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Kerr black holes

A Kerr black hole is characterized by the mass M and angular momentum
J =aM. It could be described by the metric of the following form

A, -, sin%0 X N2 pP
) o 9 .2 2 22| A2 192
ds® = —?(dt—abln 0do) —|—7 ((7“ +a”)do — adt) +Kd7" +p~do”,
(11)
with
A=72—2Mi+a?  p®=i+a’cos?0, (1.2)

where we have used the unit G = h=c=1.

@ Two horizons: 74+ = M + v M?2 — a?;

@ The Hawking temperature, the angular velocity of the horizon and
the entropy of the Kerr black hole are
ry —Tr— a

T = Q =
A 87TM7’+, A 2.]\4’1"4,7

Spn =2nMry.
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NHEK/CFT correspondence

@ Conjecture: the quantum gravity in the near-horizon extreme
Kerr (NHEK) geometry with certain boundary conditions is
dual to a (141) dimensional chiral conformal field theory;

@ The correspondence was inspired by the properties of the
asymptotic symmetry group of near horizon geometry of the
extremal Kerr (NHEK)

o SL(2,R)r x U(1)r, isometry group;

e Under a certain set of boundary condition on the asymptotic
behaviour of the metric, the U(1), get enhanced into a
Virasoro algebra with central charge ¢, = 12J;

o Further studies showed that there's right central charge
CrR = 12J;

@ Perfect match of the macroscopic Berenstein-Hawking entropy
of the black hole with the conformal field theory entropy
computed by the Cardy formula.

@ This has been generalized to many other cases, including Kerr
BH in higher dimensions, ....
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Superradiant scattering

@ For a scalar incident scattering an extreme Kerr BH, if
0 <w <mQy where Qg = 1/2M, then the scattering is
superradient. Zeldovich, Misner 1970s

@ Superradiance: the classical reflected wave is more energetic
than the incident one;

@ Quantum mechanically, superradiant modes with w < mQ g
are spontaneously emitted by the BH;

@ Hawking radiation:

1
I = a0 (1.3)

@ 0 is called greybody factor, or absorptive cross section,
which modified the spectrum observed at co from that of a
blackbody;
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Near-NHEK /CFT

The scattering brings the Kerr a little away from extremality;
Namely we have to consider near-extremal Kerr;

In this case, the right sector is excited;

e 6 o6 o

Same kind of scaling argument gives near-NHEK geometry:

@ Locally, this geometry is isometric to NHEK;

@ However, the coordinate transformation is singular;

© The physics is different: there exists right temperature;

@ This is quite similar to BTZ BH to AdS3, and warped AdS3
BH to global warped AdSs;

@ In the superradiant scattering of near-extreme Kerr(-Newman)
black hole, the absorption cross section has been shown to be
in perfect match with CFT prediction;(more details
Iater)Bredberg et.al. 0907.3477, Hartman et.al. 0908.3909, Cvetic
et.al. 0908.1136, BC and Chong-sun Chu 1001.3208
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Hidden conformal invariance

@ Kerr/CFT should be true for generic non-extremal Kerr black
holes;

@ Conjectures: a generic non-extremal Kerr black hole is dual to
a 2D CFT with central charges ¢, = cg = 12J and
temperatures Ty, = M?/27J and Tg = VM* — J2 /27 J;

o Consider the low frequency scalar scattering off the Kerr BH,
one can find that there exists a local conformal invariance in
the solution space of the wave equation;

© It is not globally defined;
@ It is sufficient to associate a CFT to Kerr BH;
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@ Real-time correlators in warped AdS/CFT correspondence;BC,
Bo Ning and Zhi-bo Xu, 0911.0167

@ NHEK is in fact a warped AdS3 spacetime with a warping
factor being a function of the angular variable;

@ If the separation constant is independent of the frequency,
then we can apply the Minkowski prescription to compute the
real-time correlators;

@ We will show that this happens at least in two cases:

@ The frequency is near the superradiant bound;BC and
Chong-sun Chu 1001.3208
@ The very low frequency region;BC and Jiang Long, 1004.5039

@ In the low frequency limit, even though there is no near
horizon geometry, the existence of local conformal invariance
is essential to apply the prescription;
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Near-NHEK geometry

The near-extremal near-horizon metric
dr?
r(r+ 2a)
where o = 27T, T'(0) = LSSW,A(F)) = 13_?2‘;299, and

d~p+2m,0< < 7.
@ If a =0, it reduces to NHEK;
@ In global coordinates, the NHEK metric is
dp?
1+p
@ The NHEK geometry has an isometry SL(2, R)g x U(1)r;

@ For fixed polar angle 0, it is a global warped AdS3 spacetime, while
the NHEK geometry is the quotient of warped AdSs.

ds* = 2JT (—r(r + 2a)dt?* + +do* + A*(dop + (r + a)dt)2> ;

ds* = 2JT (—(1 + p?)dr?* + 5 + df* + A*(dy + pdT)Q) .

@ The global warped AdS spacetime can be taken as the vacuum with
the NHEK geometry (resp. near-NHEK) being taken as an extreme
warped AdSs black hole (resp. as an non-extremal warped AdSs
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(Near-)NHEK/CFT correspondence

e U(1)r is enhanced to a Virasoro algebra with ¢y, = 12.J;
@ Another set of Virasoro algebra with cg = 12J;

@ The entropy could be recovered from the Cardy’s formula

2

S = %(CLTL + crTR). (2.1)

@ Originally, it was suggested that cg = 0 with a finite Tg;

@ Now it seems reasonable to let Tk to be very small to keep
the entropy not far from the extreme case;

@ Conjecture: a generic non-extremal Kerr black hole is dual to
a 2D CFT with central charges ¢, = cgp = 12J and
temperatures T;, = M?/27J and T = VM* — J2/27J;
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Finite temperature AdS/CFT

BH in AdS ~ finite temperature CFT;

Taking BH as a thermodynamical system, the thermal equil.
in BH system could be compared to thermal equil. of finite T
CFT,;

Quasi-normal modes in BH correspond to the poles of
retarded Green's function;

Real-time correlators from gravity is subtle

e Q: Boundary conditions at black hole horizon?
e A: Purely ingoing one corresponds to retarded Green's function;
e Analytic continuation? Not clear.
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Prescriptions for retarded Green's functions

A prescription first suggested by A. Son et.al.(2005);
Its modern version:Gubser et.al.(2008), H.Liu et.al.(2009)

Crlw, F) = lim L2 B)lon
r—00 ¢R(T’w7 k)

where II is the canonical momentum conjugate to ¢, taking r
as the “time” direction. Now ¢ is the classical solution,
which should be purely in-falling at the black hole horizon.
Subtlety: plug in appropriate terms proportional to the power
of r to cancel the divergence;
In practice, one can get the retarded Green's function from
the asymptotic behavior of the solution;
For example, for a scalar field with the asymptotic behaviour

¢ ~ Alw, k)r~ "4 + B(w, k)r "5, (2.3)

with n4 > np, the real-time correlator of the scalar field is

iiven bi A|wi E"BiwIEH ui to a constant factor
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2D CFT

@ Two independent sectors: left-moving one and right-moving
one, possibly with different central charges and temperatures;

@ Retarded Green's function and Matsubara propagator:
Gr(iwr,iwr) = Gg(wr B, WR.E), (3.1)

at
wL7E = 27T7”LLTL, WRE = 27T7”LRTR (3.2)
with ny,ng being integers.
@ Two-point function:

G(tT,t7) = (O} (t",t7)04(0)), (3.3)

where t1, ¢ are the left and right moving coordinates of 2d
worldsheet, and Oy is the operator corresponding to the field
perturbing the black hole.
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Green's functions in 2D CFT: continued

e Consider an operator of conformal dimensions (hz, hr), right
charge qr, at temperature (77, Tr) and chemical potential
Qp.

@ Correlators in 2D CFT are very much decided by conformal
invariance:J.Cardy (1984)

sinh(7Tt+) sinh(7Trt™)

)2hReiqRQRt7 )

Gt t7) ~(
(3.4)

o Left-mover:

T2hi=2giwn.e/2TLT (1 — 2hy)

(1—hp+ ;jf;i)r(l — hy — ;”;T’z“)'

(3.5)

Gg(wrE) ~ T
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Green's functions in 2D CFT: continued

@ Right-mover:
TéhR_2€(in,E+QRQR)/2TRF(1 — 2hR)
(1 — hp + b t00R) D]y — Ot dnln
(3.6)
@ The total contribution is the product of the left-mover's (3.5)
and the right-mover's (3.6):

Ge(wrE) ~

Ge(wr,e,wrE) = Ge(wr,g)GE(WR,E)- (3.7)
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Cross section

@ Cross section: following Fermi's golden rule:

Tabs ~ / dttdt— e R TR Gt —je 1T —ie)—G(tT +ie, t +ie)]
(3.8)

@ In momentum space:

_ _ — Q wr,
-~ TZhL 1T2hR 1 . h wr, WR — 4RAR T(h . 2
a L R sin (2TL + °Th )IT( L+127rTL)|
(3

wp — gpf?
‘p(hR+lw)‘2_

27TR 9)
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Superradiant scattering of scalar in near-extreme Kerr

@ Consider the scalar field ® of mass p in the near-NHEK background.

@ Ansatz: ® = e~ WIFIMPR(1)S(H), where w and m are the quantum
numbers;

@ The angular part S(8) satisfies the spheroidal harmonic equation:

1 d d m? m?
— | sinf— A — (— — Jp?)sin® 6 — =
Sin6 do <Sm d98>+( im = (= = Ju)sin sin29>8 0
(3.10)
where Ay, is the eigenvalue, which can be computed numerically.

@ The radial part R satisfies the equation

; p - (w+m(r+ a))?
i (120 ) RO = (o2 - I v
(3.11)

@ Key point: Ay, is independent of the frequency;
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Scalar retarded Green's function

Taking into account of the ingoing boundary condition at the horizon,
the radial wave function could be written in terms of hypergeometric
function. At asymptotic infinity, the radial eigenfunction has the

behaviour L 1
R(r) ~ Ar—2=F 4 Br—2+P (3.12)
where
1
B2 = A —2m® 204
T(—28)0(1 —i(m + £ LGk (e
B A e NERE)
I'(5—-p—im)'(5—-B8—i%)
B = AB—-p) (3.14)

and N is an arbitrary constant.
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Scalar retarded Green's function

© Consider a real 8 > 0, then

A
Gr ~ B
_ N _ N _ e
— (20&)2’31—‘( 25) (? J'_B Zm) (% +6 g (3 15)
I'(28) L(z=B—im)l'(5 - B—1ig
@ With the identification
hL:thlJrﬂ, wrp=m, wr=w, Tp =5, Tgr=Tk,
2 2
(3.16)

at the Matsubara frequencies, the expression on scalar retarded
Green's function agrees precisely with CFT predition up to an
irrelevant normalization factor which depends only on 3, qr, and ggr
and can be absorbed into the normalization of the operator.
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Absorption cross section

@ The cross section can also be read out from the retarded correlator
directly

7 =Im(Gr) = =22 sub((me+ D+ 5-im)D (o 6-i2)
28m(T(28))? a 2 (23 - a’l

This agree, up to an irrelevant normalization factor, with CFT
prediction as it should be.
@ The quasi-normal modes frequencies could be read from the poles of
the retarded Green's function
wr = —z'27rTL(nL + hL)
wr = 71127TTR(TLR + hR) (318)
with ny,ng being non-negative integers. The left part is not

actually the quasi-normal modes since it is related to the quantum
number of rotation. The right part gives the contribution.
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Newman-Penrose null tetrad of near-NHEK

@ For other kinds of perturbations with nonzero spin, we have to
use Newman-Penrose formalism;

@ The NP null tetrad of near-NHEK is eg = (I#, n#, mH, m*H),
where in coordinate basis

1

» = m(l,r(r—}—Qa),O,—(r—l—a)),

. 1

nt = 74JF(9)(1,—7“(7“+204),07—(7“+04))7

mt = L(o,o,l,m—l(e)), (3.19)

2,/JT(0)

satisfy the normalization and orthogonal condition with
nonvanishing inner products

l-n=—-m-m"=-1. (3.20)
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Ingoing solution

The wave function could be decomposed into the form
s = e~ WM (1 4 20)) TSR (r)S*(6). (3.21)

The asymptotic behaviour of the ingoing solution is

R(r) ~ A%~ F 4 Bop 346 (3.22)
where
2 1 s 2
I'(=28)I'(1 —1 & 1 i w
a0 = N ACZTUZHaT D) o iea-stars) (3.3)
(3 =B—igl'(5 —B—iy)
B = A*(B— —pP) (3.24)
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Prescriptions for retarded Green's functions

For |s| = 1,2, U*® are related to the gauge field strength and the
Weyl tensor of the tensor field;

It is not appropriate to identify W® as the perturbations themselves.

We can inversely obtain the vector and gravitational perturbations
from the wave functions in terms of the Newman-Penrose complex
spin coefficients;

Note that in determining the retarded Green's function from gravity,
it is the asymptotic behaviours of the source and the response that
matter;

In other words, once the source term of the field is decided, its field
strength has the same Gamma function dependence, up to a factor;

The working prescription for computing the retarded Green's
function for general perturbations with spin s:

— (3.25)
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Retarded Green's functions

@ With the above prescription,
S A_S
BS

Gy ~ (1)
s D200 + 6 — s —im)D(% + 5 — i2)
T2B8)T(3 —B+s—im)(5—B—i2) "

[e3

~ (=1)°(22)
@ With the conformal weights of the field identified as

1
R=5 B h=hh-s, (3.26)

the retarded Green's function can be rewritten as
(1 —2h%)T(h —im)I'(hy — z%)
I'(2r%, — 1)I(1 — b —im)I'(1 — A%, — %)’

[e%

G~ (F1) T

@ The above retarded Green's function agrees precisely, up to a
frequencies independent normalization factor, with the CFT result if
the frequencies and the temperatures are identified as before:

1
wr =m, WR=Ww, TL = - TR = TR. (327)
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Cross sections

@ The cross section can be read directly from the Green's
function by the relation o ~ Im(Gpg).
@ for the fermion, the cross section is

20 2hp—1 w .
o~ I‘((2h)R—1)2 cosh((m + a)w)]F(hL —im)'(hg — z—)]Q
(3.28)
© for the gauge field and the graviton,
20 2hp—1 w
o~ F((Qh)R—l)Q sinh((m + a)ﬁ)\F(hL —im)'(hg — z—)|2
(3.29)

@ They agree with the CFT result.
© As for the quasi-normal modes, their frequencies are simply

wi = —i27TTL(hi + nL)
whp = mQy —i2rTr(hE + ng) (3.30)

with np,ngr being non-negative integers.
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@ NHEK itself is dual to the 2D chiral CFT with a temperature
in the left-moving sector;

@ It is thus more natural to take NHEK as a limiting case of
near-NHEK.

© The scalar scattering supports the picture that NHEK is an
extreme BH;

@ The same analysis has been applied to the scattering of
charged scalar by (near-)extreme Kerr-Newman BH;
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Kerr-Newman black hole

For the Kerr-Newman black hole with mass M, angular momentum
J = aM and electric charge @, its metric takes the following form

A ? 1
ds* = ——(dt—a sin? 9d¢)2+p—dr2+p2d92+—2 sin® 6 (adt — (r* + a2)d¢)2 )
p p

A
(4.1)
where
A = (r*4+a®) —2Mr+ Q3
0> = r2+a’cos?h. (4.2)

The gauge field is A = — % (dt — asin® 6d¢).

@ There are two horizons ro. = M + /M2 — a2 — Q?
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Kerr-Newman black hole

The Hawking temperature, entropy, angular velocity of the horizon
and the electric potential are respectively

T o ry —Tr—
me 4m(r? + a?)’
S = 71'(712F + a?),

a

Qg = ———

H r2 +a?’
T+ +a
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Charged scalar scattering

Let us consider the complex scalar field with mass i and charge e
scattering with the Kerr-Newman black hole;

The Klein-Gordon equation is
(V, +ieA,)(V* +ieA")® — p*® = 0. (4.4)
The ansatz ® = ¢~ WIHmOR (1)S(0);

The angular part is of the form
2

1 d . d 2/, 2 2\ s 2 m _
T (sm9d08>—|—(/\lm—a (w® — p*) sin e_sin29 S=0.

The radial part of the wave function is of the form
Or(AOR)+VRER =0 (4.5)
with
H2
VR = —Apn+2amw + A w2 (r? 4+ a?), (4.6)
H = w(r®+ad®) —eQr —am. (4.7)
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Low-frequency limit

@ In the low frequency limit,
wM << 1, (4.8)

the w? term in the angular equation could be neglected.

o Note that the low frequency limit (4.8) is very different from
the near-extreme case, where only the frequencies near the
superradiant bound were studied;

@ To simplify our discussion, we focus on the massless scalar.

@ The angular equation is just the Laplacian on the 2-sphere
with the separation constants taking values A, = I(l + 1).

Bin Chen, PKU



Radial wavefunction

In the near region, rw << 1, the radial equation could be simplified even
more
(ma —w(@Mry — Q%) + eQr.)?
(r—rg)(ry —r-)
(ma —w(2Mr_ — Q?) + eQr_)? 9 9
— R(r)=(I1+1)—e*Q*) R(r
(s ) =) (10 +1) = @) R(r)
With the ingoing boundary condition at the BH horizon, we have the
radial wave function

8, A8, R(r) + R(r)

R(z) = 2%(1 — 2)°F(a, b, c; 2) (4.9)

with
a=—iv/A, =g 1- k) (4.10)

and
c = 1+2q (4.11)
a = a+f+iy/—A,, (4.12)
b = a+p—iy—As. (4.13)
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Conformal coordinates

@ Let's introduce the conformal coordinates

+ T=T4 o2 TRé+2n Rt
r—r_ ’

e = =Ty e27rTL¢+2nLt,
T—Tr_—
y = Ty —T— ew(TL+TR)¢+(nL+’rLR)t
b)
\/ r—r_

@ Define locally the vector fields

w

H = 0,
1
Hy = i(w+8++2y6y>
H.y = iw'0; +whyd, —y?0-) (4.15)

which obey the SL(2, R) Lie algebra: [Hy, Hi1] = FiH11;

@ Similarly we can define another set of vector fields (ﬁo, ﬁil) with
+ < —;
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Casimir

@ The quadratic Casimir is

1

5
1

= Z(gf@j —y0y) +y2040_. (4.16)

7‘[2 = 7‘22 = —Hg + -—(H1H_1 + H,1H1)

@ The key point: the neutral scalar Laplacian is just the
SL(2, R) Casimir

H2R(r) = HPR(r) = I1(I + 1)R(r), (4.17)

with the following identification:

nR:U, TR:T+—T_
dra
1 re+r_)—Q*/M
meqp = TR
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@ The vector fields are only defined locally;

e The SL(2,R) x SL(2, R) symmetry is spontaneously broken
down to U(1);, x U(1)g subgroup by the periodic
identification

¢~ ¢+ 2m. (4.19)

@ The identification (4.18) reflects the nature of the underlying
geometry. It is universal to all kinds of perturbations;

@ In the Q — 0 limit, it reduces to the one in the Kerr case.

@ The relation between conformal coordinates with original
coordinates is remniscent of Rindler coordinates;
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Conjecture on Kerr-Newmann BH

@ Conjecture: the Kerr-Newman black hole is dual to a CFT
with central charges

Cj, = CR = 12J (4.20)

at finite temperature (17, Tr) given in (4.18).
@ Entropy: from Cardy's formula

2
S = %(CLTL + crTh), (4.21)

we get the microscopic entropy
S =n(ri +a®) (4.22)

which is in perfect agreement with the macroscopic
Bekenstein-Hawking area law for the entropy of the
Kerr-Newman black hole.
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Identification of charged scalar

@ First law: TdS =M — Q6J — PIQ.
@ We are looking for the conjugate charges 6 E}, and § Er such that

__0Ep  6FER
08 = =+ (4.23)
@ The solution:
M —Q*)M QM?>Q | Q%Q
E = ~— 7 " 5M -
OBr T 7 T Tar
2 _ 2 2
5Ep — CMZQIMg, QMOQ 550 (404
J J
@ If we identify
M=w, 6J=m, Q=c¢,
eM? - Q@*)M eM? - @*)M
[ =———"—W, WR=-——w—1m,
J J
qL =qr=0Q =e, (4.25)
B QM2 B @ B QM2

(4.26)
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Scalar retarded correlator

@ The radial wavefunction behaves asymptotically as

R(r) ~ Arh=1 4 Br=h (4.28)
where h is the conformal weight of the scalar field
1

h=1-8=c(01+ V(21 +1)2 — 4e2Q2), (4.29)
and

T(e)l'(c—a—b) I'(e)l'(a+b—c)

A= B = 4.
(e —a)T(c—b) Tare 430

@ From the Minkowski prescription, the two-point retarded
correlator is just

B
Gr ~ 1 (4.31)
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Scalar retarded correlator

@ For the charged scalar scattering off the Kerr-Newman black
hole,

r(—on) T (h+isgl) T (h o+ iigeen)
F(?h — 1) T (1 _ h + ,L'WL—QLML) T (1 _ h + in2:r%iHR)

Gr
27Ty,

@ The absorption cross section:

_ -1 . wWr, —qrLpr WR — 4RHER
Paps ~ TghL lTéhR 1smh< 2TLN + 2TRM ) X

2
R_QR,UR>’

w
U (hg+i
(RH 27 Th

WL —qLpr 2 )
27TTL

(et
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Photons and gravitons in Kerr black hole

@ Now we focus on the low-frequency limit, instead of the
frequencies near the super-radiant bound;

@ Similar to the near-extreme case, the wave function could be
solved exactly in terms of hypergeometric functions;

@ Due to the existence of hidden conformal invariance, we apply
the Minkowski prescription directly and compute the retarded
Green’s functions;

@ Results: the retarded Green's function and the absorption
cross sections are both in good agreement with the CFT
prediction;

@ This gives strong support to Kerr/CFT correspondence for
generic non-extremal Kerr BH;

Bin Chen, PKU



Conclusion and discussions

Scattering off the Kerr(-Newman) BH is an important way to
check Kerr/CFT correspondence;

@ The retarded Green's function could be computed via
Minkowski prescription;

@ For the scattering near the super-radiant bound, this is
guaranteed by the fact that the (near)-NHEK looks like
warped AdS3 spacetime;

@ For the low frequency limit, the effectiveness of the
prescription is due to the hidden conformal invariance;

@ The study supports the picture that Kerr/CFT should be true
for any value of J;
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Thank youl
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