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Generalized cross ratio parametrization of finite type cluster algebras 
and its applications



Cluster Algebra

Initial Seed=(Initial variables {x1,…,xk,…xn}, Initial Exchanges Matrix B)

Mutation at k

Seed=({x1,…,xk’,…xn}, B’)

<latexit sha1_base64="iQpAJmRNf6g+c5yyBSgCndOyzJY="></latexit>

xk0 =

Q
Bij>0 xi

Bik +
Q

Bij<0 xi
�Bik

xk

<latexit sha1_base64="BXqnEIrYpTQ3pLfBIAIY6hwJMKI="></latexit>

B0
ij =

8
>>><

>>>:

�Bij if i = k or j = k

Bij +BikBkj if Bik > 0 and Bkj > 0

Bij �BikBkj if Bik < 0 and Bkj < 0

Bij otherwise



Quiver mutation

Exchange Matrix Quiver

<latexit sha1_base64="OBGTFTASdOAJ76bWlrahm6Cv3vE="></latexit>0

@
0 1 �1
�1 0 1
1 �1 0

1
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Quiver mutation
<latexit sha1_base64="WWZeYecaln619MY+ualC7w3CxyM="></latexit>

B0
ij =

8
>>><

>>>:

�Bij if i = k or j = k

Bij +BikBkj if Bij > 0 and Bkj > 0

Bij �BikBkj if Bij < 0 and Bkj < 0

Bij otherwise
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1
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<latexit sha1_base64="j5Vp9nC71NhxbJckJAZZIYOnODU="></latexit>0

@
0 0 �1
0 0 1
1 �1 0

1

A

<latexit sha1_base64="UTECEYdwl3zd3vf4PWlU7XOakDE="></latexit>0

@
0 �1 1
1 0 �1
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1

A



Mutable and Frozen Vertices
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<latexit sha1_base64="PH/S1APBR3afTi4FvzYJGYGt3qI="></latexit>0
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0 1
1 0

1

A

<latexit sha1_base64="RimuP6cfoXDVqjFQ/c7IbMcMi3w="></latexit>0
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1
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Motivations and Applications for Cluster Algebra(2002,2003,2007)

❖ Zamolodchikov Y-system  (1991)


❖ Lusztig Canonic basis for quantum algebra (1990)


❖ Positive Grassmannian (Williams 2003,Postnikov 2006)



Ptolemy’s Theorem(~150A.D.)   

<latexit sha1_base64="uSfoQP/m0+eCwW84YSUSxmZIWmY="></latexit>

|AB| |CD|+ |AD| |BC| = |AC| |BD|

D

C

B

A

<latexit sha1_base64="PYAVfUzBqBdQogAaG9+e2I8n1oA="></latexit>

|BD| = |AB| |CD|+ |AD| |BC|
|AC|



AB BC CD AD
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BC CD AD

BD=(AB CD+BC AD)/AC
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Ptolemy’s Theorem and Plücker relation

B (xB, yB)

A (xA, yA)

C (xC, yC)

D (xD, yD)

<latexit sha1_base64="rVJl3a2bY+anT8NMlmHSGucgMw8="></latexit>

x = x0 + r cos ✓

y = y0 + r sin ✓
<latexit sha1_base64="frRGiPt2FoP6Pov41ypX0wH9Qmg="></latexit>✓

sin ✓A/2 sin ✓B/2 sin ✓B/2 sin ✓B/2
cos ✓A/2 cos ✓B/2 cos ✓B/2 cos ✓B/2

◆

<latexit sha1_base64="FgQ+yIEu1pQSe5hZ5H9sp60WjW4=">AAACL3icdZBbS8MwFMfTeZv1NvXRl+AQBGG0Q6c+CLsU8XGCm4OtlDTLtrD0QpIKo/Qb+eJX2YuIIr76LWy3bk7RA4Efv3NCcv62z6iQmvaiZJaWV1bXsuvqxubW9k5ud68pvIBj0sAe83jLRoIw6pKGpJKRls8JcmxG7u1hLenfPxAuqOfeyZFPTAf1XdqjGMlYWbnrjkGYRFZYqUYzrBnRyYyrtbmuGNHVnL911YhU1crltYI2KbgAZ5p+WdKhnpo8SKtu5cadrocDh7gSMyREW9d8aYaIS4oZidROIIiP8BD1STtGFzlEmOFk3wgexaYLex6PjyvhxC7eCJEjxMix40kHyYH43UvkX712IHsXZkhdP5DExdOHegGD0oNJeLBLOcGSjWJAmNP4rxAPEEdYxhEnIcw2hf9Ds1jQS4Xi7Wm+XE3jyIIDcAiOgQ7OQRncgDpoAAwewRi8gjflSXlW3pWP6WhGSe/sgx+lfH4BpEuozA==</latexit>

�AB�CD +�BC�AD = �AC�BD

<latexit sha1_base64="uSfoQP/m0+eCwW84YSUSxmZIWmY="></latexit>

|AB| |CD|+ |AD| |BC| = |AC| |BD|

<latexit sha1_base64="IhRtvazwSR/4UqKwis4bYK5OSjw=">AAAB/HicdVBNS0JBFJ1nX2Zflss2QxK0knmSpjuzTUuD/AAVmTfO08F5H8zcF8jT/kqbFkW07Ye06980Tw0q6sCFwzn3cu89TiiFBkI+rNTa+sbmVno7s7O7t3+QPTxq6SBSjDdZIAPVcajmUvi8CQIk74SKU8+RvO1MrhK/fceVFoF/C9OQ9z068oUrGAUjDbK5nuQuzC7rPSVGY5hlDAbZPCmUiF0t25gUyAKGFEukWiHYXil5tEJjkH3vDQMWedwHJqnWXZuE0I+pAsEkn2d6keYhZRM64l1Dfepx3Y8Xx8/xqVGG2A2UKR/wQv0+EVNP66nnmE6Pwlj/9hLxL68bgVvpx8IPI+A+Wy5yI4khwEkSeCgUZyCnhlCmhLkVszFVlIHJKwnh61P8P2kVC3a5ULw5z9fqqzjS6BidoDNkowtUQ9eogZqIoSl6QE/o2bq3Hq0X63XZmrJWMzn0A9bbJxbik8I=</latexit>

|AB|
<latexit sha1_base64="PCJqU3bs7lAVapi07quKmE5IoC4=">AAAB/nicdVBNS8NAEN3Ur1q/ouLJy2IRPJWkaNWDUKsHjxXsB7QhbLbTdulmE3Y3QgkF/4oXD4p49Xd489+YtBGq6IOBx3szzMzzQs6UtqxPI7ewuLS8kl8trK1vbG6Z2ztNFUSSQoMGPJBtjyjgTEBDM82hHUogvseh5Y2uUr91D1KxQNzpcQiOTwaC9RklOpFcc++iLLvXwDVx48vapDCDaxatkjUFniMnln1esbGdKUWUoe6aH91eQCMfhKacKNWxrVA7MZGaUQ6TQjdSEBI6IgPoJFQQH5QTT8+f4MNE6eF+IJMSGk/V+YmY+EqNfS/p9Ikeqt9eKv7ldSLdP3NiJsJIg6CzRf2IYx3gNAvcYxKo5uOEECpZciumQyIJ1UliaQjfn+L/SbNcsiul8u1xsVrL4sijfXSAjpCNTlEV3aA6aiCKYvSIntGL8WA8Ga/G26w1Z2Qzu+gHjPcv8EOS4Q==</latexit>

= 2r�AB



Example: diagonals of pentagon, A2 cluster algebra, and G(2,5) 

A5

A4

A3

A2

A1

<latexit sha1_base64="mYJakb+b/qalmQh1c3Oyg7mgUgc="></latexit>✓
x1 x2 x3 x4 x5
y1 y2 y3 y4 y5

◆

A1A2 A2A3 A3A4 A4A5 A5A6

<latexit sha1_base64="51nkipRfYIM0H9C/jgE7msFRqEw="></latexit>

�1,2,�2,3,�3,4,�4,5,�5,1

<latexit sha1_base64="JVjQUFwuPN2C7iGuCODKRwnCdBM="></latexit>

�1,3,�1,4,�3,5,�2,5,�2,4



A5

A4

A3

A2

A1

x1 x2

c1 c2 c3 c4 c5

<latexit sha1_base64="51nkipRfYIM0H9C/jgE7msFRqEw="></latexit>

�1,2,�2,3,�3,4,�4,5,�5,1

<latexit sha1_base64="dmNHKNVGEGg5tkuDRhH59uxLIxQ=">AAACBnicdVDLSgMxFM34rPVVdSlCsAguypCZTrXdFXXhsoJ9QFtKJs20oZkHSUYow6zc+CtuXCji1m9w59+YPsQHeuDCyTn3knuPG3EmFULvxsLi0vLKamYtu76xubWd29ltyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7Op/4zRsqJAuDazWOaNfHg4B5jGClpV7uoHNBucK9xCoU08LXw0mzGr1cHpmVCnKcEkRmCdm2XdYEFe1yxYKWiabIgzlqvdxbpx+S2KeBIhxL2bZQpLoJFooRTtNsJ5Y0wmSEB7StaYB9KrvJ9IwUHmmlD71Q6AoUnKrfJxLsSzn2Xd3pYzWUv72J+JfXjpVX7iYsiGJFAzL7yIs5VCGcZAL7TFCi+FgTTATTu0IyxAITpZObhPB5KfyfNGzTOjHtKydfPZvHkQH74BAcAwucgiq4BDVQBwTcgnvwCJ6MO+PBeDZeZq0LxnxmD/yA8foB1o+WzA==</latexit>

�1,3,�1,4

<latexit sha1_base64="I2HLZovJr/8A2JdDbDblcMxgMpQ="></latexit>

c1 = |A1A2| , c2 = |A2A3| , c3 = |A3A4|
<latexit sha1_base64="b8qBKex0cJSsgxF0vi26qQbmBxo="></latexit>

c4 = |A4A5| , c5 = |A1A5|

<latexit sha1_base64="zuT9dgP0414Y2AjWD4ufyLJPtJ8="></latexit>

c1 = �1,2, c2 = �2,3, c3 = �3,4

<latexit sha1_base64="8r7gbTiAZe+442BJsOyZ4Qaa2rw=">AAACDXicdVDLSgMxFM3UV62vUZduglVwUcqk9LkQirpwWcE+oB1KJk3b0MyDJCOUYX7Ajb/ixoUibt2782/MtFVU9MCFk3PuJfceJ+BMKst6N1JLyyura+n1zMbm1vaOubvXkn4oCG0Sn/ui42BJOfNoUzHFaScQFLsOp21ncp747RsqJPO9azUNqO3ikceGjGClpb55RIqnvQvKFe5HxVwpzpHS17uUQ3EmQd/MWnnLshBCMCGoUrY0qdWqBVSFKLE0smCBRt986w18ErrUU4RjKbvICpQdYaEY4TTO9EJJA0wmeES7mnrYpdKOZtfE8FgrAzj0hS5PwZn6fSLCrpRT19GdLlZj+dtLxL+8bqiGVTtiXhAq6pH5R8OQQ+XDJBo4YIISxaeaYCKY3hWSMRaYKB1gEsLnpfB/0irkUTlfuCpm62eLONLgAByCE4BABdTBJWiAJiDgFtyDR/Bk3BkPxrPxMm9NGYuZffADxusHnLGYuA==</latexit>

c4 = �4,5, c5 = �5,1
<latexit sha1_base64="afF19W1gmppIzbzEPtAKWGhwjd8="></latexit>

x1 = |A1A3| , x2 = |A1A4|
<latexit sha1_base64="wUXcb0cpjvlnck8s+fCh3OpwWrc="></latexit>

x1 = �1,3, x2 = �1,4



A5

A4

A3

A2

A1
c1 c2 c3 c4 c5

x1 x2’

<latexit sha1_base64="774WKA46i5TOaIxGbOVDU9WbvPw="></latexit>

x20 =
c5x1 + c3c4

x2

<latexit sha1_base64="lTC85psuhh61e47FDcseYwVZVjs="></latexit>

�3,5 =
�1,5�3,4 +�1,3�4,5

�1,4

<latexit sha1_base64="mYJakb+b/qalmQh1c3Oyg7mgUgc="></latexit>✓
x1 x2 x3 x4 x5
y1 y2 y3 y4 y5

◆

<latexit sha1_base64="DqwpvgPUV6vRhoMBw5Ctni1iIcc="></latexit>

|A3A5| = |A1A5| |A3A4|+ |A1A3| |A4A5|
|A1A4|

A5

A4

A3

A2

A1

x1 x2

c1 c2 c3 c4 c5
<latexit sha1_base64="51nkipRfYIM0H9C/jgE7msFRqEw="></latexit>

�1,2,�2,3,�3,4,�4,5,�5,1

<latexit sha1_base64="dmNHKNVGEGg5tkuDRhH59uxLIxQ=">AAACBnicdVDLSgMxFM34rPVVdSlCsAguypCZTrXdFXXhsoJ9QFtKJs20oZkHSUYow6zc+CtuXCji1m9w59+YPsQHeuDCyTn3knuPG3EmFULvxsLi0vLKamYtu76xubWd29ltyDAWhNZJyEPRcrGknAW0rpjitBUJin2X06Y7Op/4zRsqJAuDazWOaNfHg4B5jGClpV7uoHNBucK9xCoU08LXw0mzGr1cHpmVCnKcEkRmCdm2XdYEFe1yxYKWiabIgzlqvdxbpx+S2KeBIhxL2bZQpLoJFooRTtNsJ5Y0wmSEB7StaYB9KrvJ9IwUHmmlD71Q6AoUnKrfJxLsSzn2Xd3pYzWUv72J+JfXjpVX7iYsiGJFAzL7yIs5VCGcZAL7TFCi+FgTTATTu0IyxAITpZObhPB5KfyfNGzTOjHtKydfPZvHkQH74BAcAwucgiq4BDVQBwTcgnvwCJ6MO+PBeDZeZq0LxnxmD/yA8foB1o+WzA==</latexit>

�1,3,�1,4



A5

A4

A3

A2

A1

x1’ x2’’

c1 c2 c3 c4 c5

<latexit sha1_base64="ThtNtdq96kuss8YsxPAtzbooLR0=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgQsIkttruirpwWcHWQhvCZDpth04ezEyEEOqvuHGhiFs/xJ1/46StoKIHLhzOuZd77/FjzqRC6MMoLC2vrK4V10sbm1vbO+buXkdGiSC0TSIeia6PJeUspG3FFKfdWFAc+Jze+pOL3L+9o0KyKLxRaUzdAI9CNmQEKy15Zrl/SbnCXuYc16alOTyzgqxGA1WrNYisGnIcp64JOnHqDRvaFpqhAhZoeeZ7fxCRJKChIhxL2bNRrNwMC8UIp9NSP5E0xmSCR7SnaYgDKt1sdvwUHmplAIeR0BUqOFO/T2Q4kDINfN0ZYDWWv71c/MvrJWpYdzMWxomiIZkvGiYcqgjmScABE5QonmqCiWD6VkjGWGCidF55CF+fwv9Jx7HsU8u5rlaa54s4imAfHIAjYIMz0ARXoAXagIAUPIAn8GzcG4/Gi/E6by0Yi5ky+AHj7ROnaJIv</latexit>

�2,5

<latexit sha1_base64="mYJakb+b/qalmQh1c3Oyg7mgUgc="></latexit>✓
x1 x2 x3 x4 x5
y1 y2 y3 y4 y5

◆

A5

A4

A3

A2

A1

c1 c2 c3 c4 c5

x1’’ x2’’

<latexit sha1_base64="mYJakb+b/qalmQh1c3Oyg7mgUgc="></latexit>✓
x1 x2 x3 x4 x5
y1 y2 y3 y4 y5

◆

<latexit sha1_base64="JSWBy0gAcrtrtaarEaEufoApies=">AAAB/HicdVBNSwMxEM3Wr1q/Vnv0EiyCB1my61bbW1EPHivYWmhLyaZpG5rNLklWKEv9K148KOLVH+LNf2O2raCiDwYe780wMy+IOVMaoQ8rt7S8srqWXy9sbG5t79i7e00VJZLQBol4JFsBVpQzQRuaaU5bsaQ4DDi9DcYXmX97R6VikbjRk5h2QzwUbMAI1kbq2cXOJeUa91Lv2J8W5ujZJeRUq8j3yxA5ZeR5XsUQdOJVqi50HTRDCSxQ79nvnX5EkpAKTThWqu2iWHdTLDUjnE4LnUTRGJMxHtK2oQKHVHXT2fFTeGiUPhxE0pTQcKZ+n0hxqNQkDExniPVI/fYy8S+vnehBpZsyESeaCjJfNEg41BHMkoB9JinRfGIIJpKZWyEZYYmJNnllIXx9Cv8nTc9xTx3v2i/Vzhdx5ME+OABHwAVnoAauQB00AAET8ACewLN1bz1aL9brvDVnLWaK4Aest0+l3JIu</latexit>

�2,4



c1 c2 c3 c4 c5

c1 c2 c3 c4 c5

A5

A4

A3

A2

A1

A5

A4

A3

A2

A1

<latexit sha1_base64="mYJakb+b/qalmQh1c3Oyg7mgUgc="></latexit>✓
x1 x2 x3 x4 x5
y1 y2 y3 y4 y5

◆

<latexit sha1_base64="mYJakb+b/qalmQh1c3Oyg7mgUgc="></latexit>✓
x1 x2 x3 x4 x5
y1 y2 y3 y4 y5

◆

<latexit sha1_base64="8AQhVfgRagcH5Kb14dqaUtj4PbU=">AAAB/HicdVBNSwMxEM3Wr1q/Vnv0EiyCB1my61bbW1EPHivYWmhLyaZpG5rNLklWKEv9K148KOLVH+LNf2O2raCiDwYe780wMy+IOVMaoQ8rt7S8srqWXy9sbG5t79i7e00VJZLQBol4JFsBVpQzQRuaaU5bsaQ4DDi9DcYXmX97R6VikbjRk5h2QzwUbMAI1kbq2cXOJeUa91L32J8W5ujZJeRUq8j3yxA5ZeR5XsUQdOJVqi50HTRDCSxQ79nvnX5EkpAKTThWqu2iWHdTLDUjnE4LnUTRGJMxHtK2oQKHVHXT2fFTeGiUPhxE0pTQcKZ+n0hxqNQkDExniPVI/fYy8S+vnehBpZsyESeaCjJfNEg41BHMkoB9JinRfGIIJpKZWyEZYYmJNnllIXx9Cv8nTc9xTx3v2i/Vzhdx5ME+OABHwAVnoAauQB00AAET8ACewLN1bz1aL9brvDVnLWaK4Aest0+kTpIt</latexit>

�1,4

<latexit sha1_base64="4jxpMnaJZzpAGqFf0lHLsWcjQFs=">AAAB/HicdVDLSgMxFM3UV62vapdugkVwIUNm2mq7K+rCZQX7gLaUTJppQzOZIckIw1B/xY0LRdz6Ie78G9OHoKIHLhzOuZd77/EizpRG6MPKrKyurW9kN3Nb2zu7e/n9g5YKY0lok4Q8lB0PK8qZoE3NNKedSFIceJy2vcnlzG/fUalYKG51EtF+gEeC+YxgbaRBvtC7olzjQeqclqa5BQb5IrJrNVQuVyCyK8h13aohqORWaw50bDRHESzRGOTfe8OQxAEVmnCsVNdBke6nWGpGOJ3merGiESYTPKJdQwUOqOqn8+On8NgoQ+iH0pTQcK5+n0hxoFQSeKYzwHqsfnsz8S+vG2u/2k+ZiGJNBVks8mMOdQhnScAhk5RonhiCiWTmVkjGWGKiTV6zEL4+hf+Tlms7Z7Z7Uy7WL5ZxZMEhOAInwAHnoA6uQQM0AQEJeABP4Nm6tx6tF+t10ZqxljMF8APW2yeiwpIs</latexit>

�1,3



Applications in Scatttering Amplitudes-Adjacency (compatibility)

x5

x4

x3

x2

x1

p1

p2

p3

p4

p5

<latexit sha1_base64="EBxJJ/5B2Dm+u4j0gU6cIj3NloY=">AAACC3icdVDLSgMxFM3UV62vUZduQovgopRJ1aq7ohuXFewD2mHIpJk2NPMgyQhlmL0bf8WNC0Xc+gPu/Bsz7QhV9MDlHs65l+QeN+JMKsv6NApLyyura8X10sbm1vaOubvXkWEsCG2TkIei52JJOQtoWzHFaS8SFPsup113cpX53TsqJAuDWzWNqO3jUcA8RrDSkmOWB57AJEFpIp0EVevpvFWP07SUwzErVs2aAS6QUwtdNBBEuVIBOVqO+TEYhiT2aaAIx1L2kRUpO8FCMcJpWhrEkkaYTPCI9jUNsE+lncxuSeGhVobQC4WuQMGZuriRYF/Kqe/qSR+rsfztZeJfXj9W3rmdsCCKFQ3I/CEv5lCFMAsGDpmgRPGpJpgIpv8KyRjrcJSOLwvh+1L4P+nUa6hRq9+cVJqXeRxFcADK4AggcAaa4Bq0QBsQcA8ewTN4MR6MJ+PVeJuPFox8Zx/8gPH+BbLHl5Y=</latexit>

1

s1,2s1,2,3

x5

x4

x3

x2

x1

p1

p2

p3

p4

p5
<latexit sha1_base64="41x1T3PH6NwJINt1ZmyDE1yRGE4=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARREpJalt1V3TjsoK9QBvKZDpph04mYWYilJB3cOOruHGhiFs37nwbJ22EKvrDwM93zuHM+d2QUaks69PILS2vrK7l1wsbm1vbO+buXlsGkcCkhQMWiK6LJGGUk5aiipFuKAjyXUY67uQqrXfuiJA04LdqGhLHRyNOPYqR0mhgnvQ9gXBsJ7EcxKelapIsgmqpliSFTAOzaJWtmeCCqVn2Rd2GdkaKIFNzYH70hwGOfMIVZkjKnm2FyomRUBQzkhT6kSQhwhM0Ij1tOfKJdOLZTQk80mQIvUDoxxWc0cWJGPlSTn1Xd/pIjeXvWgr/qvUi5Z07MeVhpAjH80VexKAKYBoQHFJBsGJTbRAWVP8V4jHSmSgdYxrC96Xwf9OulO16uXJTLTYuszjy4AAcgmNggzPQANegCVoAg3vwCJ7Bi/FgPBmvxtu8NWdkM/vgh4z3Lw97m6o=</latexit>

1

s3,4

1

s4,5

J. Drummond, J. Foster, and  O. Gurdogan (2017,2018)
Dmitry Chicherin and Johannes M. Henny (2020)



Applications in Scatttering Amplitudes-Dilogarithm Identity
<latexit sha1_base64="Cf7KCemZa8fp53htNmNyhn3Q2pA=">AAACGHicdVDLSgMxFM3UV62vqks3wSIIQp0pWnVRKHXjsoJ9QDsOmTTThmYyQ5IRh2E+w42/4saFIm67829MX1BFD4ScnHMvN/e4IaNSmeaXkVlaXlldy67nNja3tnfyu3tNGUQCkwYOWCDaLpKEUU4aiipG2qEgyHcZabnD67HfeiBC0oDfqTgkto/6nHoUI6UlJ38aOwlNK91QBD0nYRUrvU/ECffSR/3SvKYvmqa5OZx8wSyaE8AFcm5aV2ULWjOlAGaoO/lRtxfgyCdcYYak7FhmqOwECUUxI2muG0kSIjxEfdLRlCOfSDuZLJbCI630oBcIfbiCE3WxI0G+lLHv6kofqYH87Y3Fv7xOpLxLO6E8jBTheDrIixhUARynBHtUEKxYrAnCguq/QjxAAmGlsxyHMN8U/k+apaJVLpZuzwrV2iyOLDgAh+AYWOACVMENqIMGwOAJvIA38G48G6/Gh/E5Lc0Ys5598APG6BsjGJ52</latexit>

yi =
r+nfY

l=1

xBli
l

<latexit sha1_base64="3G9FwBPc1IdgWrqsy/cQH7bGwVQ="></latexit>

y0i =

8
<

:
1/yi k = i

yi
⇣
1 + y

�sgn(Bk,i)
k

⌘�Bk,i

k 6= i
Cluster

<latexit sha1_base64="he/MR5/Gwwcu0Q1eVbBK8DTFHbg=">AAAB8XicdVBNSwMxEJ31s65fVY9egkXwVLLF1vZW9OKxgv3AdinZNG1Ds9klyQpl6b/w4kERr/4bb/4b03YFFX0w8Hhvhpl5QSy4Nhh/OCura+sbm7ktd3tnd28/f3DY0lGiKGvSSESqExDNBJesabgRrBMrRsJAsHYwuZr77XumNI/krZnGzA/JSPIhp8RY6a5HiUg7M9d1+/kCLpaxV6t4CBfxApaUyrhWxcjLlAJkaPTz771BRJOQSUMF0brr4dj4KVGGU8Fmbi/RLCZ0Qkasa6kkIdN+urh4hk6tMkDDSNmSBi3U7xMpCbWehoHtDIkZ69/eXPzL6yZmWPVTLuPEMEmXi4aJQCZC8/fRgCtGjZhaQqji9lZEx0QRamxI8xC+PkX/k1ap6FWKpZvzQv0yiyMHx3ACZ+DBBdThGhrQBAoSHuAJnh3tPDovzuuydcXJZo7gB5y3T1WKkA0=</latexit>X -variables Y-system

<latexit sha1_base64="mwAbsZtEBUFvzhvtQFpBcnfnhAs="></latexit>

L (x) + L (y) + L (1� xy) + L

✓
1� x

1� xy

◆
+ L

✓
1� y

1� xy

◆
=

⇡2

2

<latexit sha1_base64="cAs7pyF1mY8gyL05569UQ5JiglU="></latexit>
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⇡2
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L

 
Y (a)
m

1 + Y (a)
m

!
=

l dim g

h+ l
� r

John Golden, Miguel F. Paulos, Marcus Spradlin, and Anastasia Volovicha(2013)D4 generalization: 40-term identity for Li4 



Y-system and cross ratio

A5

A4

A3

A2

A1

y1,3
y1,4

<latexit sha1_base64="qy+A55erAJJoHIv9S53ANU3J/5A="></latexit>

yij =
(zi � zj�1) (zi�1 � zj)

(zi � zi�1) (zj � zj�1)

<latexit sha1_base64="vRWRdlLQ356L2+LIs/5ABf/0ODY="></latexit>

Yi,j =
�i,j�1�i�1,j

�i,i�1�j,j�1

<latexit sha1_base64="Bm2sEk7rD1uX0M5vCIxPU7Dosjg="></latexit>✓
1 1 1 1 1
z1 z2 z3 z4 z5
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<latexit sha1_base64="Gn7z3ifJsnDfrWCGkINP4hO3hFk="></latexit>
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0

@
1 1 1

z1 + z2 z3 + z4 z5 + z6
z1z2 z3z4 z5z6

1

A

<latexit sha1_base64="6OCtRHQsUcmKGg42sIi51doc8Fg="></latexit>0
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1P
i2I1

zi
...Q

i2I1
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Thank you~~


