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* Introduction

The QCD thermodynamical system at finite temperature (7') and finite chemical potential () is

described by the density matrix

p= e*(f:-’QCD*MNB)/T

Partition function: Z[u, 7] =Trp =), eXP{——Ea _TMNQ}

1. The partition function plays an important role in thermal field theory. From the partition

function one can obtain all thermodynamical quantities and the equation of state (EOS).

2. A neutron star can be approximately regarded as a zero temperature and high density system.
The QCD partition function and EOS at zero 71" and finite p is important for the study of neutron

stars.

Our approach for studying the problem:

Express the physical quantities we want to calculate in terms of various Green functions of
QCD so that the problem reduces to the calculation of these Green functions. These Green
functions can be calculated by various QCD methods/models (the Dyson-Schwinger equations,
hard-thermal-loop/hard-dense-loop approximation, quasi-particle model, etc.)

e |
R |


http://chenwang.nju.edu.cn

* A Formula for the EOS of QCD at Zero T and Finite u

renormalized QCD partition function at zero T and finite y:

Zlu] = /DQRDQRDAR eXp{_SR[QRoQRaAR] +/d4l’ MzzqR(fE)MqR(iC)} (D

Srldr, qr, Agr]: renormalized QCD action in Eucldean space

Zy = Z5(C?* A?): quark wave-function renormalization constant

GEL I
pressure density:
1 wE R |
P(u) = 3; In Z[y] 2)

« | » |

quark number density:
« ||
p(u) = ap(u) = liaz—[ﬂ] B9 R

op  VZu ou
_ 1 ' DGrDgrDAR [ d'vZ5qr(x)v4qr() exp {—Sr(dr, ar, Ar; ]} 3) 5 A
v | DarDgrDAR exp {—Sg[qr, qr, Ar; 1]} 2 FE T

Srlr, qr, Ar; 1] = SrlTr, qr, Ar] — [ d*z pZaGr(v)vaqr(z) x|
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dressed quark propagator at finite p

[ DirDqrDAR qri(2)qr;(y) exp {—Skrldr, qr, Ar; 1]}

G L 4
rijli)(@,y) = | DGrDgrDAR exp {—Sr[dr, qr, Ar; 11])} @

[ DgrDqrDAR [ d*xqr(x)vsqr(x) exp {—Sk(qr, 4r, Ar; 1]}
Tr{G = — 5
PGl [ DgrDqrDAR exp{—Sr[qr, qr, Ar; 1]} ©)

Comparing (3) and (5) gives
Z d*

) = —SATr {Galuln = ~NoNy 2o [ o etn {Gnlil(p) ) ©

p(1) is totally determined by the dressed quark propagator at finite u

Integrating p(u) = BP(“ ) gives

tr{GR[1](p)a}

(7)
Formula (7) 1s formally model-independent. When one actually applies it to calculate the EOS,
one has to resort to various QCD methods/models.

P = Pllco+ [ ) = Plg = NNy 2 [ it [ 2
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* Using Four Different Methods/Models to Calculate the EOS
of QCD at Zero 1" and Finite p

e Dyson-Schwinger Equation (DSE) of QCD
e Hard-Dense-Loop (HDL) Approximation
e Quasi-particle Model

e A Nonperturbative Approach Inspired by Chiral Perturbation Theory (x PT)

For details please refer to the following papers:

DSE:
H. S. Zong and W. M. Sun , The calculation of the equation of state of QCD at finite chemical potential and zero temperature,
Phys. Rev. D78, 054001 (2008).

HDL:
Y. Jiang, H. Li, S. S. Huang, W. M. Sun and H. S. Zong The equation of state and quark number susceptibility in hard-dense-loop

approximation, to appear in J. Phys. G.

Quasi-particle Model:
A. M. Zhao, J. Cao, L. J. Luo, W. M. Sun, and H. S. Zong, The equation of state of quasi-particle model of quark-gluon plasma
at finite chemical potential, Mod. Phys. Lett. A25, 47-54 (2010).

A Nonperturbative Approach Inspired by y PT:
X. Y. Li, X. F. Lu, B. Wang, W. M. Sun, and H. S. Zong, Study of the properties of cold dense nuclear matter based on a
non-perturbative approach inspired by chiral perturbation theory, Phys. Rev. C80, 034909 (2009).
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% DSE of QCD

@*f%
..‘r'..s- =

DSE for quark propagator

il .
=f1< =+ M + 5 “
@ @
=+ M 1 < y v

@< + 1 ex

DSE for quark-gluon vertex

1=
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x Calculation of EOS with Rainbow-Ladder DSE

rainbow-ladder quark DSE at zero u

4
G(p) = Gyt (p) + %gi / (;quleMu(p — )G (@)

where G Y(p) = iy - p + m is the inverse of free quark propagator.

rainbow-ladder DSE at finite p

4
G 0ul(p) = (i p = 1)+ 352 | oz Dol — DGl ®

Adopting the approximation that the dressed gluon propagator is independent of 1 and assuming
the dressed quark propagator is analytic in the neighborhood of 4+ = 0, one can prove

Gr'lul(p) = G5! (B) = iy - pA(F®) + B(5°) 9)

where § = (P, ps + ip), Gz'(p) = iv - pA(p?) + B(p?) is the inverse of the dressed quark
propagator at zero /.
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For details of the proof, please see

H. S. Zong, L.Chang, F.Y. Hou, W.M. Sun, Y.X. Liu, Phys. Rev. C 71, 015205 (2005)

F. Y. Hou, L.Chang, W.M. Sun, H.S. Zong, Y.X. Liu, Phys. Rev. C 72, 034901 (2005)

H. T. Feng, F. Y. Hou, X. He, W.M. Sun, H.S. Zong, Phys. Rev. D 73, 016004 (2006)

H. T. Feng, W. M. Sun, D. K. He, and H. S. Zong, Phys. Lett. B. 661, 57 (2008)

H. T. Feng, M. He, W. M. Sun, and H. S. Zong, Phys. Lett. B 688, 178 (2010)

In the proof we have used the Taylor expansion of Gél[u] (p) around p = 0. In the circle of
convergence of its Taylor expansion (9) holds. But in fact (9) holds in the whole region in the
complex y plane where G'' [12](p) is analytic. This conclusion is based on a theorem in complex
analysis:

Suppose two functions f(z) and g(z) are analytic in a common region D. If these two functions
coincide in some portion D’ C D, then they are equal everywhere in D.
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For the dressed quark propagator at ;» = 0, we take the following model
(R. Alkofer et.al. Phys. Rev. D 70, 014014 (2004).)

Gl = (G 3 i b 10
r(p) = Z5'(¢ );{z’]ﬁ+mj+z’]d+m;} (10)

where m; = a; + ib; are complex mass scales, r; are real coefficients. The renormalization is
chosen at (2 = 16 GeV?.

Grlul(p) = Z57(C%A%) ) {Z ;z:{m- s ﬁzmﬂf}

Jj=1

— 221(62,A2)i{rj(f;ﬂ+mj) +Tj(~iﬂ+m;)} (11)

2 2 2
o pT+m; p* +m;

From this we obtain the quark number density

p(pe)
, it ri(pa + i) ri(pa +ip)
— 4iN,N J J
Z f/ 42{ 2+ﬁ2+(p4+iﬂ)2+mj2

P2+ (pa +ip)? +

4iN,N; / ) pa+ip / ; pa+ip
= E r; [ d : +7r; | d , 12
2m)t &~ |’ pﬁz + (pa + ip)? + m? ! p;ﬁQ + (pg + ip)? + m*2 )
J=1 J
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the calculation of the integral in (12)

+00
P4+ ip » pa+ip
d* : =/d /d :
/pﬁHmHW+M P P oy in)? + m2
—00

the integral of p, can be written as

+00 ] +ootip
/ d D4 + 7Y i / dz %
PP (a2 2+
—00 — 00+

(13) can be calculated by method of contour integral

e

R

(13)
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choose the following rectangular contour

the pole of the function f(z) = ZQH)TZerg in the upper complex z plane:

\/(]324‘04]')24‘5]2—52—04]' \/(]524‘06])24‘6]2"‘]324‘04]

Zj = sgn(—ﬂj) 9 +Z 5
= x;(P) +iw;(p)
where m? = «a; + (i

Jms Iz

LwilP) .z

I

Rez
-R 0 I

(i) p < w;(p) The contour contains no poles, the integral along the contour vanishes. f(z) is an odd

function, the integral along [— R, R] vanishes. So one has

+oo+ip

[ @t =0. p<u®

—0o+1 1
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Lwi(P) .z )

Lez

-R O R

(ii) > w;j(p) The contour contains one pole. According to residue theorem, one has

+oo+ip

_ / dzf(z) = 278 Res(f(2), 2 = 2) = i, g > w;()

—0o0+1ip

(i) , (i1) can be combined to be written as

400 ' +oo+ip
Pa+ :
d = d = —mif(p — w,
/ p4]52+(p4+z',u)2+m? / 2f(2) mif(p — w;(P))
—00 —oo+1p

e

R

Ei7mf9m
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a;j+ Oé?'i‘ﬂjz-

when p < >

when 1 > \/ 25V G (5) < it and only if [] < (12 — 25 — ;)2 So

, one has w;(p) > p irrespective the value of ';

2

—
Q,

+1 . .
s — i [ a6 - (7

P? 4 (pa +ip)? 4+ m3
aj—l-\/a?—i-ﬂ?

B 0, when p < 5
- : 2 » 2132

4n% aj +/0f + f; B2
= —TH(M - 5 )(1? — 4—;2 - aj)3/2 (15)

Make the replacement 3; — —f; in (15), one obtains

: 2 o+ /a2 + (32 2
/d4 o = 0| ) - e a6)

Py (pa+ip)?+m2 3 2 a 42

Substituting (15),(16) into (12) gives

p(p) =

IN.N; <& aj+4/af + 65 2
o > ribln— )42 — 1L — ;)% (17)

3

J=1
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In numerical calculations, one employes three sets of parameters (taken from R. Alkofer et.al.
Phys. Rev. D 70, 014014 (2004)), representing three forms of the quark propagator: three real
poles(3R), two pairs of complex conjugate poles(2CC), one real pole and a pair of complex
conjugate poles(1R1CC)

Parametrization r ap (GeV) by (GeV) ra a; (GeV) by (GeV) ry ay (GeV)
2CC 0360 0351 0.08 140 0.899 0.463

IRICC 0354 0377 e 0146 0.91 0.45 e e
3R 0365 0341 s 1.2 1.31 vy .06 140

the dependence of the quark number density on p

W

P M) (Gev')

“00 0.2 04 08 0.4 1.0 1.2 1.4 1.6 1.8 2.0

1 (Gev)

when p is less than a critical value pg (for 2CC, 1R1CC and 3R parametrizations, tg equals
351 MeV, 377 MeV and 341 MeV, repectively), the quark number density vanishes identically.
[ = [ 18 a singularity.
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It is a model-independent result that some singularity exists at 4 = pgand 7' =0

(see M. A. Halasz et. al. Phys. Rev. D 58, 096007 (1998))

Argument: The QCD partition function is

E, — uN,
7= Y ew{-To e

In the limit 7" — 0, the state with lowest E, — 1N, gives an exponentially dominant contribution
to the partition function.

When p = 0, this is the state with N = 0 and £ = 0, i.e., the vacuum.

Introducing
E

-0
| Na|
When i < p, the state with the lowest £, — N, is still the vacuum. Therefore, at 7' = 0

Mo = ming,

p() =0, < po

For pure QCD (electromagnetic interaction being switched off), o 1s estimated to be

mny—16 MeV

A = 307 MeV (for details, please see the above reference).
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From (17) one can obtain

H 2 2
" 2N Nj <& ajtyfos+ 6\ B .
/0 du'p(p') = Wz_:rj/d//@ p - — 5 (' —4u—,2—04j)/
0

j=1
[ 2 52 7
2NNy % +y/o5+ 5 v B3 3/2
= 372 ;Tae(ﬂ_\—z / du' (p _4,“'2 ;)
o+ a?+l3;‘-’
ON,N; % o +/of + 5
= 3 ;rja M—\f I(w; o, 55).
where I (p; a5, 35) is
I 52 3/2
I(p; 05, 85) = / dy/ (//2_4'“_],2_041')
aj+y/a3+67
S Vi B
3(@32_55)1 \/u2—aj/2—|- oz?+ﬂj2-/2+\/u2—aj/2— a? 4 (32/2
n
16
\/,uQ—aj/2+ 0432.+ﬂ]2-/2—\/,u2—aj/2— of 4+ 62/2
3a,5)] (i + 87 —aj)(u? — y/oF + 87 /2 — a;/2)
+#arctan

(va3 + 87+ a;)(u? + (/a3 + 2/2 — a;/2)

2
B2 /1t — aju? — B3 /4
\/u4—aju2—ﬂ]2/4+§]\/ 2 .

5y

8

2
H 2
+Z\/M4 —op? — B3 /4 -

(18)

e

R

HEormtt9m

B [
£ FE =
x Hl
B i

(19)
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P(11)| =0 can be calculated from thw CJT effective action.

_ d'p [, [A )P+ B(p")] _p’AW@)[AP*) - 1] + B*(’)
P(u)lu=0 = 2NcNf/ (2m)? {1 [ 2 ] P2 A2(p?) + B2(p?) }

= oy [ S Ll (oot + o) )| 114} )

e

HH G(p) = 5 A(p21) 57 = 17 pou(p®) + o5(p°) is the unrenormalized dressed quark propa-

R

gator at ;4 = 0.

For the model quark propagator we use

np np *
2 T Tj 2 WL gy 00 40 T
av(p)=—2( — 4+ *2), as(p>=Z( Lo o) (2D 749 7
‘o \P +m;  pT+my ‘o \P +m;  pT+my -

From (20), (21) and the model parameters given before, one can calculate P ()| 0. LRER
|

B
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Comparison of our EOS with the cold, perturbative EOS of QCD

In E. S. Fraga, R. D. Pisarski, J. Schaffner-Bielich, Phys. Rev. D 63, 121702(R) (2001), the
following EOS was obtained:

Peps(h) = W{l _a(%) -

472 T

a 2 A
G+ N;n2e <11——N>1—
+ fIlW-+ 3 f IllM

@)} e

Here we adopt M S scheme, G = Gy — 0.536Ny + NyIn Ny, Gy = 10.374 £ 0.13, A is the
renormalization subtraction point.

as(A) = in [1 261 In(u) + 4522<(1n(u)—1)2+%—§>]

S| B ow B 2/ " 88 4

where u = In(A*/A2 ), By = 11 — 2N/3, 1 = 51 — 19N;/3, By = 2857 — 5033N;/9 +
325N} /2T.

For Ny = 3, Aj75 = 365 MeV. The ratio A/p is taken to be 2.

EOS (22) is only valid in the chirally symmetric phase (& > p, )

WW$K|
R |

KEEN
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Comparison of our EOS with the perturbative EOS (when making the comparison we have

neglected the constant term P (1) |,—0)

1.2 T T T T T I
free gas
o e e s e g_ e
o8 b g = e .
=
l:LE 06 1
== EOS(18): 2CC
% - EOS(18): 1R1CC
— EDS{18); 3R 7
-------- EOS(22): including lerms
{o arder - -
EOS(22): including terms
to order-c -
02 | i 1 i 1 i [ i [ M
0.5 1.0 1.5 20 25 3.0
o Gev)

e

R

HEoapiHa9m

B [

ERET

X

B



http://chenwang.nju.edu.cn

* Calculation of EOS with HDL Approximation

At sufficiently high chemical potential, the HDL approximation is a good approximation to QCD.

quark propagator in HDL approximation

4 1 ym+ip-y 1 1 y—ip-y
G — et —Zy
r(P) 2 Dy(p) 2 D_(p) 2 ’

(23)

where p = p/|p|, p4 = (2n + 1)7T (n € Z) are the fermion Matsubara freqencies

Ds(p) = —ips£ |71+t 5t [Q0< 7o) Fa(TEt)] e

mqy = g/ (T2 + p2/72) /6 is the quark thermal mass (g is the strong coupling constant)

WW$ﬁ|
R |
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From this one obtains the baryon number density under HDL approximation
a3p 1 1
T) = 2N.N T — 4+ — 25

p(u, T) f/ (27)3 ; [D+ + D_] (25)

The summation over Matsubara frequencies can be calculated by contour integral method

1 1 IPI=in g, 1 171 ipy
“Disc | — + — | = tanh ——
[ ]+/ ISC[D++D_]2 an 5T

rY[5-+ 5
- D_|_ D_ —i|13]—iu 27T
dpy [ 1 1 ] 1 P4
= AL —tanh —. (26)
/01u02 2r | Dy D_] 2 2T i EXd
the integral contour EE T
Tmpy (24
Gy +_ } ) B TH T
—3=T 37T Rep4 B[
—5aT —aT | »T 5xT
- Ca {j > TREEFR
4 x i
1 B H
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The calculation of the integral:
Define

1 1 |1 1
f(p4) = [l)—_i_-FK]—tanhﬁ

2 2T
and closing 'y and (5 with large half circles, one obtains the following

dpy 1 1 1 14 o 1 . )
/C [D+ + D_] itanh ﬁ = %(—27{"6) zj:ReS{f(CJ)}a (27)

1UC2 27T

where (; are the poles of f(p4) located in the imaginary axis. The poles of 1/D_ are

1
= —t(ws +p), Res =14 (28)
Cl ( + :u’) {D+(C1)} +
1
(o =1i(w_-—pu), Res { } =iZ_ (29)
D+ (&) oA OT
and the poles of 1/D_ are o =
1 2REF
(3 =1(wy —u), Res{ }:iZ (30)
3 ( + ) D—(CZ—}) + .

G4 = —i(w- +p), RGS{ ! }:iZ_, (1) B
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w4 (|p])(> |p]) are the solutions of the equations

21+ 171 1( w+) wi + 1P
—1 ==(1-=}In—=—= 32
mg 2 |]7| nw+_|]§1 ( )
Pl(w- -+ 1) 1( w—) W ¥ 17l
1 = - (1+4= ) m—"2 33
mp T 20T e >
il Z [ exe
_ 2
Z.(p) = —wilezﬂ : (34)
q

From these results one can calculate the quasi-particle contribution:

dp4 1 1 1 ip4 1 .
— h—=—(—2 R ; 35) Hxr#woR
Lo 5 |5+ ) 3t 5 = 52 SRS CRREr
J
= —i VA tanhw++ﬂ—|—z’Z tanhw—l—iZ tanhw—l—iZ tanhw__'_'u _
2 [ - 2T ’ o - oT
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The cut contribution can be expressed as

p4E. ipy » .
~/;i|ﬂill 2m b (D+ y D—) - / 7T[p+(w) +p (w)]2 an o7

where p(w, |p]) are the familiar spectral functions of the quark propagator (z = w/|p)):

pr(w, [pl) = 2n[Z+(Ip))o(w — w () + Z=(1P)d(w + w=(1p1))]

2 2 2

am2(1F 2)0(1 — 2?) m m 1+
d lFz+ —2 4+ —L(1Fz)ln
I B T 2 T -
+7T2m3(1 )2 b (36)
Tz :
4[plt

Combining the quasi-particle and the Landau damping contributions one can obtain

ry | = 2 e — i) = ns(er )| + 2 e+ 10 = e = )

1

-5/ Sl + ot = 2o~ ), (37)

where np(w) is the Fermi distribution function

1
exp(w/T)+ 1

np(w) = (38)
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Therefore the quark number density at finite px and 7' is

p(u, T) = 2NcNf/(gng;3{Z+ [np(w+—u)—nF(w++u)]

+Z_ [np(w_ +u) —np(w- — ,u)] }
35 (A g
ey [ ok | ) Clpr@) o @I~ 20— p)]. (39

In the limit of 7" — o0, p tends to the free quark gas result (7, — 1, Z_ — 0 and the integral is
dominated by p ~ w ~ T region)

e

R
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Baryon number density at zero 7" and finite p:

3—»
) = 2NNy [ s = w4) 2y = s = ) 2]
35 1 g
w8y [t [ Solp @) 4o @l -6l o)

EOS under HDL approximation (here the constant term P ()|, is neglected)

w© d?’ﬁ
P = 2NNy [t [ S B0 — w) 2 6 — )2
0 (27)
o d3ﬁ Pl g
/ e . . /
Ny [ [ s [ Soloe(@) bl =20 =) @n RS
&R
——HDL

254 -~ Free Gas

EmHE9T

B [

p(w) (Gev')
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comparison of HDL EOS with the perturbative EOS

1.2 4
1.0
0.8 R —
E oosd
= ' — EOS of HDL
& =+ EOS of FPS o
s e EOS of FPS ~c
¥/ ——- Free Gas
Wi — EOS of DSE, 2CC
/ ——— EOS of DSE, 1R1CC
0.0 —— EOS of DSE, 3R

—
05 10 15 20 25 30 35 40 45 50
u(Gev)
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* Calculation of EOS with the Quasi-particle Model

e Introduction to quasi-particle model

In quasi-particle model, the interacting particle system is effectively regarded as an ideal gas of

non-interacting quasi-particles with temperature and density dependent effective mass.

In quasi-particle model, the quark propagator has the form of a free fermion propagator with the

effective mass
G_l[,u] (ﬁa Wn) =1y-p+ Z"M(‘*"ﬂ + Zﬂ) + m(u, T)

wp = (2n + 1)7T,n € Z are the fermion Matsubara frequencies.

The effective mass is taken to be (X.P. Zhang, M. Kang, X.W. Liu, and S.H. Yang, Phys. Rev. C

72, 025809 (2005)):

N2 -1 u?
2 2 c 2 2
T 1) = aT T N2 (T
m( 7”) a 8NC ( 7_[_2)9 ( 7“)

g*(T, ) is the effective strong coupling constant.

At T = 0, the effective mass and effective strong coupling constant are

9 2
m 167
m* (1) = 5—56°(0, 1), (0, ) = 9 In(2h )2
Tem\A

where the parameters are A = 6.6, T, = 170 MeV, T, = —0.78T.,

In the limit 7" — 0, discrete Matsubara frequency w,, = continuous variable py4

(42)

(43)
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baryon number densdity at zero 7" and finite p

d*p pa+ip
= 4NN ,
plu) =4 f/@m%Lum+wv+mmu

the calculation of the integral

/d4 p4+w /d /d Pa+ip
D Pa=; — 5
P2+ (pa +ip)? + (P4 +ip)* + m(p)

The integral of p4 can be calculated by the contour integral method. The result is

+00
D4+ ipL . N ~
dp . = —mif(p — w;(P, 1)), wi(P,p) = D%+ m(p)?
/ Y52+ (pa +ip)? + m(p)? (b= w;i(Ps ), w;(B; 1) (1)
—o0
Using

(B, 1)) = 1, when |p] < (p? — m(p)?)/?
0, when |p] > (u® —m(p)?)/2.

one obtains

+p : = =
d4 P4 ' = —Tl / dp 0 — Wilp,
/ Do T PO(1 — w; (P} 1))
4 0, when p < m(p)
—1 (1 — m(u)*)P?, when p > m(u)

=~ 00— m() (s — ()
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Thus one has

pi) = —50(1 — m()) (w* - m(p)?)3/? (45)
o
1. 5
f;
) 1
Q
0. 5|
O,‘ ’ ‘ ‘ B
0 0.5 il 1.5 2

u(Gev)
The obtained baryon number density differs significantly with the free fermion gas result. This
difference comes from the chemical potential dependence of the effective mass.

critical chemical potential: pg = 241 MeV, This is comparable to the result ;g = 307 MeV in
M. A. Halasz et. al. Phys. Rev. D 58, 096007 (1998).
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EOS:

P(p) = Pl mp + % /0“ 'O’ — m(p)) (' = m(u')?)*"? (46)

Comparison of the EOS in the quasi-particle model with the perturbative EOS of QCD (the
constant term P (4)| ., is neglected)

1 1.5 2 25 3

1 [
free gas
3 0.9
©0.8
= Y- 9 i E A
= ELEEE
/\\ 0.7+, AR
3
o 0.6} « | » |
0. 5¢ ||
1 1.5 2 2.5 3 |
$36 19T
p(CGev)
E B
The form of the EOS in the quasi-particle model depends on the form of the effective mass in the e
quasi-particle model and the parameters therein. The parameters in the effective mass employed
%

in our calculation has some arbitrariness. It is expected that the result of EOS can give some
constraints on the choice of these parameters. & |
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* Calculation of EOS with a Nonperturbative Approach inspired
by Y PT

x PT is an efficient method of studying the evolution properties of cold, dense strongly

e |

interacting matter with the chemical potential in low energy regime (where chiral symmetry

is spontaneously broken)
« | » |
Limitation of xy P7': itis only valid in the low energy regime. J.A.Oller and E.Oset developed < | > |
a nonperturbative method, extending the idea of y P71 beyond its range of validity. EyAH#T|
(J.A.Oller and E.Oset, Nucl. Phys. A 620, 438 (1997)) 5
2FE
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e Effective chiral Lagrangian at zero 1" and finite baryon chemical potential

baryon number density operator: %qTq

baryon number density: %q*q)

The hadron system can be described by an effective Lagrangian containing all possible terms

consistent with the symmetry principles. One can calculate the vacuum expectation value of

the quark operators from y PT'.

The calculation of (§v,q), (GV57.4), (79).(qV5q) in X PT":

Introducing external fields: a,, v, s, p

CD CD | - _ .
Loe’ = L3P + 3" (vu + 150,)g — T7*(s — i75p)g LELE
In low energy regime the effective Lagrangian contains all possible terms consistent with AR
symmetry principles. The generating functional derived from this Lagrangian is equivalent “« | »
to the generating functional derived from QCD. The vacuum expectation value of the quark < >
current can be obtained by differentiation of the generating functional with respect to the 5 58 77 2 49 7T
external fields. o =
The calculation of baryon number density <%qTq> Py
Introduction of baryon chemical potential: % & |
Introduce the external field b, and do the replacement 0, — 9,9 — B,q = 0,9 — %buq gy |

In the last step of calculation we set b, = 0,04, Where 1, is the baryon chemical potential.

Because of SU(2); symmetry, u, d quark have equal mass and chemical potential.
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baryon number density can be obtained by differentiation of the generating functional:

0Z
<§q > iy 8b0 |b0 —HMb, bi=0 — %

introduction of chemical potential at the nucleon level: in £,y replace 0,7 by

Outh — Outp — iBNbu¢ = Outb — 10outw?)

Effective Lagrangian: for pionic part one only needs to consider the leading order term:

L2 = F—ETT((‘? UorU ) + F—gTr( Ut +Ux™)
T 4 H 4 X X

.= —

IT-T
U=
exp( 7

™

), x =2By(s+ip)

in our calculation p = 0, s = mass matrix of u, d quark

under SU(2)¢, x = 2BoM,, = 2By = M?

for 7N part, to O(p*) order

’Cwljzf o &( J) )@b + 29A¢ /{475¢
LO = a(x)Pw — 12 <uuuy><¢DﬂDw+hc>+ S ) + -
L = —Hbe)ov+-

where
Du¢ a %ZD i i50uﬂb¢ + Fu%
FM : %[u+7 auu]a
uw? = Uu, =w0,Uu"

e |
R |
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The numerical values of m, M., F., ga, c1,co,c3,e1 used in our calculation. The values of

c1, Ca,c3 are the same as those in V. Bernard, Prog. Part. Nucl. Phys. 60, 82, 2007. The values of

m and e; are obtained through fitting the nucleon mass. LESEd

t5 BT
M, [MeV] | m[MeV] | Ex[MeV] | ga c1[GeV 3] | ca[GeV T3] | c3[GeV T3] | e1[GeV 2 -

137 896 92.4 127 | —0.90x 1073 | 3.3x 1073 | —4.7x 1073 | 1x107?

B m
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e The calculation of baryon number density and EOS

LN :7;]%7% K :Z"Y,uau‘F’YO,ub_m"’OA

baryon number density

n(mw) = (3q7q) = 52 [ DPDYDUe S 'okess
= ;2 [ DU(DetK)et [ 42t
= [ DUTrH(K %K)l ks

Where ‘Ceff = £7TN + ‘Cﬂ_' i 8] £ 7@

K,O are the results of the path integral after integrating out the nucleon field. 07 bl

The most important contribution to baryon number density is from 7'r (K ~17y), the contribution
of Tr(K _la%bO) can be neglected.

BamHom

n(pw) = /DUTT(K_l’Vo)eifd%L” B

(4

= _4 /d4pTr(7()S) 2RET
(274) ©

S: nucleon propagator B
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The chemical potential is introduced in Euclidean space, pg is imaginary.

[av=[é7 ] an

When 1 = 0 the baryon number density vanishes, so

(i) = / & / - / T2
(271’4) —1004+ L4y ! —100 0 /ﬁ/ —m— Z(p/)

The integral has the form

the integral path in the complex pg plane:

imip,] A

0\ H Re[p,]
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The usual x P71 requires real momentum. It is unreasonable to extend the results to the complex
plane when singularity apppears according to perturbation theory. So nonperturbative method is

necessary. Here we employ the same method as that in
J.A. Oller and E. Oset, Nucl. Phys. A 620, 438 (1997)

J.A.Oller, E.Oset and J.R.Pelaez, Phys.Rev.Lett.80:3452 (1998)
to calculate the nucleon propagator.

The full necleon propagator satisfy the following DSE:
S =850+ SXS

Sp: free nucleon propagator. X: self-energy

Replacing the full nucleon propagator in the self-energy by the free one, one obtains

1

S=(1-5%)"S=(S5"'1-5%%)"'=—F—
( 02) " So = (g ( 02)) STo%

Y. can be calculated perturbatively with the chiral effective Lagrangian.

the one loop diagrams contributing to ¥ to O(p*) order:

WW$ﬁ|
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explicit expression of the self-energy:

¥ = —detM?+3,+ 3+ 3.+ et MY+ O(p°),
Yo = By(mt H){M+ (m— f) 10},
Tr2 /2
Eb = %{261 i %CQ i 63},
e = —doyM2%e

where d = 4, ' = p + Yopie-

e |

— _ 1 avi-Q® _ o 1 () D
F= 872 1+2a0Q+a? ATCCOS( \/1+2aQ+a2) 1672 1+2aQ+a? (2[7@0& ]‘)’ i B
1 1 2 2 2 -
I( . 2p’2 (p —m +M7T)[+A7T}7
2
A - MM, | »
T = a2,
KNS
a = i
- m? a4 FT 49 F'J'|
0 - P2 —m?— M2 2 2
2m M :
& E
The renormalization scheme we employed is the one based on “Infrared Regularization” pro- Py

posed by Leutwyler et al. (Euro. Phys. J. C 9, 643 (1999)).
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baryon number density:

_ b 4T 0
n(:ub) - (27_‘_4) /de (p’—m—Z(p’))

The integrand has three poles and one branch cut in the complex pg plane.

imip,] A

4 e

R

R S
Y

B [

2RE R
Position of poles: pg = /P> +p2, n=a,b,co p, = 938, pp = 1152+ 337, p. = 1152 —i337 % A
(unit: MeV) B @

The branch cut starts at d, where py = \/p? + (m + M;)2.

HEasmHaom
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results for baryon number density and baryon number susceptibility:

n

7n density from poles density from cut line
1.4 x10
125107 80000
B
14ao 60000
8x10°
6x10° 40000
s
4X1OE 20000
2x10
+ o [MeV ] + s [V ]
800 900 1000 1100 1200 800 900 1000 1100 1200
a b
X[Mev ]
n total density
1.4x107 80000
1.2x10" s
o’ 60000 W [a] E 7
x
8x10°
e 40000
6x10 — B
o #FE A
x 20000
2x10°
+ 1o (MY ] MV
800 900 1000 1100 1200 ? 500 900 1000 1100 1200 "MV
c d

EamH9m

critical chemical potential: y = my = 938 MeV
B [
Discussion: Physically, after considering the binding energy, the value of the critical chemical potential will be less than

938 MeV. In our calculation the pion diagrams are not considered, so we have not revealed this contribution. =Sl

It is expected that when calculating to higher orders, the result will be better. x H

When p, starts to be larger than 938 MeV, our result for the baryon number density is larger than the free nucleon result. When B
up reaches 1152 MeV, the rate of the increasing of n(j;) begins to slow down. This value coincides with the chemical potential

at which the x(up) — s curve shows a peak.
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EOS

OP ()
Hb
P — n curve

1.5x10°_|
S
[} 9
% 1.0 x 10°] Sl E
3
g wE R

5.0 x 10°

T T T T T 1
5.0 x 10° density 1.0x107 15x10

HBa7nHta9m

E B
Our results on the baryon number density and EOS are very similar to the free nucleon approxi-
mation results. We think this explains why one can adopt the almost independent particle model
in the study of nuclear matter. x
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* Summary

e We give a direct method for calculating the EOS of QCD at zero 7" and finite p

e We calculate the EOS of QCD at zero 7" and finite p using four different QCD
methods/models (rainbow-ladder DSE, HDL approximation, quasi-particle model,
a nonperturbative approach inspired by x PT)
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e

Thank You!
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