Strong gravitational lensing and absorption

cross section for black holes
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Introduction

o What is gravitational lensing?

The phenomena that the photons deviate from their straight

path in a gravitational field.

@ What is gravitational lens?

The object which causes a detectable deflection. (such as the

sun, galaxy or black hole.)



Classes of gravitational lensing:
@ Strong gravitational lensing
large deflection angle
@ Weak gravitational lensing
small deflection angle
© Microlensing

change in time



Why gravitational lensing?

@ provide information about the distant stars.

@ test the exotic objects (/ike cosmic strings, gravitomagnetic

mass) in the universe.
© estimate the values of the cosmological parameters.

@ provide a profound verification of alternative theories of

gravity in their strong field regime.



Strong gravitational lensing

source lens observer
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Einstein ring:
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JO73728.45+321618.5 J095629.77+510006.6 J120540.43+491029.3 J125028.25+052349.0

- - - .

J140228.21+632133.5 J162746.44-005357.5 J163028.15+452036.2 J232120.93-093910.2

Einstein Ring Gravitational Lenses
Hubble Space Telescope - Advanced Camera for Surveys

NASA, ESA, A Bolton (Harvard-Smithsonian CfA), and the SLACS Team STScl-PRC0S-32




Einstein cross:




Black hole lensing;:

© Alain Riszuelo, !AP-‘UPMC:CP‘#HS




Black hole lensing:

(a) standard lensing, and (b), (c) to retrolensing.



Black hole lensing:
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Spherically symmetric spacetime

Consider a spherically symmetric spacetime

ds®* = —A(r)dt* + B(r)dr® + C(r)(d6* + sin? 0d¢?), (1)
where

Ar o) = 1-28, @)

Bir—oo) — 1 ¥ (3)

Clr—o0) = r? (4)

Lensing described by this metric correctly matches the weak

gravitational field far from the lensing object.



Equations of motion for photon on the equatorial plane

(0 =m/2)
p = —At = —E = Const, (5)
Do = C¢ = L = Const, (6)
utu, = 0 = Const. (7)
J
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.9 _ - =
" T 4B BC’ )
b= = (10)
= &



Consider the case that a photon incomes from infinity with
the impact parameter u, reaches a minimum distance 1,

then returns to infinity.

I(r)

The deflection angle ---
a( /)

a(rg) = I(rg) —m, (11)

with the total azimuthal angle

o fon =1 [ (2) o

_ 2/00\F\/§. (12)
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Behavior of the deflection angle
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Photon sphere equation

The photon sphere with radius r,s is an unstable circular of

light, which satisfies the three conditions

Versl, =0 (13)
Verlrmr, =0 (14)
o7l rmryy <05 (15)
with effective potential V. ;s = —i? = é—é — %.
e (13) gives the minimum impact parameter ups = i"i:
o (14) leads to the photon sphere equation
ApsChg — Al Cps = 0. (16)

@ (15) is the unstable condition.
D



The deflection angle formula

Define two new variables

Yy = A(T‘), (17)
Y—%Yo
z . 18
- (18)
The total azimuthal angle (12) can be expressed as
1
I(rg) = /R(z,ro)f(z,ro)dz, (19)
0
where
2v/B
R(z,m0) = 255 (L= 10) V/Co, (20)
1
f(z,m0) = : (21)

yo — [(1 — o) 2z + yo- L2



Expanding the argument of the square root in f(z,7y) to the

second order in z (f(z,79) is singular at z = 0):

1

f (Z,To)Nfo(Z,To)Z\/W, (22)
1
OA/ (COAO COA6)7
_ (=)’ 2CoCh AL + (CoC — 2012 yo Al — CoClyo A”
B _W[ 000+<00— o)yoo— 0CoYoAp | -
0“0

Q a#0= f(z,1y) is finite.
Q@ a=0= f(z,r0) is unlimited.

Note: o = 0 = photon sphere equation (16).



Splitting the total azimuthal angle (19) into two pieces

I(ro) = Ip(ro) + Ir(ro), (23)

with divergent part Ip(r9) and regular part Iz(ro)

1
In(ro) = / R(0, 758) fol2, 70)d2, (24)
01
Ir(ro) = /g(z,ro)dz, (25)
0
where
g(Z,’r’o) = R(Z7T0)f(z77'0) - R(O?TPS)fO(Zvro)‘ (26)



Divergent part Ip(r) can be solved exactly,

VB + \/ﬁ
Ip(rg) = R(0, 7ps log 27
Expanding a and 3 to order O(rg — rps), it can be written as
Ip(rg) = —alog < - 1> +bp + O(r9 — 7ps), (28)
T'ps
o — M, (29)
Bps

R(0,rps) 2(1 — yps)
bp = ey, ps). 30
D Bos g A’ Tos ( )
Bps = 5|T:Tps' (31)



Regular part Iz (ro) in powers of (g — rps):

1
> 1 o"g
Z —(rg—r — dz (32)
o [ 73]
n—0 n: o 87"0 TO=Tps
up to order O(rg — 1ps), it is
1
/g 2,7ps)dz + O(rg — Tps), (33)
0
and
br = [R(Tps)a (34)

which can be easily evaluated numerically.



Combing the two parts,

a(rg) = —alog (:0 — 1) +b+ O (ro —1ps), (35)
ps
b = —m+bp+bg (36)

From a(rg) to a(f), the deflection angle a(6)?

a(6) = —alog <9D oL _ 1) +5, (37)

Ups
with the strong deflection limit coefficients

R(0, 7ps)

g = B0 (39)
2/ Bps
T — 2Bps
b = —m+br+alog——. (39)
Yps

'Bozza, PRD 66, 103001 (2002)
D



source lens observer
PIZII]K‘ P]El]'ll‘ p]amt

Dos



Lens equation: 2

D
tan B = tan — —=> [tan(a — 0) + tand]. (40)
Dos
Highly aligned case (5,0 ~ 0)
D
B=0-=2Aa,, (41)
Dos

with Ao, = a — 2n7 and n denotes the number of loops done

by the photon.

2Virbhadra, Ellis, PRD 62, 084003 (2000)



Angular positions

UpsCn (6 - 991) Dos

0,, = 09 42
n= Ot aDrsDor, (42)

Magnification

2
Ups (1+en)Dos
= , 43
Hn = €n EBD?)LDLS ( )
with
02 = Ups (I+e,), e,= ebiém. (44)
Dor,

@ For non-zero [ the first image is the brightest one among
the relativistic images and its brightness decreases

quickly with the increasing of the distance Dg,.

@ It will be no longer valid when 3 = 0.



Observable quantities

Observable quantities:

@ The angular position 0,
@ The angular separation s

© The ratio of the flux 7



Relation between strong field limit coefficients and
observable quantities:3

o 000 - g(p)sL

@ s=01 — O = O’

© 7=pu/ Y0yt =0

Relativistic Images Weak Field
PO — S

Black Hole
Shadow

=72 n=1 n

0

*Bozza, PRD 66, 103001 (2002)
D



Axisymmetric space-time

Kerr black hole pierced by a cosmic string *

oM 2
ds® = — <1— pQT)dt2+pAdr2+p2dz92
2M 2 12
+ B <7’2—|—a2+ W) sin? 9d>?
p
AMrasin?
~ 3 ra sin ﬁdtdgb, 15
2
where
A = r>—2Mr+d? (46)
= 7r°+a”cos”v.

*Wei, Liu arXiv:1107.3023[hep-th]



The photon circle equation in the equatorial plane:

re(20rc — 3)2 — Sﬁaz

with a, = a/2Mphys = a/2M .

0, (48)

TERT
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The deflection angle

(49)
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Behavior of the deflection angle with fixed v = u. + 0.0025
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Magnification:

= A’ A; B (DoL +DL5)2 Ulcey
d’Ag DoLDis  aK(y)’

(50)

with e, = elb+r)/a,



Angular positions of the caustic points:

K (v) = —tu(Dis + Dor)Crn + DoLDyisSy, = 0. (51)

Yk




source lens observer
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Dos



Caustic structure:




Caustic structure:
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Absorption cross section

A measure for the probability of an absorption process.

black hole

material sphere with radius R 26 oulxe) ! ' ! .
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Black hole

o Low energy: ~ Ay

o High energy: oscillates around the geometrical cross

section of its photon sphere



High-energy absorption cross section

e metric (f(r — +o00) — 1)

1
f(r)

e equatorial hyperplane (0; = 7/2)

ds? = —f(r)dt® + ——dr® + r*d00p ), (52)

@ in the eikonal approximation



High-energy absorption cross section

Tabs(W) = Tlim + Tosc, (53)
—‘2bD—2
Olim — Ogeo — (D/2) )
o) = ()P (D — Dy
with
bps = \;’}i, Tps = 1/ fps ;rgs - (54)

e Orbital period: Tps = 27bps

o Geometrical cross section: ogeo




Under metric (52), the strong deflection limit coefficients

ups = L= —F (55)

VFos’

2
a = ,/7, (56)
2fPS ps ;;/s

2
b=-m+bg+aln [2;')5 (1_afps) ] (57)




Relation between high-energy absorption cross section and

gravitational lensing

U

bps = 7"5 (58)
1

Mps = a (59)

or, in terms of the observables

1.

Nps = %hlr, (60)
Do 0o

bps = 2= = 2wATh, (61)

C

AT : time delay between the first relativistic image and the

second one.



New expression: >

p_o2rKIn7 sin(4mwATs )

Oabs (W) = (QWATZI)

\/; ‘ 47T2wAT2’1
9D-2._(3D=6)/2( AT, ,)D—2
T i LR, (62)
I'(3)

Total energy per unit time and energy interval dw is

d2E(w) b1 D=1\ "20us(w) p_,

=|Mnr) 2 I'(—— — w7,
k= () e, (63)

5Wei, Liu et.al., PRD(R) 84, 041501 (2011)



Thanks for your attention!



