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1. Three quantization formalisms

The formulation and (1st) quantization of
superstring theory is a difficult problem. Either we
keep manifest Lorentz covariance without manifest
(spacetime) supersymmetry (NSR formalism) or we
have manifest spacetime supersymmetry but using
light-cone gauge (Green-Schwarz). Only in 2000
a new formalism called pure spinor formalism was
constructed by Berkovits (hep-th/0001035, Super-
Poincare Covariant Quantization of the Superstring).
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1. The Neveu-Schwarz-Ramond formalism

The basic fields (open string or left-moving part of
closed string) are:

Xµ, ψµ, (b, c), (β, γ).

The central charges are

c = D +
D

2
+ (−26) + 11 = 0 =⇒ D = 10.

3



For multi-loop amplitude we have

An,g =
∫
DXDψDbDcDβDγ · · ·

∣∣∣∣∣∣

∫
d3g−3τ

3g−3∏
i=1

〈µi, b〉
2g−2∏
a=1

(δ(β(za)))J(z̃a)

∣∣∣∣∣∣

2

e−SV1 · · ·Vn.

(b, c) zero-modes and (β, γ) zero-modes give rise to
the factor

∏3g−3
i=1 〈µi, b〉

∏2g−2
a=1 (δ(β(za))).
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Integration over super-moduli: super-current
insertions J(z̃a).

What is more important is the fact that ψµ and
the (β, γ) ghosts have fractional (odd-half integer)
conformal weight on Riemann surface. So they have
an extra property call spin structure. There must be
a summation over spin structures. (Seiberg-Witten,
1986. GSO, 1976: GSO projection and SUSY. Modular
invariance or global diffeomorphism.)

Problems: super-moduli integration lost manifest
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“gauge invariance” (solved for 2-loop in 2001 by
D’Hoker and Phong, leading to 1st computation
of the manifest gauge parameter independent 2-
loop 4-particle amplitude in 2002 by Zheng-Wu-Zhu,
identically obtained by D’Hoker and Phong at the
beginning of 2005. ) and modular invariance (rules for
summation over spin structures unknown).
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Summary of the NSR formalism

• Spacetime supersymmetric only after GSO proj.

• Higher loops: summation over spin structure and
modular invariance not known. The measure is
not manifestly gauge independent (total derivatives,
spurious poles, etc.)

• Applied to multi-particle, higher-loop (2-loop, see
below) and topological string theory amplitudes.
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2. The Green-Schwarz formalism

The basic fields are X i and Sa, a = 1, · · · , 8.

Conformal weight: 0. So there is no spin structure
problem.

Also spacetime supersymmetry is manifest.

The biggest problem is that Lorentz covariance is
not manifest (causing contact interactions, etc.)
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3. PS: the pure spinor formulation

the basic fields are:

Xµ, (θα, pα), (λα, wα), α = 1, · · · , 16.

The conformal weights are:

0, (0, 1), (0, 1).

(θα, pα) are fermionic and the rests are bosonic.

λα is called a pure spinor and must satisfy the
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constraints:

λαγµ
αβλ

β = 0, µ = 0, 1, · · · , 9.

Only 11 independent components remain. (The
dual field wα has gauge transformations. Physical
observable has gauge invariance.)

An explicit representation of the Γ matrix. An
explicit solution of the pure spinor constraints.
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0 central charges:

c = 10 + 16× (−2) + 11× 2 = 0.

(Remember c = 2ε(6(λ2 − λ) + 1) for a (λ, 1 − λ)
system.)
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Summary of Berkovits’ pure spinor formalism

• Lorentz covariant and manifestly spacetime
supersymmetric (no summation over spin structures).

• All integer dimensional free fields on (ordinary)
Riemann surface.

• Shortcoming: pure spinor constraints and very
complicated composite b̃ fields.
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2. Pure spinor and some basic formulas

Πm = ∂Xm +
1
2
(θγm∂θ),

dα = pα − 1
2

(
∂Xm +

1
4
(θγm∂θ)

)
(γmθ)α

The basic OPEs are:

Xm(z, z)Xn(w, w) −→ −α′

2
ηmn ln |z − w|2,
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pα(z)θβ(w) −→ δβ
α

z − w
,

dα(z)dβ(w) −→ −α′

2
γm

αβΠm

z − w
,

dα(z)Πm(w) −→ α′

2
(γm∂θ)α

z − w
.

Furthermore, if V (y, θ) is a generic superfield then
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its OPE’s with dα and Πm are computed as follows

dα(z)V (y, θ) −→ α′

2
DαV (y, θ)

z − y
,

Πm(z)V (y, θ) −→ ∂mV (y, θ)
z − y

,

Here the supersymmetric derivative Dα is given by

Dα =
∂

∂θα
+

1
2
(γmθ)α∂m.

Why we need the pure spinor field λ?
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The Lorentz currents from the fermionic variables

Σmn =
1
2
(pγmnθ)

give the following OPEs:

Σmn(w)Σpq(z) =
1
4
p(γmnγpq − γpqγmn)θ

w − z
+

1
4

(
tr(γmnγpq)
(w − z)2

)

=
ηp[nΣm]q − ηq[nΣm]p

w − z
+ 4

ηm[qηp]n

(w − z)2
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with γmnγpq − γpqγmn = 2ηnpγmq − 2ηnqγmp + 2ηmqγnp −
2ηmpγnq and tr(γmnγpq) = −32δmn

pq .

(Recalling that in the RNS formalism the OPE of
the Lorentz currents for the fermionic variables ΣRNS =
ψmψn satisfies

Σmn
RNS(w)Σpq

RNS(z) → ηp[nΣm]q
RNS − ηq[nΣm]p

RNS

w − z
+

ηm[qηp]n

(w − z)2

The different double pole coefficients would make the
computations of scattering amplitudes not agree with
each other. )
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To insure Lorentz covariance, wα only appears in:

J = wαλ
α, Nmn =

1
2
wα(γmn)α

βλ
β

N kl(y)Nmn(z) → δm[lN k]n(z)− δn[lN k]m(z)
y − z

−3
δknδlm − δkmδln

(y − z)2 ,
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Nmn(y)λα(z) → 1
2
(γmn)α

βλ
β(z)

(y − z)
.

Q =
1

2πi

∮
λαdα

satisfies Q2 = 0 due to the pure spinor constraints.

Therefore we can define the unintegrated and
integrated massless vertex operators for the super-
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Yang-Mills states as follows

V = λαAα(x, θ)

U = eik·X(∂θαAα(θ)+ΠmAm(θ)+dαW
α(θ)+

1
2
NmnFmn(θ))

where the superfields Aα, Am, W α and Fmn describe
the super-Yang-Mills theory in D=10.

(In the RNS formalism the unintegrated vertex
operator satisfies QU = ∂V , as one can check by
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recalling that U = {∮ b, V } and T = {Q, b}.)
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3. Multi-loop superstring amplitudes

Amplitudes can be easily constructed. For bosonic
string theory we have

Aj1,···,jn(k1, · · · , kn) =
∑
top.

∫ DXDg

Vol.(Diff ×Weyl)
e−SX−λχ

×
n∏

i=1

∫
d2σi(detg(σi))1/2 Vji(ki, σi)

Vj(k,σ) is a vertex operator describing a specific
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particle.

For superstring theory in the pure spinor formalism
the proposal is (hep-th/0406055):

A =
∫

d2τ1...d
2τ3g−3〈 |

3g−3∏

P=1

∫
d2uPµP(uP )̃bBP

(uP , zP)

×
10g∏

P=3g−1

ZBP
(zP)

g∏

R=1

ZJ(vR)
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×
11∏

I=1

YCI
(yI) |2

N∏

T=1

∫
d2tTUT(tT) 〉

where

• “picture-lowering” operator: YC = Cαθ
αδ(Cβλ

β)

• “picture-raising” operator:

ZB =
1
2
Bmn λγmnd δ(BpqNpq), ZJ = λαdαδ(J)
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More importantly is the composite “b ghost” field:
b̃B(z, u).
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4. b̃B(z, u)
By construction we have:

{Q, b(z)} = T (z)

{Q, b̃B(z, w)} = T (z)ZB(w)

b̃B(z, w) = bB(z) + T (z)
∫ w

z

duBpq∂N pq(u)δ(BN(u))

T = −1
2
∂Xa∂Xa − pα∂θα + Tλ,w.
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To construct bB(z), we introduce the following
sequence of operators:

ZB ≡ λαZα,

{Q,Zα} = λβZβα,

[Q,Zβα] = λγZγβα,

{Q,Zγβα} = λδZδγβα + ∂λδΥδγβα,
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where the operators Zβα, Zγβα, Zδγβα and Υδγβα are
Γ5-traceless (=0 when saturated with Γ5 between 2
adjacent indices). Concretely, the full expression of
the operators Z’s and Υα1···α4 in the case of ZB takes
the form:

Zα =
1
2
Bab(Γabd)αδ(BcdN

cd)

≡ 1
2
(Bd)αδ(BN),
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Zβα = −1
2
(ΓcΓba)βαΠcBabδ(BN)− 1

4
(Bd)α(Bd)β∂δ(BN),

Zγβα = −1
2
[(ΓcΓba)βα(Γc∂θ)γBabδ(BN)

+
1
2
(ΓcΓba)βα(Bd)γΠcBab∂δ(BN)

+
1
2
(ΓcΓba)γ[β(Bd)α]ΠcBab∂δ(BN)
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+
1
4
(Bd)α(Bd)β(Bd)γ∂

2δ(BN)],

Zδγβα = −1
4
[((ΓcΓba)βα(Bd)[δ(Γc∂θ)γ]

−(ΓcΓba)γ[β(Bd)α](Γc∂θ)δ)Bab∂δ(BN)

− ((ΓfΓed)δ[γ(ΓcΓba)β]α

+(ΓfΓed)δα(ΓcΓba)γβ)ΠcBabΠfBde∂δ(BN)

− 1
2
((ΓcΓba)βα(Bd)γ(Bd)δ + (ΓcΓba)γ[β(Bd)α](Bd)δ
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+
1
2
(ΓcΓba)δ[α(Bd)β(Bd)γ])ΠcBab∂

2δ(BN)

− 1
4
(Bd)α(Bd)β(Bd)γ(Bd)δ∂

3δ(BN)],

Υδγβα = −1
2
(Γc)δγ(ΓcΓba)βαBabδ(BN).

On the other hand we introduce another set of
operators Gα, · · ·:

{Q,Gα} = λαT.
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[Q,Hαβ] = λαGβ + · · · ,

{Q,Kαβγ} = λαHβγ + · · · ,

[Q,Lαβγδ] = λαKβγδ + · · · ,

where the dots denote Γ1-traceless terms. The chain
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of equations finishes at the level of the last equation,
since, for dimensional reasons, λαLβγδε vanishes modulo
Γ1-traceless terms so that

Lαβγδ = λαSβγδ + · · · ,

and

[Q,Sαβγ] = Kαβγ + λαT βγ + · · · ,

for a suitable field T βγ. Then, according to Berkovits
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(hep-th/0406055), bB is given by:

bB = b1 + b2 + b3 + b
(a)
4 + b

(b)
4 ,

where

b1 = GαZα,

b2 = HαβZαβ,

b3 = −KαβγZαβγ,

b
(a)
4 = −LαβγδZαβγδ,

b
(b)
4 = −Sαβγ∂λδΥδαβγ.
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Firstly we have:

b
(b)
4 = Bab[− T ωλNab − 1

4
J∂Nab

+
1
4
Nab∂J +

1
2
Na

c∂N bc]δ(BN).

The other needed fields are:

Gα =:
1
2
Πa(Γad)α : −1

4
Nab(Γab∂θ)α − 1

4
J∂θα − 1

4
∂2θα,
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Hαβ = H (αβ) + H [αβ],

where

H (αβ) =
1
16

Γαβ
a (NabΠb − 1

2
JΠa + 2∂Πa),

H [αβ] =
1
96

Γαβ
abc(

1
4
dΓabcd + 6NabΠc).
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Kαβγ = − 1
48

Γαβ
a (Γbd)γNab − 1

192
Γαβ

abc(Γ
ad)γN bc

+
1

192
Γβγ

a [(Γbd)αNab +
3
2
(Γad)αJ − 6(Γa∂d)α]

− 1
192

Γβγ
abc(Γ

ad)αN bc

But we only give the totally antisymmetric part of
L:

L[αβγδ] = − 1
3072

(Γabc)[αβ(Γade)γδ]N bcNde.
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Schematically,we have:

bB = B(ddΠ + dN∂θ + N∂N + Tλ,wN + NΠΠ)δ(BN)

+BB(dddd + ddNΠ + NNΠΠ + NNd∂θ)∂δ(BN)

+BBB(ddddN + ddNNΠ)∂2δ(BN) · · ·
+BBBB(ddddNN)∂3δ(BN)
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5. Two-Loop 4-particle amplitude

The 2-loop 4-particle amplitude obtained by Zheng-
Wu-Zhu in 2002 (hep-th/0212191, 198, 219) is:

AII ∼
∫

1
T 5

∏6
i=1 d2ai

dVpr|
∏

i<j aij|2
4∏

i=1

d2zi

|y(zi)|2
∏
i<j

e−ki·kj〈X(zi)X(zj)〉

×|s(z1z2 + z3z4) + t(z1z4 + z2z3) + u(z1z3 + z2z4)|2

dVpr =
d2aid2ajd2ak

|aijaikajk|2 , T =
∫

d2z1d2z2|z1 − z2|2
|y(z1)y(z2)|2 ,

〈X(zi)X(zj)〉 ≡ G(zi, zj) = − ln |E(zi, zj)|2
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+2π(ImΩ)−1
IJ

(
Im

∫ zj

zi

ωI

)(
Im

∫ zj

zi

ωJ

)

A better but equivalent form derived by D’ Hoker and
Phong (hep-th/0501197):

AII(εi, ki) =
KK

212π4

∫ |∏I≤J dΩIJ|2
(det Im Ω)5

×
∫

Σ4
|YS|2exp

(−
∑
i<j

ki · kj G(zi, zj)
)

YS = +(k1 − k2) · (k3 − k4)∆(z1, z2)∆(z3, z4) + · · ·
40



∝ s(z1z2 + z3z4) + t(z1z4 + z2z3) + u(z1z3 + z2z4)

∆(z, w) ≡ ω1(z)ω2(w)− ω1(w)ω2(z)

Berkovits et. al. also obtained the same results
by using pure spinor formalism (hep-th/0503197,
0509234).
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6 . Three-Loop 4-particle amplitude

Integration over θα and dα requires at least 16 + 16g

zero modes to give a non-vanishing result.

For the 4-particle amplitude we are just on the verge
of getting a non-vanishing amplitude.

There are 8g + 3 d-field from ZB and ZJ. So at
least 8g − 3 d-field must come from b̃B and the vertex
operators.

There are no terms in b̃B with 3 d-fields. Terms with
4 d-fields contains a derivative on the delta function
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(δ′, Nδ′′, or NNδ(3).) Because

∫
dxδ′(x) = 0,

and ∫
dxxδ′(x) = −1,

we need some N fields from b̃B or the vertex operators.

Taken g = 2. Only 3 b̃B and 4 vertex operators.
Need 13. 12 or 10, 8, · · ·. 8 and less are excluded. 10
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