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1. Introduction

® String theory as a theory containing both gauge field and
gravity

strong intraction

weak interaction } auge field =open strin :
. . gaug P & string theory.

electromaganetic interaction

gravity =-closed string

Thus the relations between gauge field and gravity correspond to
the relations between open string and closed string.
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® The relations between gauge field and gravity

AdS/CFT( Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231)
correspondence and KLT (Kawai, Lewellen and Tye, NPB 269
(1986) 1) relation are two examples for the relationships between
gauge field and gravity.

Duality gravity< gauge field
AdS/CFT correspondence weak < strong
KLT relation weak < weak

Zhejiang Institute of Modern Physics, Zhejiang University  6:16, May 31, 2010 First Previous Next Last 4



e KLT relation

The trivial relation between free closed string states and free open
string states

N1, Nr) ® |p) = |[NL) ® [NRr) ® |p) . (1)

KLT relation factorize the closed string amplitudes on S5 into two
open string amplitudes on D, (except for phase factors)

MSQ(:[C)”' c M 2 Z A(M) A(M)( )in(PL,PR). (2)

Pr,,Pr
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KLT relation is a factorization relation (except for a phase factor),

since " AM)(Pr) and 3" AM)(Pg) are the amplitudes for left-
Py Pg
and right-moving open strings.

e The applications of KLT relation

— In string theory (Aggen))L X (Aﬁgge”))R = Mgosed)

— Field theory limit (A&, x (AEM) o = pql8raviten)

— KLT relations + unitarity— The ultraviolet properties of N = &
supergravity (Bern, Dixon and Roiban, PLB 644 (2007) 265).

— KLT relation can also be used to give the amplitudes for
gravitons coupled to matter (Bern, De Freitas and Wong, PRL

84 (2000) 3531).
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e Does KLT factorization relation hold for the amplitudes on
any worldsheet?

KLT factorization relation holds for the amplitudes on S5 in string
theory. Does it hold on worldsheet with other topologies?

We find the KLT factorization relation does not hold on D5. On
D-, the left- and right-moving sectors are connected into a single
one. New relation is given as’

A(0(Lo), s T(No), (N + 1)y ooy (N + M) = gV 2pM Y~ im0 D AN2M) (prry,

P 3)

1\We call this relations disk relation.
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® Disk relation for amplitudes in minimal coupling theory of

gauge field and gravity

Disk relation versus KLT relation:

Topology Relations Incorporation of gauge degree Theory
of freedom
So KLT relation Lorentz singlets in one sector Heterotic theories
of closed strings
D5 Disk relation Chan-Paton factor at the ends Type | theory

of open strings

KLT relation can give the tree amplitudes for minimal coupling
theory of gauge field and gravity. Does disk relation also hold for
gauge-gravity minimal coupling theory? We find disk relation also
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holds for tree amplitudes in minimal coupling theory of gauge field
and gravity.

We find Three- and four-point amplitudes for gauge-gravity minimal
coupling satisfy disk relation.

Disk relation also hold for the MHV amplitudes for gravitons
minimal coupled to gluons. We expect there is a general expression
of disk relation.

e The general form of disk relation

We construct the disk relations for amplitudes with N gluons and 1
graviton by BCFW (Britto, Cachazo, Feng, NPB715 (2005) 499;
Britto, Cachazo, Feng and Witten, PRL94 (2005) 181602) recursion
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relation and KK-BCJ (Kleiss and Kuijf, NPB 312 (1989) 616; Zhu,
PRD 22, (1980) 2266; Bern, Carrasco and Johansson, PRD 78
(2008) 085011) relation. The disk relation for N gluons and M
gravitons can be constructed similarly.
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e Relations among amplitudes

BCFW  MW) = MMI(N < M)  guage field, gravity,
gauge-gravity coupling

KK-BCJ AWN) = AWN) gauge field,
gauge-matter coupling

KLT A(LN) X A%N) = MW gravity,
gravity-matter coupling

Disk AWNF2M) — AN, M) gauge-gravity coupling
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2. BCFW, KK-BCJ and KLT relations

e BCFW recursion relation in field theory

Complex momenta
p1(2) = p1 + 2q, p2(2) = p2 — 2q, (4)

where ¢° = g - p1 o = 0 so that p; 5 are on-shell momenta. Cauchy'’s
q~ =q-pa, p1, Y

residue theorem
M(z) M(zr1)
7{ o= ; Res ( -
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If M(z) — 0 as z — oo, the amplitudes are characterized by their
poles. Poles— factorization channel = residual at poles— products
of lower point amplitudes.

BCFW recursion relation constructs M-point on-shell tree
amplitudes by N-point(/N < M) on-shell amplitudes

M(N+2)(p1,2, ki)
— Z M(N1+2) (pl(zfl)a kila h)

I1,h

1
(pl +KI1)2

MO (py (21, iy, ).

(6)

where K1, = > k.

el
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The diagrammatic form of BCFW relation is

R
e

Figure 1: BCFW recursion relation

| 2

|/

°o

P>

The amplitudes with at least one gluon leg or one graviton leg
satisfy BCFW recursion relation (Cheung, JHEP 1003 (2010) 098).
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o KK-BCJ relation

KK relation and BCJ relation are the relations among tree partial
amplitudes for NV gluons. KK relation is

A(ﬁl? "‘7/37"7 17 al? ) aS? N)

—(—1)" > A(1,0,N)

| c€OP{a}u{p"}

(7)

OP{a} U{BT} are all permutations of {a} U {B?} that maintains
the order of the individual elements belonging to each set. {5}
represents the set {3} with the ordering reversed. KK relation
express the tree partial amplitudes by (N — 2)! amplitudes. For
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r = 1 KK relation gives U(1) decoupling identity.
BCJ relation is

Z Z 6276]—'_22 azaﬂj A(LO',N) = 0.

c€OP{a}u{pT} [1Zi<y<r 1=0 y=1
(8)
Here
| Sap (T3> T0)
@) ={ % o> o) ()

BCJ relation give a further reduction of the tree partial amplitudes.
With KK relation and BCJ relation, the number of independent
amplitudes can be reduced to (N — 3)!.
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KK and BCJ relations can be derived from string theory by

discussions on the monodromy of the amplitudes briefly
(Bjerrum-Bohr, Damgaard and Vanhove, PRL 103 (2009) 161602 ).

N-point open string amplitude on Dy is?

N
LTg — Tp||Tp — Ll |X
A(&1,---,GN)=/Hd9€i| a b|| b CH c
=1

dxdxpdz,
(10)

N—1
2a’ky-k
i=1 1<s<r<N

2Fn denote the part do not contribute the branch cut points. We can set
1 =2,=0, xny_1=2p =1 and xny = . = 0.
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The integral contours can be deformed to the region |0, oo|

] -0;0] 10;11 ] 15 0]

Figure 2: Contour deformation
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When the contour of x integral passes through a branch cut point y
we have

e '™ (for clockwise rotation)
e~ "™(for counterclockwise )

(&= 9)* = (y — ) x { (11)

After deforming all the contours of z . in the amplitude

A(B1, ..., Bry 1, a1, ..., a5, N) to those in |0, 0c], the real part of the
amplitude gives A(f34, ..., Br, 1,1, ..., a5, N) as

A(ﬁl, ...,67«, 1, a1, ...,0g, N)

:(—1)T§R H 62i7ro/(l€61-k5.) Z H H 2ima’ (o, ﬁJ)A 1,0, N)

1<i<j<r ccOP{a}u{gT}i=0j=1

(12)
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The imaginary part vanishes

0=35 H 62i7ra/(kﬁ1-k5.) Z H H 29T (O‘“BJ)A 1,0, N)

| 1<i<y<r oc€OP{a}u{pT}1=07=1

"(13)
The two relations given above can express the open string partial
amplitudes on Dy by (N — 3)! amplltudes
Taking the field theory limits o’ — 0, the real part condition gives
the KK relation and the imaginary part condition gives the BCJ
relation.
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e KLT relation

KLT relation is the relation between closed string amplitudes on S5
and open string amplitudes on D5. Closed string amplitudes have

the form

_ 1
MS2(1C, ...,MC) = K,M 2 5 /d221d222...d22M<V16<21,21)...VMC(ZM,5M)>52. (14)

VC’KG

In bosonization formalism, the closed string vertex operator can be
given as (Friedan, Martinec and Shenker,NPB,271 (1986) 93,
Kostelecky, Lechtenfeld, Lerche, Samuel and Watamura, NPB, 288
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(1987) 173) °

Ve(w,) = : exp (g6 + Gs)

m

exp(i)\ocb+i25 o(?gbz+7,)\o¢+ Z 'oég’bvq;)

1=1 =1 (15)
exp (ik-X+iY €-0X+iY & 0X)(w,@) : [mutitinear-

i=1 j=1

3\ and \ are vectors in weight space. ¢ and ¢ are superconformal ghost number.
e. g. Fig. 3 gives the weight vector for O(10).
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Some primary ficlds of the spinning string

: o(10)

Operator representation A P h
Tey 1 ©,-1) 0 1/2
e 10 ; ©---+1---0,0) 0 1/2

RV 10 (0---+1---0,1) 0 -1
Ve 10 © 0 41--40,-1) 0 1
Jr 45 - +l---11---0,0) 1/2 1
se 16, HEEEETION 0 5/8
N 16, Wtt+14+,0), 0 5/8

Shr 16, HEE XTI ~1/8 0

SE1 16, Ntttts,+), /8 0.

S 16, Nttttt,-), ~1/8 1

Stz 16, Mttt i, o) ~5/8 1
3 45 - +1---21---0,-1) 1/2 3/2

83 16, Htt+t,+3) 0 -2

The operators are in bosonized form given by O = exp(A - ¢)explim(A - M d¢g) + imp]. The subscript:
+ or — on spinor weights mean an even or odd total number of minus signs, respectively. Note that foi
J¥” we do not write Cartan-subalgebra parts. The phas‘es p are conventional. Except for those of J#*

. they are set to zero in this work; the ones given were used in refs. [64,65). The conformal weight is
< denoted hv h.

Figure 3: An example of weight vector given in Kostelecky,

Lechtenfeld, Lerche, Samuel and Watamura, NPB, 288
(1987) 173
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Any closed string amplitude on S5 can be given as the bosonized
form

M, (1 M.) MZ/ 1 42 120 = 20[°l2 — Zel"|ze = zal”
o) = [T
5'2 CH ’ c 11 1 dzgdzgdzg

/ / ~ ~
« « ~
S kr-ks+AroAs—qrqs /- = \ 5 kr-ks+AroAs—qrgs
||(z5—zr)2 (Z, — Zs) 2

/ myr Mg
xexp | =3 | D 4(‘2) Vel =D e eel | (s m ) T e
s>r =1 j5=1

=1 5=1

ns O{/ ; ms : B
X exprz;és [(Zl (_5> k’l” : Gg) - ; >\7“ o €g )> (Zr - Zs) ! ‘I_ C-C-] |multilinear~

(16)

2 = Ty + 1Yy, d°z, = dx,dy,. When we consider the ¥ integral, the
singular point are on the imaginary axis. We can deform the y,
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integral contours from the real axis to the imaginary axis (Fig.4).

ﬁ C: Ly

C1

Figure 4: y integral contour deformation.

After this deformation y,. — y.. = iy,, we define the real variables as
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E=x+1y, n=x— iy’ The closed string amplitude becomes
n

Ms,(1e, ..., M)

N M-—3 M
_ L M—2 '|€a_§b||£b_50||£c_£a|
; (5) " / 1;[1 A% d€ dEydE,

/
& kr-ks+Arolg—
< H (gs o €7‘) 5 kr-ks+AroAs—qrgs

X exp —Z i"s <—%/> % (‘7) iis 05(3) (& — ¢ )
)(57’ €s)

=1
1]

X expz [(f (—%) kr.egi)_f Ay Og(z
/ i=1

r#s 1=1
M
¢ /H dn.|77a_77b|‘77b_77c”776_77a| (17)
Pl ' dngdnpydn.
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/ ~ ~
o ~
S5 kr-ks+AroAs—qrgs
X I | (778 — nr) 2
s>r

X  exp —Z Ti(——)ei ) %fs 0 gV | (s — )7

s>r 1=1 j5=1 =1 j7=1

X exp ) [(f (—%) LW Z A, osU) (M- —ms)~ ]'multilinear-

r#s 1=1

]

¢ integrals = left moving sector, 1 integrals =-right-moving sector.

This amplitude is just a product of two open string amplitudes
corresponding to the left- and right-moving sectors except for a
phase factor.

We should take a phase factor out since there are |z, — 2|7 ks in

open string amplitudes. After taking the absolute value of
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/ /
(Es — &) TR Fs (ng — m,) ZFks | the integrals in closed string
amplitudes must be performed in the correct branch. The phase
factor is defined as ¢! (PL:PR) \where

PLaPR Zf k k]: ‘fr)a(ns_nr))a (18)

s>r

e 0 (&n > 0)
f(ks°kr,€,77)—{ a/ks'kr <€n<0) .

2

(19)

Since the phase factor only dependent on the permutations of the
external legs of the open strings in the left- and right-moving
sectors, in any given permutations P;, and Ppg, the phase factor
decouple from the integrals.
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At last, the relation between closed string amplitude on S5 and open
string amplitudes on Dy are given

Ms,(Le,...; Me)

0 M= M—2 M A (M v F(Pr,,P (20)
— 5 K Z A( )(PL)A( )(PR)GZT( ( L> R>.

PL)PR

In KLT relation, the left- and right-moving waves of the closed
strings do not interact with each other. Then the open strings in the

left- and right-moving sectors are independent of each other (see
Fig. 5). Thus the KLT relation is a factorization relation.
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o e
) ) S )

Figure 5: closed string amplitudes can be factorized
into open string amplitudes corresponding to left- and
right-moving sectors.

e Reduction of KLT relation

KLT relation on S5 can be reduced by considering the relations
among products of open string amplitudes. After the reduction, the
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number of terms of KLT relation can be reduced to

(Mzsﬂ%mf—aﬂgmf—awzws0w, (21)
@W—3Wé@l—®ﬂ%@%—2»hwﬂswm. (22)

The phase factors can be reduced to sine functions. Then KLT
relation has the form

X AR(il,...,ij,l,M— l,ll,... i/ M)

+P(2, ., M —2),
(23)

where the sum is over all permutations
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{i1, ..., z]} € P(2,...,5(M —3) +1) and

{l1, .10} € P(%(M —3)+2,...,M —2) (M is odd) or

{ig, ... z:,} € P(2,...,5(M — 4) + 1) and

{lh,..., 1y} € P(l(M 4) +2,.... M —2) (M is even). +P signifies
a sum over the precedlng expressmn for all permutations of legs
2,....M — 2.

m=1 k=m-+1
B 1 j/ 1 m—1
f(ll, ,lj/) = S1n (—Oz kll kM—l) H S111 [O/ <l€1m kM—l + Z g(lk,lm)>],
m=1 k=1
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and

9L, J) :{ Y ((c;itiefs)) ' (25)

e KLT relation in field theory

Since Kk ~ égQ, when we take o/ — 0, we get the field theory limit
of KLT relation. KLT relation can express M-graviton tree
amplitudes by products of two M-point pure gluon amplitudes
(Berends, Giele and Kuijf, PLB 211 (1988) 91). In this factorization

form we have h* — g*¢*.

KLT relation can also express amplitudes for gravitons minimally
coupled to gluons. In this situation we have h* — g¥¢* and
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g* — gTs. The amplitude can be factorized into products of
pure-gluon amplitudes and amplitudes for scalar coupled to gluons.
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3. Disk relation in string theory

e Does KLT factorization relation hold for any topology?

KLT factorization relation —closed string amplitudes on S5 relation

& (open string amplitudes on D5)?.
What about higher-order closed string amplitudes?
Do the left- and right-moving sectors of closed strings independent
of each other on other topologies such as * Dy, RP, , T5,...7

*Closed string amplitudes on Dy and RP, are tree amplitudes. Since the vacuum
on D5 contribute g72 ~ k™!, these amplitudes are higher-order tree amplitudes.
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e Disk relation

D5 has a boundary, the correlation function is

<O‘Vlc(w1,@1)...VMc(wM,(DM)|B>. (26)
| B) = B |0) and
B =exp Z L ®eXp ZbT obJr ®€Xp Z Lé:& (27)
n=1 n=1 n=1

Is the bosonized boundary operator to create the Neumann boundary
condition. B does not commute with the annihilation modes and
commutes with zero modes as well as creation modes. This means
only annihilation modes are reflected at the boundary (See Fig. 6).
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Figure 6: Only annihilation modes are reflected at the
boundary.
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After refection, the annihilation modes in left- (right-) moving sector

turn to the creation modes in right- (left-) moving sector. Thus,

there must be interactions between the two sectors. The left- and
right-moving sectors are not independent of each other.

In z = e coordinate, the M closed string amplitude can be given as

Mp,(1c, ..., M)

M

— 1_202_02
_ M 1/ HdQZil |
|

kr ks+Arols—qrqs —kr ks+AroXs—adrds
>< H (ZS - Z/r') (pr - Zs) 2

H (1 . (ZT28>—1)%/kr'ks+>\r05\s—ﬂh’§s

M myr Mg
X exp 77( AR D) DR L) KR
r=1

i=1 j=1 i=1 j=1
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X ((z, — zs)_1 4 (Zr_l — zs)_l) + c.c.

1=1

XepoN: [((-%’) ky - Z W _ £, oZe“>

r_l) + c.c. |multilinear- (28)
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Continuating the fundamental region to the whole complex plan,
following similar steps as in KLT relation case, using the conformal
Invariance in one sector, we express the M-point closed string
amplitudes on Dy by 2M-point open string amplitudes on Ds.

N M—1
Mp,(1e,y ..., M) = (%) M1 EP:A@M)(P)em@(P). (29)
O(P) is
OP) = > (20K, - k)O[—(& — &) (Esrmr — Erpna)]
1<r<s<M
+ Z (204/]{7; ) ké)‘g[_(fs — £T+M)(€S+M — gr)] (30)
1<r<s<M
+ D 20K )N —&).
1<r<M
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k' denote the momentum of open string, it is just half of the
momentum of the corresponding closed string. P are the

permutations of the 2M open strings.

When we consider the amplitudes with N open strings with
Chan-Paton degree of freedom and M closed strings on D, after a
similar discussion, The mixed amplitude becomes

Mp, (154 .y NIN (N 4+ 1)y ..o, (N + M),)
=77 (700010 A(o(L,), e 0 (No), (N + D (N 4 M), (31)

and

A(o(15), ..., 0(No), (N + 1)y oo, (N + M),.)

:gN—2l{M Z ez'7r<9’(13’)A(N,zM)(P/)7
P/

(32)
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Here T denote the Chan-Paton factor. P’ denote the noncyclic
permutations which preserve the open string order. ©'(P) is

O(P) =) (2a'k; - k,)0[—(z — &) (¢ — &rnr)]

+ Z (204/]{; . k;)e[_(SS — €r)(£s—|—M — €T+M)]

N+1<r<s<N+M

+ Z (204/]€; : k;)e[_(SS - g?“-l-M)(Ss—l—M - Er)]

N4+1<r<s<N+M
2
T Z (2a/k/r)0(€T+N_£T)7 (33)
1<r<M
(32) is the disk relation for partial amplitudes.
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e Reduction of disk relation

With KK-BCJ relation, we can reduce disk relation into
(N +2M — 3)! terms (Stieberger, arXiv:0907.2211 [hep-th]).

A(1,,20,3.) ~ ksin (2ra’ky - k2)A(1,, 20, 30, 40), (34)

A(15,20,30,4c) ~ k gsin (2ma’ky - k3)A(1o, 50, 20, 40y 30), (35)

A(1,,20,3c,4c) ~ K sin (go/slg) sin (ra’s12)A(1o, 60, 30, 5o, 4oy 20)

(36)
— k%sin (gO/Slg) sin (ma’s13)A(14, 30, 50, 40, 20, 60)-
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4. Disk relation in field theory

e The field theory limit of disk relation

The field theory limit of disk relation can give the amplitudes for
gauge-gravity coupling. Kk ~ %gQ, o’ — 0 we get the field theory
limit of disk relations®

A(1g,24,31) ~ 512A(14,24,34,34), (37a)
A(1972973974h) ~ 813"4(19749729749739)7 (37b)

*here we denote both of the two gluons corresponding to iy, i,, because the two
gluons take the same momentum and helicity.
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A(1g,24,3n,41) ~ 519A(1,,44,34,44,34,24) — s12513A(14, 34,44, 3, 29,42,). )
37c

Through direct calculation, we find the three- and four-point disk
relations give the right amplitudes in minimal coupling theory of
gauge field and gravity.

e Disk relation for the MHV amplitudes with one graviton
minimal coupled to N gluons

The expression of A(1;,25,....i ..., NJ, (N + 1)}, ...,(N+M)})
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IS

A, 25, iy, NS (N + 1)), (N 4+ M)

(12><2<i13§?..<N1>S(1’ i AR} A, (38)

~ 1

where

S5 {p g™ H =1 ]I %
mE{h+} "

O |it) = |k7) = uw (ki) = v (ky), (i) = (k| = a+(ks) = 0+(ks), where u and
v are the positive and negative energy solutions of Dirac equation ( Xu, Zhang

and Chang, NPB, 291 (1987) 392), respectively. (ij) = (i7|jT) = /|ss;]e"?¥,
[ig) = (@ *)57) = /lsigle 0t
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(39)

. a< mana]

| no€{h*},no#n;

a,j:O

This expression is given in Selivanov, Phys. Lett. B 420 (1998) 274.
When M =1, we have

ALy 5255 sy s e N (N + 1))

Lt s (1) E) L, N + 1]
(12)(23)..(N1) <= (N + L, 1)(N + L,i){l, N + 1)

e{g™}
. (14)*
~i ) (12)(23)...(N1)

le{gt}

(I, N+ 1), N +1]
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(11) (17)

X < (40)
(LN +1(N 1,0 (IL,N + 1)(N + 1, 4)
N+ D[N +1] = —snp1. For 1 <1< i
(11) ! (r,r 4+ 1)
= Z (41)
(LN +1)(N+1,0) = (mN+)(N+1r+1)
—1
(13) _ Z (t,t+1) 2)
(LN +1)(N +1,i) < (t,N—|—1><N—|—1 £ 1)
For: <[ <N
(il) lil (r,r+ 1) (43)
(6, N+ 1)(N +1,1) = (r, N+ 1)(N +1, r 4+ 1)
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(11) XN: (t,t+ 1)

. 44
(LN 4+ 1)(N+1,1) 4= (t, N+ 1)(N+1,t+1) (44)
The amplitude becomes
AL, 27, i, N (N + 1))
-1 i—1 -1 N
w( DTS SFIL SR S z)
1<l r=1 t=I <IN r=t t=I
14)? 1 t,t+1
(17) (r,7+ 1) (t,t+1) (45)

C12)(23).. AN (, N + I(N + 1,7+ 1) (&, N+ 1I(N + 1, ¢t + 1)

iy

<12><23> A({N1)
(r,r4+1)

(r, N+1){N+1,r4+1)

Is MHV tree amplitude for N gluons.

insert a gluon corresponding to graviton into the
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position between r and r + 1. Thus the amplitude can be given as

A 2oty s NN D)~ 3 s AR (P): (40

le{g™}
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(a) (b) (c)

Figure (7 Positions of the two gluons corresponding to the graviton for
(a) 1 <l < i, (b) i <l < N and (c) the expression independent of helicity

configuration.
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P are the insertions of the two gluons corresponding to the graviton.
The insertions preserve the relative positions of the gluons. One is
Inserted into the positions between 1 and [ while the other on is
inserted into positions between [ and ¢ (See Fig. 7(a) and (b)).

In fact, with some properties of spinor helicity formalism, we can sum
over all [ instead of {g™} in (40). Then the relation can be given as

A(lg, 24, ..., Ny, (N + 1)) ~ > sinar y AP, (47)

1<I<N P/

Here, P’ are the insertions preserving the order of the gluons. One
gluon corresponding to (N + 1) is inserted into the positions

between 1 and [ while the other one is inserted into the positions
between [ and 1 (See Fig. 7(c)).
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e Disk relation for the amplitudes with one graviton minimal
coupled to N gluons —arbitrary helicity configuration

We use BCFW recursion relation to prove the disk relations (47) for
one graviton minimally coupled to IV gluons are right for arbitrary
helicity configuration. Using BCJ relation for four-point
amplitudes,we can give three point amplitude (37a) as

A(1972973h) ~ 823"4(19739729739)' (48)

This amplitude is nonzero and satisfies the relation (47).
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The BCFW expression of A(1,,2,,..., Ny, (N + 1)) is

A(14,24,...) Ng, (N +1)1,)

A

. 1 A
= SN A+ 1) gy ey Ny 19, PEL (N + D) pgA(29: 351 g (—=P1)~")
1 H

A

. NN . _
+3 ) A+ 1)g, ..., Ny, 1, PQH)P—QZA(QQ, Bgs iy (—P2) " (N +1)).
1 H

(49)

where pl :]%2—|—]€3—|——|—]€Z and pQZI%Q—I—kg—F...—FkZ'—l—kN_Fl. |f
we have the relation (47) for N' < N, we have

A+ 1) gooes Ngy Ly PN 4 103) = 3 sy S A (P). (50)
P

lel
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A

A(2g,3g, yig (—P)) H (N + 1)) =) syn41 y AS(P).  (51)

lels

I 1 | 5

Figure 8:

The first and second terms in (49) corresponding to Fig.8(a), (b).
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The diagrams contribute to Y. sy ny11 Y AN T2(P") in BCFW
1<I<N P
expression are given in Fig. 9, Fig. 10, Fig. 11.

N+1

Figure 9:
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Figure 10:
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i +1

Figure 11:

Fig. 9 (a), Fig. 10 (a) give the same contributions to Fig. 8 (a).
Fig. 10 (b) give the same contribution to Fig. 8 (b). Fig. 9 (b) and
Fig. 11 (a), (b) cancel out due to KK-BCJ relation. Thus we prove

the disk relation (47).
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5. Conclusions

e KLT factorization relation does not hold on Ds.

e Amplitudes with NV open strings and M closed strings on D5 can
be expressed by sum of partial amplitudes for NV 4+ 2M open
strings on D».

e Disk relation can be reduced by KK-BCJ relations to
(N +2M — 3)! terms.

e The field theory limit of disk relation give the amplitudes in
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minimal coupling theory of gauge field and gravity. This is based
on the disk structure in string theory.

e Does KLT factorization relation hold on 757

e [he disk relation may be used to study the ultraviolet properties
of gravity.

e \What is the relation between the actions of gauge field and
gravity?
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