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Introduction to the exactly solvable models
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Research object: one-dimensional systems.

Correlation effect: many-body effect induced by the short-range Coulomb repulsion

between electrons.

The correlation effects in low dimensional systems are more prominent.

Many interesting phenomena such as fractional elementary excitations, various

phases of quantum liquids, nonlinear effects, collective modes, critical behaviors are

induced by the strong correlation.
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Methods for many-body systems:

Numerical: Exact diagonalization, DMRG, Monte Carlo, Tensor network, Machine

learning, DFT, MD

Analytical: Mean field, Perturbation, Exact solution

• Due to the strong correlation, many traditional methods such as mean field and

Perturbation are invalid.

• No universal quantum many body theory. Exact solution is a good method.

Actual physical problems ⇒ Exactly solvable models ⇒ Quantitative results

⇑ ⇓
Physical mechanism ⇐ Experiments ⇐ Universal class theory
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• Exact solution can provide the benchmark for many new phenomena and physical

concepts, and check the correction of numerical methods and numerical results.

Examples: 2D Ising model (thermodynamic phase transition), 1D Hubbard model

(Mott insulator), Heisenberg model (spinon, fractional charge), Hydrogen atom

(quantum mechanics).

• It is an important branch of condensed matter physics, statistical physics,

theoretical and mathematical physics.
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Exact solvable model: Quantum spin chain

1921, Stern Grach

• Spin singlet and triplet states, exchanging interactions

~σ1 · ~σ2

• Heisenberg model

H = J
∑
j=1

~σj · ~σj+1

quantum magnetism, anisotropy, quantum phase transition, spinon,

Bethe ansatz
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• Boundary conditions
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• Ising model

• J1 − J2 model

H =
∑
j=1

J1~σj · ~σj+1 + J2~σj · ~σj+2

• Dzyloshinsky-Moriya interaction

H =
∑
j=1

D̂ · (~σj × ~σj+1)

• Chiral three spins interaction

H =
∑
j=1

~σj · (~σj+1 × ~σj+2)
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• Gaudin model

Hi =
∑
j=1

~σj · ~σj

i − j

• Haldane-Shastry model

H =
∑
i,j=1

~σj · ~σj

(i − j)2

J. Cao (IOP) Integrable models 10 / 49



• New model: integrable quantum spin chain with competing interactions

H = Hbulk + HL + HR

Bulk and periodic

Hbulk =
2N−1∑
j=1

{
J1~σj · ~σj+1+J2~σj · ~σj+2 + J3(−1)j~σj+1 · (~σj × ~σj+2)

}
Open boundary

HL =
1− 4a2

p2 − a2
[pσz

1 − a2σz
1σ

z
2 − iapDz

1 · (~σ1 × ~σ2)]

HR =
4a2 − 1

a2ξ2 + a2 − q2

[
q(ξσx

2N + σz
2N)− a2(ξσx

2N−1 + σz
2N−1)(ξσx

2N + σz
2N)

−iaq(ξDx
2N + Dz

2N) · (~σ2N × ~σ2N−1)
]
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• New model: integrable cold atomic models

Particles with δ-function interaction: boson; fermion; mixture

H = −
N∑
j=1

∂2

∂x2
j

+ c
∑
j<l

δ(xj − xl)

Bosons

E. H. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963);

E. H. Lieb, Phys. Rev. 130, 1616 (1963);

Y. Q. Li, S. J. Gu, Z. J. Ying, U. Eckern, Europhys. Lett. 61, 368 (2003).

Fermions

M. Gaudin, Phys. Lett. A 24, 55 (1967);

C. N. Yang, Phys. Rev. Lett. 19, 1312 (1967); Yang-Baxter equation

C. N. Yang, Phys. Rev. 168, 1920 (1968); factorizableof scattering matrix

B. Sutherland, Phys. Rev. Lett. 20, 98 (1968).

Bose-fermi mixtures

C. K. Lai, C. N. Yang, Phys. Rev. A 3, 393 (1971);

C. K. Lai, J. Math. Phys. 15, 954 (1974).
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BoseõEinstein Condensation¶theoryµ1924-1925¶experimentµ1995
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Cold atomic systems in experiments

New integrable model with both contact and spin-exchanging interactions

H = −
N∑
j=1

∂2

∂x2
j

+
N∑
i 6=j

[c0 + c2
~Si · ~Sj ]δ(xi − xj)
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Atoms with arbitrary spin-s

H = −
N∑
j=1

∂2

∂x2
j

+
N∑
i<j

[
c0P

0
ij + c2

2s∑
m=0,2,4,···

Pm
ij

]
δ(xi − xj)

Projector operator

Pm
ij =

2s∏
l=0,6=m

(~Si + ~Sj)
2 − l(l + 1)

m(m + 1)− l(l + 1)

• Spin-1:

c2 = 0, SU(3) symmetry

c0 = c2 = c, SU(2) symmetry, new states of paired Bosons

• Spin- 3
2
:

c2 = 0, SU(4) symmetry

c0 = c
2

and c2 = − 2c
3

, SO(5) symmetry, new elemental excitations such as the

heavy spinons carrying spin 0, 1
2

and 1
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Bethe ansatz

• Hamiltonian

H =
J

2

N∑
j=1

~σj · ~σj+1 + h1σ
z
1 + hNσ

z
N

Generating functional (quantum inverse scattering)

t(u) = tr0{K+
0 (u)T0(u)K−0 (u)T̂0(u)}

T0(u) = R0,N(u − θN)R0,N−1(u − θN−1) · · ·R0,1(u − θ1)

T̂0(u) = R0,1(u + θ1)R0,2(u + θ2) · · ·R0,N(u + θN)

R0,j(u) = u + P0,j = u +
1

2
(1 + ~σ0 · ~σj) =

(
u + 1

2
(1 + σz

j ) σ−j

σ+
j u + 1

2
(1− σz

j )

)

K−0 (u) =

(
p + u

p − u

)
K+

0 (u) =

(
q + u + 1

q − u − 1

)
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Yang-Baxter equation

Reflection equation

[t(u), t(v)] = 0

H = c−1
2

∂ ln t(u)

∂u

∣∣
u=0,{θj}=0

− c0
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• Coordinate Bethe ansatz

1. Reference state

|0〉 = | ↑〉1 ⊗ | ↑〉2 ⊗ · · · ⊗ | ↑〉N

H|0〉 = E0|0〉

2. One spin flipped state

|k〉 =
N∑

x=1

ψ(x)S−x |0〉.

Acting H on the state |k〉, we obtain:

i) When x 6= 1,N,

J[ψ(x + 1) + ψ(x − 1)− 2ψ(x)] + E0ψ(x) = Eψ(x). (1)

Assume

ψ(x) = A+e
ikx + A−e

−ikx . (2)

Substituting (2) into (1), we have

E(k) = 2J(cos k − 1) + E0. (3)

The values of quasi-momentum k are determined by the boundary conditions.
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ii) When x = 1, the eigen-equation becomes

J[ψ(2)− ψ(1)] + (E0 − 2h1)ψ(1) = Eψ(1).

Substituting (2) into above equation, we obtain the relation between A± as

A+

A−
= −1− (1− 2h1/J)e−ik

1− (1− 2h1/J)e ik
. (4)

iii) When x = N, the eigen-equation is

J[ψ(N − 1)− ψ(N)] + (E0 − 2hN)ψ(N) = Eψ(N).

Similarly, we obtain

A+

A−
= −e−2iNk e

−ik − (1− 2hN/J)

e ik − (1− 2hN/J)
, (5)

From Eqs.(4) and (5), we obtain the Bethe ansatz equation

e2iNk =
1− (1− 2h1/J)e ik

1− (1− 2h1/J)e−ik

e−ik − (1− 2hN/J)

e ik − (1− 2hN/J)
.
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3. M spins flipped state

|k1, · · · , kM〉 =
N∑

x1,··· ,xM=1

ψ(x1, · · · , xM)S−x1
· · ·S−xM |0〉.

Assume the wave-function is

ψ(x1, · · · , xM) =
∑
P,Q

∑
rj=±

Ar,Pe
i
∑M

j=1 rPj
kPj

xQj θ(xQ1 < · · · < xQM ).

Using the similar idea as M = 1, we obtain the energy spectrum as

E = −
M∑
j=1

J

λ2
j + 1

4

+ E0,

where the Bethe roots should satisfy the Bethe ansatz equation(
λj − i

2

λj + i
2

)2N

=
λj − i

2
µ1

λj + i
2
µ1

λj − i
2
µN

λj + i
2
µN

M∏
l 6=j

λj − λl − i

λj − λl + i

λj + λl − i

λj + λl + i
,

e ikj = (λj − i
2
)/(λj + i

2
), µ1 = 1− J/h1 and µN = 1− J/hN .
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1. The Bethe ansatz equations can be solved

• numerically: finite system-size

• analytically: thermodynamic limit N →∞
⇒ physical quantities

2. Why is it called exactly solvable?

2N × 2N matrix (exponential wall problem)

⇒ N algebraic equations
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• Algebraic Bethe ansatz

Transfer matrix

t(λ) = tr0{K+
0 (u)T0(u)K−0 (u)T̂0(u)} = tr0{K+

0 (λ)T0(λ)},

where T0(λ) is the double raw monodromy matrix

T0(λ) = (1− λ2)NT−1
0 (−λ)K−0 (λ)T0(λ) ≡

(
α(λ) β(λ)

γ(λ) δ(λ)

)
.

The transfer matrix can also be written as

t(λ) = (q + λ+ 1)α(λ) + (q − λ− 1)δ(λ)

=
q − λ− 1

2λ+ 1
δ(λ) + (

q − λ− 1

2λ+ 1
+ q + λ+ 1)α(λ),

where δ(λ) = (2λ+ 1)δ(λ)− α(λ).
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Reference state:

|0〉 = | ↑〉1 ⊗ | ↑〉2 ⊗ · · · ⊗ | ↑〉N .

Direct calculation gives

γ(λ)|0〉 = 0,

α(λ)|0〉 = (p + λ)(λ+ 1)2N |0〉,

δ(λ)|0〉 = 2(p − λ− 1)λ2N+1|0〉,

α(λ)|0〉 6= 0.

Assume the eigenstate of transfer matrix t(λ) is

| λ1, · · ·λM〉 = β(λ1) · · ·β(λM)|0〉.

Acting the transfer matrix t(λ) on the assumed state

t(λ) | λ1, · · ·λM〉 = [c̄1δ(λ) + c̄2α(λ)]β(λ1) · · ·β(λM)|0〉.
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Reflection equation

R12(λ− µ)T1(λ)R12(λ+ µ)T2(µ) = T2(µ)R12(λ+ µ)T1(λ)R12(λ− µ),

Commutation relations among the matrix elements of monodromy matrix

δ(λ)β(µ) =
(λ− µ+ 1)(λ+ µ+ 2)

(λ− µ)(λ+ µ+ 1)
β(µ)δ(λ)− 2(λ+ 1)

(λ− µ)(2µ+ 1)
β(λ)δ(µ)

+
4(λ+ 1)u

(2µ+ 1)(λ+ µ+ 1)
β(λ)α(µ),

α(λ)β(µ) =
(λ+ µ)(λ− µ− 1)

(λ− µ)(λ+ µ+ 1)
β(µ)α(λ)− 1

(λ+ µ+ 1)(2µ+ 1)
β(λ)δ(µ)

+
2µ

(λ− µ)(2µ+ 1)
β(λ)α(µ),

[β(λ), β(µ)] = 0.
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Finial resluts

t(λ) | λ1, · · ·λM〉 = Λ(λ) | λ1, · · ·λM〉+ unwanted terms.

Eigenvalues

Λ(λ) =

(
q − λ− 1

2λ+ 1
+ q + λ+ 1

)
(p + λ)(λ+ 1)2N

M∏
j=1

(λ+ λj)(−λ− λj − 1)

(λ− λj)(λ− λj + 1)

+2
q − λ− 1

2λ+ 1
(p − λ− 1)λ2N+1

M∏
j=1

(λ− λj + 1)(λ+ λj + 2)

(λ− λj)(λ+ λj + 1)
.

Bethe ansatz equation

(q + λj)(p + λj)

(λj + 1− q)(λj + 1− p)

(
1 +

1

λj

)2N∏
l 6=j

(λj + λl)(λj − λl − 1)

(λj − λl + 1)(λj + λl + 2)
= 1.

Eigen-energy is

E =
1

4pq

dΛ(λ;λ1 · · ·λM)

dλ

∣∣∣∣
λ=0

− 1

2
N.
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Off-diagonal Bethe ansatz: eigenvalues

When the boundary magnetic fields are unparallel,

the general Hamiltonian is

H =
N∑
j=1

~σj · ~σj+1 + h1σ
z
1 + hx

Nσ
x
N + hz

Nσ
z
N

In this case

R0,j(u) = u +
1

2
(1 + ~σ0 · ~σj) ,

K−0 (u) =

(
p + u

p − u

)
, K+

0 (u) =

(
q + u + 1 ξ(u + 1)

ξ(u + 1) q − u − 1

)
.

The spin of quasi-particle could be changed after the boundary reflections. Thus the

particle number of fixed spin is not conserved.

The system is still integrable.

The non-diagonal reflection matrix is the solution of reflection equation.J. Cao (IOP) Integrable models 30 / 49



Quantum integrable models without U(1) symmetry

• Anti-periodic boundaries

• XYZ spin chain, eight vertex model

• Lacking the reference state

Due to the U(1) symmetry-broken, there is no obvious reference state. Traditional

Bethe ansatz does not work. Although the model has been proved to be integrable, the

exact solutions are difficult to be obtained.

• Polynomial analysis

t(u) is a operator polynomial of u with the degree 2N + 2

t(u) = Ô2N+2u
2N+2 + Ô2N+1u

2N+1 + · · ·+ Ô1u + Ô0

Λ(u) = O2N+2u
2N+2 + O2N+1u

2N+1 + · · ·+ O1u + O0

which can be determined by its values at 2N + 3 points.

We need 2N + 3 constraints to determine the values of the coefficients.

J. Cao (IOP) Integrable models 31 / 49



Fusion and operator product identities

t(θj)t(θj − 1) = a(θj)d(θj − 1), j = 1, · · · ,N

In the homogeneous limit {θj = 0}

[t(u)t(u − 1)](n)|u=0 = [a(u)d(u − 1)](n)|u=0, n = 1, · · · ,N

crossing symmetry : t(u) = t(−u − 1)

degree : 2N + 2→ N + 1

constraints : N + 2

asymptotic behavior : t(u)|u→±∞ = 2u2N+2 + · · ·

t(0) = 2 p q
N∏
j=1

(1− θj)(1 + θj)
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• Inhomogeneous T − Q relation with {θj = 0}

Λ(u) = a(u)
Q(u − 1)

Q(u)
+ d(u)

Q(u + 1)

Q(u)
+

2[1− (1 + ξ2)
1
2 ]u2N+1(u + 1)2N+1

Q(u)

Bethe roots

Q(u) =
N∏
j=1

(u − λj)(u + λj + 1)

Bethe ansatz equations

a(λj)Q(λj − 1) + d(λj)Q(λj + 1) = −2[1− (1 + ξ2)
1
2 ]λ2N+1

j (λj + 1)2N+1,

j = 1, · · · ,N
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Eigenstates and separation of variables

Construct the complete bases of the Hilbert space by using the N inhomogeneous

parameters {θj} as

|θp1 , · · · , θpn 〉 = Ā(θp1 ) · · · Ā(θpn )|Ω〉ξ, 1 ≤ p1 < p2 < · · · < pn ≤ N, (6)

〈−θq1 , · · · ,−θqn | =ξ 〈Ω̄|D̄(−θq1 ) · · · D̄(−θqn ), 1 ≤ q1 < · · · < qn ≤ N. (7)

Here the reference is

|Ω〉ξ = ⊗N
j=1|1〉j , ξ〈Ω̄| = ⊗N

j=1〈2|j .

where

|1〉n =

√
1 + ξ2 + 1

2ξ
√

1 + ξ2
| ↑〉n +

1

2
√

1 + ξ2
| ↓〉n, n = 1, · · · ,N,

〈2|n = ξ〈↑ |n − (
√

1 + ξ2 + 1)〈↓ |n, n = 1, · · · ,N.

These states are also orthogonal

〈a|jb〉k = δa,b δj,k , a, b = 1, 2, j , k = 1, · · · ,N.
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The orthogonal and complete bases are obtain based on

t(λ) = K+
11(λ)A(λ) + K+

12(λ) C(λ) + K+
21(λ)B(λ) + K+

22(λ)D(λ)

= K̄+
11(λ) Ā(λ) + K̄+

22(λ) D̄(λ).

According to the possible choices of pn in the right state (6) and the choices of qn in

the left state (7), we obtain

N∑
n=0

N!

(N − n)!n!
= 2N ,

which is exactly the number of the dimension of the Hilbert space of the system. Thus

both the right state (6) and the left state (7) are complete.

For the arbitrary inhomogeneous parameters {θj}, the right and left states are

orthogonal

〈−θq1 , · · · ,−θqm |θp1 , · · · , θpn 〉 = fn(θp1 , · · · , θpn )δm+n,Nδ{q1,··· ,qm};{p1,··· ,pn},

where fn(θp1 , · · · , θpn ) is the normalized coefficient,

δ{q1,··· ,qm};{p1,··· ,pn} =

 1 if {q1, · · · , qm, p1, · · · , pn} = {1, · · · ,N},

0 otherwise,
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Assume the eigenstate of the system is 〈Ψ|, which can be expanded by the complete

bases {|θp1 , · · · , θpn 〉} or {〈−θp1 , · · · ,−θpn |}. The expansion coefficients are

F̄n(θp1 , · · · , θpn ) = 〈Ψ|θp1 , · · · , θpn 〉,

n = 0, · · · ,N, 1 ≤ p1 < p2 < · · · < pn ≤ N.

In order to calculate the values of coefficients, we consider the physical quantity

〈Ψ|t(θpn+1 )|θp1 , · · · , θpn 〉.
Acting the transfer matrix t(θpn+1 ) to the left and to the right, we obtain

F̄n(θp1 , · · · , θpn ) =

{
n∏

j=1

(2θpj + η)Λ(θpj )

(2θpj + η)K̄+
11(θpj ) + ηK̄+

22(θpj )

}
F̄0, (8)

where F̄0 = 〈Ψ|Ω〉ξ is a scalar factor. Therefore, we have retrieved the eigenstates by

using the obtained eigenvalues.
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Now, we construct the traditional Bethe state. Define

B〈λ1, · · · , λN | = 〈0|

{
N∏
j=1

C̄(λj)

(−1)N K̄−21 (λj)d(λj)d(−λj − η)

}
, (9)

where

〈0| = 〈↑ |j ⊗N
j=1 .

Expand the Bethe states by the complete bases, and the coefficients are

B〈λ1, · · · , λN |θp1 , · · · , θpn 〉

=

{
n∏

j=1

(−1)N(θpj + p) a(θpj )d(−θpj − η)
Q(θpj − η)

Q(θpj )

}
〈0|Ω〉ξ,

n = 0, · · · ,N, 1 ≤ p1 < p2 < · · · < pn ≤ N.

Comparing these coefficients with (8), we find that the only difference is a scalar

factor. Therefore, the Bethe state (9) is indeed the eigenstate of the transfer matrix and

Hamiltonian, where the Bethe roots {λj} should satisfy the Bethe ansatz equations.

J. Cao (IOP) Integrable models 37 / 49



Exact physical quantities in the thermodynamic limit

Ground state energy density, elementary excitations, surface energy, free energy at

finite temperature

• Degenerate points, at which the inhomogeneous term in the T − Q relations is

zero

• t −W scheme
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t −W scheme and zero-roots

Main ides of fusion

The R-matrix

R12(u) = u + P12 =


u + 1

u 1

1 u

u + 1

 ,

Properties

regularity : R12(0) = P12,

unitarity : R12(u)R21(−u) = ρ1(u)× id, ρ1(u) = −(u − 1)(u + 1),

crossing − unitarity : R t1
12(u)R t1

21(−u − 2) = ρ2(u)× id, ρ2(u) = −u(u + 2),

Fusion conditions : R12(−1) = −2P
(−)
12 , R12(1) = 2P

(+)
12 .
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Here P
(−)
12 is a one-dimensional projector with the base

|f1〉 =
1√
2

(|12〉 − |21〉).

P
(+)
12 is a three-dimensional projector with the bases

|g1〉 = |11〉, |g2〉 =
1√
2

(|12〉+ |21〉), |g3〉 = |22〉. (10)

The properties of projection operators give

[P
(−)
12 ]2 = P

(−)
12 , [P

(+)
12 ]2 = P

(+)
12 . (11)

The the bases (10) and (11) are complete and orthogonal

P
(−)
12 + P

(+)
12 = 1, P

(−)
12 P

(+)
12 = P

(+)
12 P

(−)
12 = 0.

J. Cao (IOP) Integrable models 40 / 49



If u = ±1, then R12(±1) = ±2P
(±)
12 . From the Yang-Baxter equation, we obtain

P
(±)
12 R23(u)R13(u ± 1)P

(±)
12 ≡ R〈12〉3(u) ≡ R1̄3(u).

1) The operator P
(±)
12 R23(u)R13(u ± 1)P

(±)
12 defined in the tensor space V1 ⊗ V2 ⊗ V3

can be projected into the subspace V〈12〉 ⊗V3, where V〈12〉 ≡ V1̄ is the projected space of

V1 ⊗ V2.

2) The fused R-matrix R1̄3(u) also satisfies the Yang-Baxter equation, which means

that the fusion does not break the integrability.

3) Fusion is used to obtain the high-dimensional representation of certain algebras.

4) If we take the fusion both in auxiliary and in quantum (physical) spaces, from the

resulted R-matrix R〈12〉〈34〉(u) we can construct some new interesting integrable models.

Fusion of the Hubbard model?
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By using fusion, we obtain

t(u)t(u − 1)

= [ρ2(2u − 1)]−1tr12{[P(−)
12 K+

2 (u − 1)R12(−2u − 1)K+
1 (u)P

(−)
21 ]

×[P
(−)
21 T1(u)T2(u − 1)P

(−)
21 ]

×[P
(−)
21 K−1 (u)R21(2u − 1)K−2 (u − 1)P

(−)
12 ]

×[P
(−)
12 T̂1(u)T̂2(u − 1)P

(−)
12 ]}

+[ρ2(2u − 1)]−1tr12{[P(+)
21 K+

2 (u − 1)R12(−2u − 1)K+
1 (u)P

(+)
12 ]

×[P
(+)
12 T1(u)T2(u − 1)P

(+)
12 ]

×[P
(+)
12 K−1 (u)R21(2u − 1)K−2 (u − 1)P

(+)
21 ]

×[P
(+)
21 T̂1(u)T̂2(u − 1)P

(+)
21 ]}

= t1(u) + t2(u). (12)
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The first term is the fusion by the one-dimensional projectors, and the results is the

quantum determinant

t1(u) = tr12{K+

〈12〉(−) (u)T〈12〉(−) (u)K−〈12〉(−) (u)T̂〈12〉(−) (u)}

= [ρ2(2u − 1)]−1h2(u − 1)h1(u)

×
N∏
j=1

(u − θj + 1)(u − θl − 1)(u + θj + 1)(u + θl − 1).

The second term is the fusion by the three-dimensional projectors. Detailed

calculation gives

t2(u) = [ρ2(2u − 1)]−1(−2u2)
N∏
j=1

(u − θj)(u + θj)

×tr12{K+

〈12〉(+) (u −
1

2
)T〈12〉(+) (u −

1

2
)K−〈12〉(+) (u −

1

2
)T̂〈12〉(+) (u −

1

2
)}.
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From Yang-Baxter relations and reflection equations one can prove that the transfer

matrices t(u), t1(u) and t2(u) commutate with each other,

[t(u), t1(u)] = [t(u), t2(u)] = [t1(u), t2(u)] = 0.

Therefore, they have common eigenstates and can be diagonalized simultaneously.
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t −W relation

From Eq.(12), we have the following t −W relation

t(u)t(u − 1) = ∆q(u)× id + d̄(u)W(u), (13)

where ∆q(u) is the quantum determinant.

The transfer matrix t(u) is an operator-valued degree 2N + 2 polynomial of u. The

operator W(u) is an operator-valued degree 2N + 2 polynomial of u.

As we have shown that t(u) and W(u) commutate with each other,

[W(u), t(u)] = 0.

Therefore, they have common eigenstates.

Acting (13) on a common eigenstate |Ψ〉 we have

Λ(u)Λ(u − 1) = ∆q(u) + d̄(u)W (u), (14)

where W (u) is the eigenvalue of W(u).
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Because Λ(u) is a polynomial of u with degree 2N + 2 and satisfies the crossing

symmetry Λ(u) = Λ(−u − 1), we parameterize Λ(u) as

Λ(u) = Λ̄0

N+1∏
j=1

(u − zj −
1

2
)(u + zj −

1

2
), Λ̄0 = 2.

Thus Λ(u) has 2N + 2 roots, zj + 1
2

and −zj + 1
2
. Here we have put all the

inhomogeneous parameters in zero, {θj} = 0.

W (u) is a polynomial of u with degree 2N + 2, and we put

W (u) = W̄0

2N+2∏
l=1

(u − wl), W̄0 = 3− ξ2.

An important fact is that (14) is a degree 4N + 4 polynomial equation and thus

gives 4N + 5 independent equations for the coefficients to determine the N + 1 zj and

2N + 2 wl completely.
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Let u = zj + 1
2

in (14), we obtain

ā(zj +
1

2
)d̄(zj −

1

2
) = −d̄(zj +

1

2
)(3− ξ2)

2N+2∏
l=1

sinh(zj − wl +
1

2
), j = 1, · · · ,N + 1. (15)

Let u = −zj + 1
2

in (14), we obtain

ā(−zj +
1

2
)d̄(−zj −

1

2
) = −d̄(−zj +

1

2
)

×(3− ξ2)
2N+2∏
l=1

sinh(−zj − wl +
1

2
), j = 1, · · · ,N + 1. (16)

Let u = wl in (14) we obtain

4
N+1∏
j=1

(wl − zj −
1

2
)(wl + zj −

1

2
)(wl − zj −

3

2
)(wl + zj −

3

2
)

= ā(wl)d̄(wl − 1), l = 1, · · · , 2N + 2. (17)

Eqs.(15)-(17) are the Bethe ansatz equations. There are 3N + 3 equations and 3N + 3

unknowns.
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• Distribution of zero-roots with finite system-size

• Thermodynamic limit

• Density of zero-roots

• Ground state energy density

• Surface energy

• Free energy at finite temperature
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Summary

• Universal method to exactly solve the quantum integrable systems

• Anisotropic interactions and strongly correlated electronic systems

• Arbitrary integrable boundary conditions

• High spin and high rank (An, Bn, Cn, Dn)

• Non-Hermite physics and integrability (non-Hermite integrable models with

interaction)

Thank you for your attention!
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