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1. Introduction

• String theory as a theory containing both gauge field and
gravity

strong intraction
weak interaction

electromaganetic interaction

}
gauge field ⇒open string

gravity ⇒closed string

}
string theory.

Thus the relations between gauge field and gravity correspond to
the relations between open string and closed string.
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• The relations between gauge field and gravity

AdS/CFT( Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231)

correspondence and KLT (Kawai, Lewellen and Tye, NPB 269
(1986) 1) relation are two examples for the relationships between

gauge field and gravity.

Duality gravity⇔ gauge field

AdS/CFT correspondence weak ⇔ strong

KLT relation weak ⇔ weak
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• KLT relation

The trivial relation between free closed string states and free open

string states

|NL, NR〉 ⊗ |p〉 = |NL〉 ⊗ |NR〉 ⊗ |p〉 . (1)

KLT relation factorize the closed string amplitudes on S2 into two

open string amplitudes on D2 (except for phase factors)

MS2(1c, ..., Mc) ∼ κM−2
∑

PL,PR

A(M)(PL)Ā(M)(PR)eiπF (PL,PR). (2)
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KLT relation is a factorization relation (except for a phase factor),

since
∑
PL

A(M)(PL) and
∑
PR

Ā(M)(PR) are the amplitudes for left-

and right-moving open strings.

• The applications of KLT relation

– In string theory (A(open)
D2

)L × (A(open)
D2

)R ⇒M(closed)
S2

– Field theory limit (A(gluon)
tree )L × (A(gluon)

tree )R ⇒M(graviton)
tree

– KLT relations + unitarity→ The ultraviolet properties of N = 8
supergravity (Bern, Dixon and Roiban, PLB 644 (2007) 265).

– KLT relation can also be used to give the amplitudes for

gravitons coupled to matter (Bern, De Freitas and Wong, PRL

84 (2000) 3531).
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• Does KLT factorization relation hold for the amplitudes on
any worldsheet?

KLT factorization relation holds for the amplitudes on S2 in string

theory. Does it hold on worldsheet with other topologies?

We find the KLT factorization relation does not hold on D2. On

D2, the left- and right-moving sectors are connected into a single

one. New relation is given as1

A(σ(1o), ..., σ(No), (N + 1)c, ..., (N + M)c) = gN−2κM
∑

P ′′
eiπΘ′(P ′′)A(N,2M)(P ′′),

(3)

1We call this relations disk relation.
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• Disk relation for amplitudes in minimal coupling theory of

gauge field and gravity

Disk relation versus KLT relation:

Topology Relations Incorporation of gauge degree Theory
of freedom

S2 KLT relation Lorentz singlets in one sector Heterotic theories
of closed strings

D2 Disk relation Chan-Paton factor at the ends Type I theory
of open strings

KLT relation can give the tree amplitudes for minimal coupling

theory of gauge field and gravity. Does disk relation also hold for

gauge-gravity minimal coupling theory? We find disk relation also
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holds for tree amplitudes in minimal coupling theory of gauge field

and gravity.

We find Three- and four-point amplitudes for gauge-gravity minimal

coupling satisfy disk relation.

Disk relation also hold for the MHV amplitudes for gravitons

minimal coupled to gluons. We expect there is a general expression

of disk relation.

• The general form of disk relation

We construct the disk relations for amplitudes with N gluons and 1
graviton by BCFW (Britto, Cachazo, Feng, NPB715 (2005) 499;

Britto, Cachazo, Feng and Witten, PRL94 (2005) 181602) recursion
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relation and KK-BCJ (Kleiss and Kuijf, NPB 312 (1989) 616; Zhu,

PRD 22, (1980) 2266; Bern, Carrasco and Johansson, PRD 78
(2008) 085011) relation. The disk relation for N gluons and M

gravitons can be constructed similarly.
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• Relations among amplitudes

BCFW M(N) ⇒M(M)(N < M) guage field, gravity,

gauge-gravity coupling

KK-BCJ A(N) ⇒ A(N) gauge field,

gauge-matter coupling

KLT A(N)
L ×A(N)

R ⇒ M (N) gravity,

gravity-matter coupling

Disk A(N+2M) ⇒ A(N,M) gauge-gravity coupling
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2. BCFW, KK-BCJ and KLT relations

• BCFW recursion relation in field theory

Complex momenta

p1(z) = p1 + zq, p2(z) = p2 − zq, (4)

where q2 = q · p1,2 = 0 so that p1,2 are on-shell momenta. Cauchy’s

residue theorem
∮ M(z)

z
=

∑
zI

Res

(M(zI)
zI

)
= 0. (5)
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If M(z) → 0 as z →∞, the amplitudes are characterized by their

poles. Poles→ factorization channel ⇒ residual at poles→ products

of lower point amplitudes.

BCFW recursion relation constructs M -point on-shell tree

amplitudes by N -point(N < M) on-shell amplitudes

M(N+2)(p1,2, ki)

=
∑

I1,h

M(N1+2)(p1(zI1), ki1, h)
1

(p1 + KI1)2
M(N2+2)(p2(zI1), ki2,−h).

(6)

where KI1 =
∑

i∈I1

ki.
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The diagrammatic form of BCFW relation is

Figure 1: BCFW recursion relation

The amplitudes with at least one gluon leg or one graviton leg

satisfy BCFW recursion relation (Cheung, JHEP 1003 (2010) 098).
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• KK-BCJ relation

KK relation and BCJ relation are the relations among tree partial

amplitudes for N gluons. KK relation is

A(β1, ..., βr, 1, α1, ..., αs, N)

=(−1)r


 ∑

σ∈OP{α}∪{βT}
A(1, σ,N)


 .

(7)

OP{α} ∪ {βT} are all permutations of {α} ∪ {βT} that maintains

the order of the individual elements belonging to each set. {βT}
represents the set {β} with the ordering reversed. KK relation

express the tree partial amplitudes by (N − 2)! amplitudes. For
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r = 1 KK relation gives U(1) decoupling identity.

BCJ relation is

∑

σ∈OP{α}∪{βT}


 ∑

1≤i<j≤r

sβi,βj
+

s∑

i=0

r∑

j=1

(αi, βj)


A(1, σ,N) = 0.

(8)

Here

(α, β) =
{

sαβ (xβ > xα)
0 (xβ < xα).

(9)

BCJ relation give a further reduction of the tree partial amplitudes.

With KK relation and BCJ relation, the number of independent

amplitudes can be reduced to (N − 3)!.
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KK and BCJ relations can be derived from string theory by

discussions on the monodromy of the amplitudes briefly

(Bjerrum-Bohr, Damgaard and Vanhove, PRL 103 (2009) 161602 ).

N -point open string amplitude on D2 is2

A(a1, ..., aN) =
∫ N∏

i=1

dxi
|xa − xb||xb − xc||xc − xa|

dxadxbdxc

×
N−1∏

i=1

θ(xai+1
− xai

)
∏

1≤s<r≤N

|xs − xr|2α′kr·ksFN .

(10)

2FN denote the part do not contribute the branch cut points. We can set
x1 = xa = 0, xN−1 = xb = 1 and xN = xc = ∞.
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The integral contours can be deformed to the region ]0,∞[

Figure 2: Contour deformation
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When the contour of x integral passes through a branch cut point y

we have

(x− y)α = (y − x)α ×
{

e+iπα(for clockwise rotation)
e−iπα(for counterclockwise )

. (11)

After deforming all the contours of xβi
in the amplitude

A(β1, ..., βr, 1, α1, ..., αs, N) to those in ]0,∞[, the real part of the
amplitude gives A(β1, ..., βr, 1, α1, ..., αs, N) as

A(β1, ..., βr, 1, α1, ..., αs, N)

=(−1)r<

 ∏

1≤i<j≤r

e
2iπα′(kβ1

·kβj
)

∑

σ∈OP{α}∪{βT}

s∏

i=0

r∏

j=1

e2iπα′(αi,βj)A(1, σ,N)


 .

(12)
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The imaginary part vanishes

0 = =

 ∏

1≤i<j≤r

e
2iπα′(kβ1

·kβj
)

∑

σ∈OP{α}∪{βT}

s∏

i=0

r∏

j=1

e2iπα′(αi,βj)A(1, σ,N)


 .

(13)

The two relations given above can express the open string partial

amplitudes on D2 by (N − 3)! amplitudes.

Taking the field theory limits α′→ 0, the real part condition gives

the KK relation and the imaginary part condition gives the BCJ

relation.
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• KLT relation

KLT relation is the relation between closed string amplitudes on S2
and open string amplitudes on D2. Closed string amplitudes have
the form

MS2
(1c, ..., Mc) = κ

M−2 1

V
S2

CKG

∫
d

2
z1d

2
z2...d

2
zM〈V1c(z1, z̄1)...VMc(zM , z̄M)〉S2

. (14)

In bosonization formalism, the closed string vertex operator can be
given as (Friedan, Martinec and Shenker,NPB,271 (1986) 93,
Kostelecky, Lechtenfeld, Lerche, Samuel and Watamura, NPB, 288
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(1987) 173) 3

Vc(ω, ω̄) = : exp (qφ6 + q̃φ̃6)

exp (iλ ◦ φ + i
m∑

i=1

εi ◦ ∂φi + iλ̃ ◦ φ̃ + i
m̃∑

i=1

ε̄i ◦ ∂̄φ̃i)

exp (ik ·X + i

n∑

i=1

εi · ∂X + i

ñ∑

j=1

ε̄j · ∂̄X)(ω, ω̄) : |multilinear.

(15)

3λ and λ̃ are vectors in weight space. q and q̃ are superconformal ghost number.
e. g. Fig. 3 gives the weight vector for O(10).
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Figure 3: An example of weight vector given in Kostelecky,

Lechtenfeld, Lerche, Samuel and Watamura, NPB, 288
(1987) 173
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Any closed string amplitude on S2 can be given as the bosonized
form

MS2
(1c, ..., Mc) = κ

M−2
∫ M∏

i=1

d
2
zi

|za − zb|2|zb − zc|2|zc − za|2
dz2

adz2
bdz2

c

∏
s>r

(zs − zr)
α′
2 kr·ks+λr◦λs−qrqs(z̄r − z̄s)

α′
2 kr·ks+λ̃r◦λ̃s−q̃rq̃s

× exp


−

∑
s>r




nr∑

i=1

ns∑

j=1

(
−α′

2

)
ε
(i)
r · ε(j)

s −
mr∑

i=1

ms∑

j=1

ε
(i)
r ◦ ε

(j)
s


 (zs − zr)

−2
+ c.c.




× exp
∑

r 6=s

[(
ns∑

i=1

(
−α′

2

)
kr · ε(i)

s −
ms∑

i=1

λr ◦ ε
(i)
s

)
(zr − zs)

−1
+ c.c.

]
|multilinear.

(16)

zr = xr + iyr, d2zr = dxrdyr. When we consider the y integral, the

singular point are on the imaginary axis. We can deform the yr
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integral contours from the real axis to the imaginary axis (Fig.4).

Figure 4: y integral contour deformation.

After this deformation yr → y′r = iyr, we define the real variables as
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ξ ≡ x + iy′, η ≡ x− iy′. The closed string amplitude becomes

MS2
(1c, ..., Mc)

=

(
i

2

)M−3

κ
M−2

∫ M∏

i=1

dξi

|ξa − ξb||ξb − ξc||ξc − ξa|
dξadξbdξc

×
∏
s>r

(ξs − ξr)
α′
2 kr·ks+λr◦λs−qrqs

× exp


−

∑
s>r




nr∑

i=1

ns∑

j=1

(
−α′

2

)
ε
(i)
r · ε(j)

s −
mr∑

i=1

ms∑

j=1

ε
(i)
r ◦ ε

(j)
s


 (ξs − ξr)

−2




× exp
∑

r 6=s

[(
ns∑

i=1

(
−α′

2

)
kr · ε(i)

s −
ms∑

i=1

λr ◦ ε
(i)
s

)
(ξr − ξs)

−1

]

×
∫ M∏

i=1

dηi

|ηa − ηb||ηb − ηc||ηc − ηa|
dηadηbdηc

(17)
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×
∏
s>r

(ηs − ηr)
α′
2 kr·ks+λ̃r◦λ̃s−q̃rq̃s

× exp


−

∑
s>r




ñr∑

i=1

ñs∑

j=1

(
−α′

2

)
ε̄
(i)
r · ε̄(j)

s −
m̃r∑

i=1

m̃s∑

j=1

ε̄
(i)
r ◦ ε̄

(j)
s


 (ηs − ηr)

−2




× exp
∑

r 6=s

[(
ñs∑

i=1

(
−α′

2

)
kr · ε̄(i)

s −
m̃s∑

i=1

λ̃r ◦ ε̄
(i)
s

)
(ηr − ηs)

−1

]
|multilinear.

ξ integrals ⇒ left moving sector, η integrals ⇒right-moving sector.

This amplitude is just a product of two open string amplitudes

corresponding to the left- and right-moving sectors except for a

phase factor.

We should take a phase factor out since there are |xs − xr|α
′

2 kr·ks in

open string amplitudes. After taking the absolute value of
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(ξs − ξr)
α′
2 kr·ks, (ηs − ηr)

α′
2 kr·ks, the integrals in closed string

amplitudes must be performed in the correct branch. The phase

factor is defined as eiπF (PL,PR), where

F (PL, PR) =
∑
s>r

f(ki · kj; (ξs − ξr), (ηs − ηr)), (18)

f(ks · kr; ξ, η) =
{

0 (ξη > 0)
α′
2 ks · kr (ξη < 0)

. (19)

Since the phase factor only dependent on the permutations of the

external legs of the open strings in the left- and right-moving

sectors, in any given permutations PL and PR, the phase factor

decouple from the integrals.
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At last, the relation between closed string amplitude on S2 and open
string amplitudes on D2 are given

MS2(1c, ..., Mc)

=
(

i

2

)M−3

κM−2
∑

PL,PR

A(M)(PL)Ā(M)(PR)eiπF (PL,PR).
(20)

In KLT relation, the left- and right-moving waves of the closed

strings do not interact with each other. Then the open strings in the

left- and right-moving sectors are independent of each other (see

Fig. 5). Thus the KLT relation is a factorization relation.
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Figure 5: closed string amplitudes can be factorized

into open string amplitudes corresponding to left- and

right-moving sectors.

• Reduction of KLT relation

KLT relation on S2 can be reduced by considering the relations
among products of open string amplitudes. After the reduction, the
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number of terms of KLT relation can be reduced to

(M − 3)!(
1
2
(M − 3))!(

1
2
(M − 3))!, M is odd, (21)

(M − 3)!(
1
2
(M − 4))!(

1
2
(M − 2))!, M is even. (22)

The phase factors can be reduced to sine functions. Then KLT
relation has the form

MS2(1c, 2c, ..., Mc) = (−1)(M−3)κM−2AL(1, 2, ..., M)
∑

perms

f(i1, ..., ij)f̄(l1, ..., lj′)

×AR(i1, ..., ij, 1,M − 1, l1, ..., lj′,M)

+ P(2, ..., M − 2),
(23)

where the sum is over all permutations
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{i1, ..., ij} ∈ P(2, ..., 1
2(M − 3) + 1) and

{l1, ..., lj′} ∈ P(1
2(M − 3) + 2, ..., M − 2) (M is odd) or

{i1, ..., ij} ∈ P(2, ..., 1
2(M − 4) + 1) and

{l1, ..., lj′} ∈ P(1
2(M − 4) + 2, ..., M − 2) (M is even). +P signifies

a sum over the preceding expression for all permutations of legs
2, ..., M − 2.

f(i1, ..., ij) = sin (
1
2
α′k1 · kij)

j−1∏
m=1

sin


1

2
α′


k1 · kim +

j∑

k=m+1

g(im, ik)





,

f̄(l1, ..., lj′) = sin (
1
2
α′kl1 · kM−1)

j′∏
m=1

sin

[
1
2
α′

(
k1m · kM−1 +

m−1∑

k=1

g(lk, lm)

)]
,

(24)
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and

g(i, j) =
{

ki · kj (i > j)
0 (others) . (25)

• KLT relation in field theory

Since κ ∼ 1
α′g

2, when we take α′→ 0, we get the field theory limit

of KLT relation. KLT relation can express M -graviton tree

amplitudes by products of two M -point pure gluon amplitudes

(Berends, Giele and Kuijf, PLB 211 (1988) 91). In this factorization

form we have h±→ g±g±.

KLT relation can also express amplitudes for gravitons minimally

coupled to gluons. In this situation we have h±→ g±g± and
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g±→ g±s. The amplitude can be factorized into products of

pure-gluon amplitudes and amplitudes for scalar coupled to gluons.
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3. Disk relation in string theory

• Does KLT factorization relation hold for any topology?

KLT factorization relation →closed string amplitudes on S2 relation

⇔ (open string amplitudes on D2)2.
What about higher-order closed string amplitudes?

Do the left- and right-moving sectors of closed strings independent

of each other on other topologies such as 4 D2, RP2 , T2,...?
4Closed string amplitudes on D2 and RP2 are tree amplitudes. Since the vacuum

on D2 contribute g−2 ∼ κ−1, these amplitudes are higher-order tree amplitudes.
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• Disk relation

D2 has a boundary, the correlation function is

〈0|V1c(ω1, ω̄1)...VMc(ωM , ω̄M)|B〉. (26)

| B〉 ≡ B | 0〉 and

B = exp (
∞∑

n=1

a†n · ã†n)⊗ exp (
∞∑

n=1

b†n ◦ b̃†n)⊗ exp (
∞∑

n=1

c†nc̃†n) (27)

is the bosonized boundary operator to create the Neumann boundary

condition. B does not commute with the annihilation modes and

commutes with zero modes as well as creation modes. This means

only annihilation modes are reflected at the boundary (See Fig. 6).

Zhejiang Institute of Modern Physics, Zhejiang University 6:16, May 31, 2010 First Previous Next Last 36



Figure 6: Only annihilation modes are reflected at the

boundary.
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After refection, the annihilation modes in left- (right-) moving sector
turn to the creation modes in right- (left-) moving sector. Thus,
there must be interactions between the two sectors. The left- and
right-moving sectors are not independent of each other.
In z = eω coordinate, the M closed string amplitude can be given as

MD2
(1c, ..., Mc)

= κ
M−1

∫

|z|<1

M∏

i=1

d
2
zi

|1− zoz̄o|2
2πd2zo

×
∏
s>r

(zs − zr)
α′
2 kr·ks+λr◦λs−qrqs(z̄r − z̄s)

α′
2 kr·ks+λ̃r◦λ̃s−q̃rq̃s

∏
r,s

(1− (zrz̄s)
−1

)
α′
2 kr·ks+λr◦λ̃s−qrq̃s

× exp

M∑
r=1




nr∑

i=1

ñs∑

j=1

(
−α′

2

)
ε
(i)
r · ε̄(j)

r −
mr∑

i=1

m̃s∑

j=1

ε
(i)
r ◦ ε̄

(j)
r


 (1− |zr|2)−2
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× exp
∑
s>r







ñr∑

i=1

ns∑

j=1

(
−α′

2

)
ε̄
(i)
r · ε(j)

s −
m̃r∑

i=1

ms∑

j=1

ε̄
(i)
r ◦ ε

(j)
s


 (1− z̄rzs)

−2
+ c.c.




× exp


−

∑
s>r




nr∑

i=1

ns∑

j=1

(
−α′

2

)
ε
(i)
r · ε(j)

s −
mr∑

i=1

ms∑

j=1

ε
(i)
r ◦ ε

(j)
s


 (zs − zr)

−2
+ c.c.




× exp
∑

r 6=s

[ (
ns∑

i=1

(
−α′

2

)
kr · ε(i)

s −
ms∑

i=1

λr ◦ ε
(i)
s

)

× ((zr − zs)
−1

+ (z̄r
−1 − zs)

−1
) + c.c.

]

× exp

N∑
r=1

[ ((
−α′

2

)
kr ·

nr∑

i=1

ε
(i)
r − λr ◦

mr∑

i=1

ε
(i)
r

)

× ((z̄r
−1 − zr)

−1
+ zr

−1
) + c.c.

]
|multilinear. (28)
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Continuating the fundamental region to the whole complex plan,
following similar steps as in KLT relation case, using the conformal
invariance in one sector, we express the M -point closed string
amplitudes on D2 by 2M -point open string amplitudes on D2.

MD2(1c, ..., Mc) =
(

i

4

)M−1

κM−1
∑

P

A(2M)(P )eiπΘ(P ). (29)

Θ(P ) is

Θ(P ) =
∑

1≤r<s≤M

(2α′k′s · k′r)θ[−(ξs − ξr)(ξs+M − ξr+M)]

+
∑

1≤r<s≤M

(2α′k′s · k′r)θ[−(ξs − ξr+M)(ξs+M − ξr)]

+
∑

1≤r≤M

(2α′k′2r)θ(ξr+N − ξr).

(30)
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k′ denote the momentum of open string, it is just half of the
momentum of the corresponding closed string. P are the
permutations of the 2M open strings.
When we consider the amplitudes with N open strings with
Chan-Paton degree of freedom and M closed strings on D2, after a
similar discussion, The mixed amplitude becomes

MD2(1
a1
o , ..., NaN

o , (N + 1)c, ..., (N + M)c)

=
∑

σ

Tr
(
T aσ(1)...T aσ(N)

)
A(σ(1o), ..., σ(No), (N + 1)c, ..., (N + M)c),

(31)

and

A(σ(1o), ..., σ(No), (N + 1)c, ..., (N + M)c)

=gN−2κM
∑

P ′
eiπΘ′(P ′)A(N,2M)(P ′), (32)
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Here T a denote the Chan-Paton factor. P ′ denote the noncyclic
permutations which preserve the open string order. Θ′(P ) is

Θ(P ) =
∑
t,r

(2α
′
kt · k′r)θ[−(xt − ξr)(xt − ξr+M)]

+
∑

N+1≤r<s≤N+M

(2α
′
k
′
s · k′r)θ[−(ξs − ξr)(ξs+M − ξr+M)]

+
∑

N+1≤r<s≤N+M

(2α
′
k
′
s · k′r)θ[−(ξs − ξr+M)(ξs+M − ξr)]

+
∑

1≤r≤M

(2α
′
k
′2
r)θ(ξr+N − ξr), (33)

(32) is the disk relation for partial amplitudes.
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• Reduction of disk relation

With KK-BCJ relation, we can reduce disk relation into
(N + 2M − 3)! terms (Stieberger, arXiv:0907.2211 [hep-th]).

A(1o, 2o, 3c) ∼ κ sin (2πα′k1 · k2)A(1o, 2o, 3o, 4o), (34)

A(1o, 2o, 3o, 4c) ∼ κ g sin (2πα′k1 · k3)A(1o, 5o, 2o, 4o, 3o), (35)

A(1o, 2o, 3c, 4c) ∼ κ2 sin (
π

2
α′s12) sin (πα′s12)A(1o, 6o, 3o, 5o, 4o, 2o)

− κ2 sin (
π

2
α′s12) sin (πα′s13)A(1o, 3o, 5o, 4o, 2o, 6o).

(36)
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4. Disk relation in field theory

• The field theory limit of disk relation

The field theory limit of disk relation can give the amplitudes for
gauge-gravity coupling. κ ∼ 1

α′g
2, α′→ 0 we get the field theory

limit of disk relations5

A(1g, 2g, 3h) ∼ s12A(1g, 2g, 3g, 3g), (37a)

A(1g, 2g, 3g, 4h) ∼ s13A(1g, 4g, 2g, 4g, 3g), (37b)

5here we denote both of the two gluons corresponding to ih ig, because the two
gluons take the same momentum and helicity.
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A(1g, 2g, 3h, 4h) ∼ s2
12A(1g, 4g, 3g, 4g, 3g, 2g)− s12s13A(1g, 3g, 4g, 3g, 2g, 4g).

(37c)

Through direct calculation, we find the three- and four-point disk

relations give the right amplitudes in minimal coupling theory of

gauge field and gravity.

• Disk relation for the MHV amplitudes with one graviton
minimal coupled to N gluons

The expression of A(1−g , 2+
g , ..., i−g , ..., N+

g , (N + 1)+h , ..., (N + M)+h )
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is6

A(1−g , 2+
g , ..., i−g , ..., N+

g , (N + 1)+h , ..., (N + M)+h )

∼ i
〈1i〉4

〈12〉〈23〉...〈N1〉S(1, i, {h+}, {g+}), (38)

where

S(i, j, {h+}, {g+}) =


 ∏

m∈{h+}

d

dam




6 |i±〉 ≡ |k±i 〉 ≡ u±(ki) = v∓(ki), 〈i±| ≡ 〈k±i | ≡ ū±(ki) = v̄±(ki), where u and
v are the positive and negative energy solutions of Dirac equation ( Xu, Zhang
and Chang, NPB, 291 (1987) 392), respectively. 〈ij〉 ≡ 〈i−|j+〉 =

√|sij|eiφij,

[ij] ≡ 〈i+|j−〉 =
√|sij|e−i(φij+π).
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×
∏

l∈{g+}
exp

[ ∑

n1∈{h+}
an1

〈li〉〈lj〉[ln1]
〈n1i〉〈n1j〉〈ln1〉

× exp


 ∑

n2∈{h+},n2 6=n1

an2

〈n1i〉〈n1j〉[n1n2]
〈n2i〉〈n2j〉〈n1n2〉 exp [...]




]∣∣∣∣∣
aj=0

. (39)

This expression is given in Selivanov, Phys. Lett. B 420 (1998) 274.
When M = 1, we have

A(1
−
g , 2

+
g , ..., i

−
g , ..., N

+
g , (N + 1)

+
h )

∼i
〈1i〉4

〈12〉〈23〉...〈N1〉
∑

l∈{g+}

〈l1〉〈li〉[l, N + 1]

〈N + 1, 1〉〈N + 1, i〉〈l, N + 1〉

∼i
∑

l∈{g+}

〈1i〉4
〈12〉〈23〉...〈N1〉〈l, N + 1〉[l, N + 1]
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× 〈1l〉
〈1, N + 1〉〈N + 1, l〉

〈li〉
〈l, N + 1〉〈N + 1, i〉. (40)

〈l, N + 1〉[l, N + 1] = −sl,N+1. For 1 < l < i

〈1l〉
〈1, N + 1〉〈N + 1, l〉 =

l−1∑
r=1

〈r, r + 1〉
〈r, N + 1〉〈N + 1, r + 1〉, (41)

〈li〉
〈l, N + 1〉〈N + 1, i〉 =

i−1∑

t=l

〈t, t + 1〉
〈t, N + 1〉〈N + 1, t + 1〉. (42)

For i < l ≤ N

〈il〉
〈i, N + 1〉〈N + 1, l〉 =

l−1∑

r=i

〈r, r + 1〉
〈r, N + 1〉〈N + 1, r + 1〉, (43)
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〈l1〉
〈l, N + 1〉〈N + 1, 1〉 =

N∑

t=l

〈t, t + 1〉
〈t, N + 1〉〈N + 1, t + 1〉. (44)

The amplitude becomes

A(1
−
g , 2

+
g , ..., i

−
g , ..., N

+
g , (N + 1)

+
h )

∼ i

( ∑

1<l<i

sl,N+1

l−1∑
r=1

i−1∑

t=l

+
∑

i<l≤N

sl,N+1

l−1∑

r=i

N∑

t=l

)

· 〈1i〉4
〈12〉〈23〉...〈N1〉

〈r, r + 1〉
〈r, N + 1〉〈N + 1, r + 1〉

〈t, t + 1〉
〈t, N + 1〉〈N + 1, t + 1〉. (45)

i 〈1i〉4
〈12〉〈23〉...〈N1〉 is MHV tree amplitude for N gluons.

〈r,r+1〉
〈r,N+1〉〈N+1,r+1〉 insert a gluon corresponding to graviton into the
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position between r and r + 1. Thus the amplitude can be given as

A(1−g , 2+
g , ..., i−g , ..., N+

g , (N + 1)+h ) ∼
∑

l∈{g+}
sl,N+1

∑

P

AN+2
MHV (P ). (46)
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Figure 7: Positions of the two gluons corresponding to the graviton for

(a) 1 < l < i, (b) i < l ≤ N and (c) the expression independent of helicity

configuration.
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P are the insertions of the two gluons corresponding to the graviton.

The insertions preserve the relative positions of the gluons. One is

inserted into the positions between 1 and l while the other on is

inserted into positions between l and i (See Fig. 7(a) and (b)).

In fact, with some properties of spinor helicity formalism, we can sum
over all l instead of {g+} in (40). Then the relation can be given as

A(1g, 2g, ..., Ng, (N + 1)h) ∼
∑

1<l≤N

sl,N+1

∑

P ′
AN+2

(P
′
). (47)

Here, P ′ are the insertions preserving the order of the gluons. One

gluon corresponding to (N + 1)h is inserted into the positions

between 1 and l while the other one is inserted into the positions

between l and 1 (See Fig. 7(c)).
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• Disk relation for the amplitudes with one graviton minimal
coupled to N gluons –arbitrary helicity configuration

We use BCFW recursion relation to prove the disk relations (47) for
one graviton minimally coupled to N gluons are right for arbitrary
helicity configuration. Using BCJ relation for four-point
amplitudes,we can give three point amplitude (37a) as

A(1g, 2g, 3h) ∼ s23A(1g, 3g, 2g, 3g). (48)

This amplitude is nonzero and satisfies the relation (47).
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The BCFW expression of A(1g, 2g, ..., Ng, (N + 1)h) is

A(1g, 2g, ..., Ng, (N + 1)h)

=
∑

i

∑

H

A((i + 1)g, ..., Ng, 1g, P̂
H
1 , (N + 1)h)

1
P 2

1

A(2̂g, 3g, ..., ig, (−P̂1)−H)

+
∑

i

∑

H

A((i + 1)g, ..., Ng, 1g, P̂
H
2 )

1
P 2

2

A(2̂g, 3g, ..., ig, (−P̂2)−H, (N + 1)h).

(49)

where P̂1 = k̂2 + k3 + ... + ki and P̂2 = k̂2 + k3 + ... + ki + kN+1. If
we have the relation (47) for N ′ < N , we have

A((i + 1)g, ..., Ng, 1g, P̂
H
1 , (N + 1)h) =

∑

l∈I1

sl,N+1

∑

P

Agluon(P ). (50)
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A(2̂g, 3g, ..., ig, (−P̂2)−H, (N + 1)h) =
∑

l∈I2

sl,N+1

∑

P

Agluon(P ). (51)

Figure 8:

The first and second terms in (49) corresponding to Fig.8(a), (b).
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The diagrams contribute to
∑

1<l≤N

sl,N+1

∑
P ′
AN+2(P ′) in BCFW

expression are given in Fig. 9, Fig. 10, Fig. 11.

Figure 9:
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Figure 10:
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Figure 11:

Fig. 9 (a), Fig. 10 (a) give the same contributions to Fig. 8 (a).

Fig. 10 (b) give the same contribution to Fig. 8 (b). Fig. 9 (b) and

Fig. 11 (a), (b) cancel out due to KK-BCJ relation. Thus we prove

the disk relation (47).
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5. Conclusions

• KLT factorization relation does not hold on D2.

• Amplitudes with N open strings and M closed strings on D2 can

be expressed by sum of partial amplitudes for N + 2M open

strings on D2.

• Disk relation can be reduced by KK-BCJ relations to

(N + 2M − 3)! terms.

• The field theory limit of disk relation give the amplitudes in
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minimal coupling theory of gauge field and gravity. This is based

on the disk structure in string theory.

• Does KLT factorization relation hold on T2?

• The disk relation may be used to study the ultraviolet properties

of gravity.

• What is the relation between the actions of gauge field and

gravity?
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