1)

3r6
, φ2 ∼ −1 +

β2(1− y2)

2r4
,

Az ∼
β

r2
−

β3

21r6
, Ar ∼ O(r−9),

s ∼
β3

f 2
π

(y2 − 1)(y2 − 5)

r9
.
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Large-distance behavior of baryon form factors

Electromagnetic form factorsµ

G̃I=0
E (r)→

33

210π5

1
f 3
π

(
gA

fπ

)3 1
r9
, G̃I=0

M (r)→
3∆

210π5

1
f 3
π

(
gA

fπ

)3 1
r7
,

G̃I=1
E (r)→

∆

25π2

(
gA

fπ

)2 1
r4
, G̃I=1

M (r)→
1

26π2

(
gA

fπ

)2 1
r4
.

lim
r→∞

r2 G̃I=0
E G̃I=1

E

G̃I=0
M G̃I=1

M

= 18.

Goldberger-Treiman relation:
gπNN

MN
=

gA

fπ
.

Axial form factorµ

G̃A(r)→
3

7 · 26π3

1
fπ

(
gA

fπ

)3 1
r7
.

〈r2〉E,I=1, 〈r2〉M,I=1 linearly divergent, 〈r2〉E,I=0, 〈r2〉M,I=0 finite, 〈r2〉A
quadratically divergent.
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Instanton size: suppressed in Sakai-Sugimoto model
Sakai-Sugimoto model

SYM = −κ
∫

d5x tr
[

h(z)

2
F2
µν − k(z)F2

zµ

]
,

κ =
λNC

216π3
, h(z) = (1 + z2)−1/3, k(z) = 1 + z2,

SCS = −
Nc

24π2

∫
tr
[
AF2 +

i
2
A3F −

1
10
A5
]
.

(Hashimoto, Sakai & Sugimoto ’08)

U(ρ) = 8π2κ(1 +
ρ2

6
) +

N2
c

40π2κ

1
ρ2

+ ...

Insanton size

ρ2
cl =

NC

8π2κ

√
6
5

Ml=3 −Ml=1 ' 569 MeV, gA ' 0.73

(M∆ −MN )|exp ' 290 MeV, gA|exp ' 1.27
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Instanton size: an estimate using the Skyrme model

fπ = 87 MeV, e = 7.70.

Skyrmion: numerical Skyrmion solution (Adkins, Nappi & Witten ’83)

“Instanton-1": (Atiyah and Manton ’89) small instanton configuration with
ρ2 = 2.11/(e2f 2

π);

“Instanton-2": large instanton configuration with ρ2 = 5.72/(e2f 2
π).
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Summary

Previous holographic derivation of the χPT lagrangian is extended from O(p4) to
O(p6). Numerical predictions for the LECs in different models are given.
Model-independent relations among LECs are found.

Some of these LEC relations are shown to follow from relations between different
correlation functions, form factors or scattering amplitudes.

Different models are classified according to the different behavior of form factors
at large momentum region.

The asymptotic instanton solutions at large distance are derived, from which the
asymptotic from of various baryonic form factors are given.

Using the Skyrme model as an approximation, large-size instanton configuration
is suggested to describe the baryon properties.
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Open questions

The mass pattern is wrong, mn ∝ n instead of mn ∝
√

n.

While leading power behavior in the ultraviolet is obtained in asymptotic AdS
backgrounds, high power terms need to be included.

Introduce quark mass.

Construction of instanton solutions in curved spacetime and in presence of the
Chern-Simons term with arbitrary instanton number.
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Skyrmions for 1 ≤ B ≤ 8

Fen Zuo£HUST¤ Hadron Properties in a class of holographic models


	Introduction and previous achievements
	Introduction of the model
	Main achievements

	Some generalizations
	O(p6) chiral Lagrangian
	Relations between form factors and scattering amplitudes
	Holographic baryons:large-distance behavior and instanton size

	Summary and open problems

