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Lü and Pope, arXiv:1101.1971;
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I. Introduction

• Two milestones in modern physics: General Relativity and
Quantum Mechanics

• Incompatibility of GR and QM

• String theory provides an answer

• String theory is too big: a unifying theory that has an ambi-
tion to explain all fundamental forces.

• Standard model is a consistent quantum field theory on its
own.

• Can gravity be quantum consistent on its own?



Quantum Pure Gravity:
Want to Have the Cake and Eat it too

If we want have both

• General coordinate transformation covariance

• Quantum principle

then we must have

Higher-Derivative Gravity

A finite number of higher derivative terms would give

• renormalizability, but

• ghost-like massive graviton unavoidable in general

(K.S. Stelle, 1977)

String theory: becoming renormalizable and ghost-free by having
an infinite number of higher-derivative terms.



Critical Gravity:

Introducing a cosmological constant in higher-derivative gravity,
there exists a critical point in the parameter space such that the
ghost-like massive graviton becomes absent.

Is the theory now ghost-free and renormalizable?



Outline

• Introduction

• Scalar toy mode

• Ghost-free gravity in D = 3

• Critical gravity in D = 4

• Mass and entropy of the Schwarzschild black hole

• Generalize to higher dimensions

• Conclusions



II. Scalar toy mode

L = −1
2(∂φ)2 −m2

0φ
2 + λφ3 + µφ4 + νφ5 + · · · .

Propagator

1

�−m2
0
∼

1

p2 −m2
0

Let us consider two-point functions by n-vertices



n = 3:
一 卜

∼
∫

d4k

[(k − p)2 −m2
0][k2 −m2

0]
∼ 1

renormalizing the bare mass m0.

n = 4:

一 卜

∼
∫ (d4k)2

[k2 −m2
0]3
∼ p2 → φ�φ

renormalizing the kinetic term.

Thus for n ≤ 4, no new counter-terms would arise and the theory
is renormalizabe.



n = 5:

一 卜

∼
∫ (d4k)3

[k2 −m2
0]4
∼ (p2)2 → φ��φ

new higher-derivative structures emerge

Two possible strategies:

(1) Treating this as a new vertex and adding the corresponding
counter term.

The price: There is an infinite number of such new counter terms.

The theory with n ≥ 5 are not renormalizable.



Alternative strategy:

(2) Add this term into the classical Lagrangian and modify the
propagator to the 4’th order

1

(p2 −m2
0)(p2 −m2

1)

∫ (d4k)n−2

(k4)n−1
∼ convergent.

The theory is renormalizable.

BUT

1

(p2 −m2
0)(p2 −m2

1)
∼

1

p2 −m2
0
−

1

p2 −m2
1

The massive mode associated with m2
1 > m2

0 is ghost-like



Ghosts in higher-derivative theory

L = 1
2φ�φ−

1

2α
φ��φ .

Equation of motion

1

α
(�− α)�φ = 0 .

Most general solution: φ = φ0 + φm

• massless mode: �φ0 = 0.

• massive mode: (�− α)φm = 0.

m2 = α > 0, the massive mode is not tachyon.

But the massive mode is a ghost field. Why?



Let us introduce an auxiliary field χ:

L = 1
2φ�φ+ χ�φ+ 1

2αχ
2 .

Integrating out χ gives rise precisely to the previous 4’th order
action.

Let φ = ϕ− χ, we have

L = 1
2ϕ�ϕ−

1
2χ�χ+ 1

2αχ
2 .

Thus we have a massless scalar mode ϕ and massive ghost mode
χ.

Note that whether χ is ghost or not is independent on the sign
choice of α.



General statement for gravity

Graviton hµν = gµν − ηµν interaction:

∂h ∂hh · · · h
arbitrary high vertices: non-renormalizable.

Thus if we add higher-derivative terms to Einstein gravity at the
classical level, we would expect renormalizability, but also the
following:

• The spectrum consists of the massless spin-2 graviton, mas-
sive spin-2 graviton and massive spin-0 trace mode.

• The massless graviton and massive spin-0 are normal and the
massive spin-2 graviton is ghost

• If L → −L, the massive spin-2 graviton becomes normal
and the massless spin-2 graviton and massive spin-0 become
ghosts.



III. Something special in three dimensions

Three-dimensional Einstein gravity has no propagating degrees
of freedom: all massless modes are pure gauge.

Thus higher derivative theory can be ghost-free if (1) reverse the
sign of the action and (2) the massive spin-0 mode decouples.

Counting of degrees of freedom of the massless spin-2 graviton
mode:

D.o.F = 1
2(D − 1)(D − 2)− 1 = 1

2D(D − 3)



Topologically massive gravity (TMG)

L =
√
−gR−

1

µ
(ω ∧ dω − 2

3ω ∧ ω ∧ ω) .

A three-derivative theory

Spectrum contains one massive spin-2 gravity, and hence it is
ghost-free if L → −L.

DJP, 1982

Note: the massless spin-2 graviton is trivial.



New massive gravity

L =
√
−gR+ αR2 + βRµνRµν

A four-derivative theory. Massive spin-0 is a normal mode; mas-
sive spin-2 modes are ghosts.

The mass of spin-0 mode is

m2 =
1

8α+ 3β

Thus if α = −3
8β, the massive spin-0 mode decouples.

The theory is ghost free if we let L → −L.

BHT, arXiv:0901.1766

Note: the massless spin-2 graviton is trivial.



Problems

Sign reversal of the action makes the pure gravity theory ghost
free, but it then becomes impossible to couple to matter.

Black hole (BTZ) will have negative mass.



Chiral gravity in D = 3

Add a cosmological constant to TMG

L =
√
−g(R− 2Λ)−

1

µ
(ω ∧ dω − 2

3ω ∧ ω ∧ ω) .

When Λ = −1/`2 is such that µ` = 1, the massive graviton
becomes massless and pure gauge.

The theory contains (1) trivial massless modes and (2) Log
modes, which may or may not be possible to truncated out by
the boundary condition.

There are no ghost modes even with the standard sign for L.

But the three-dimensional example is rather trivial, with not much
left.

LSS, arXiv:0801.4566



IV. Critical gravity in four dimensions

Lü and Pope, arXiv:1101.1971.

L =
√
−g
(
R− 2Λ + αRµνRµν + βR2

)
Since the Gauss-Bonnet combination is total derivative in four

dimensions, we do not need to consider the Riemann-squared
term.

Equations of motion:

Gµν + Eµν = 0 ,

where

Gµν = Rµν − 1
2Rgµν + Λ gµν ,

Eµν = 2α(RµρRν
ρ − 1

4R
ρσRρσ gµν) + 2βR (Rµν − 1

4Rgµν)

+α (�Rµν + 1
2�Rgµν − 2∇ρ∇(µRν)

ρ)
+2β (gµν �R−∇µ∇νR) .



AdS vacuum:

Rµν = Λ gµν , R = 4Λ , Rµνρσ =
Λ

3
(gµρgνσ − gµσgνρ) .

Note that higher-derivative terms have no effect on the vacuum.
(A feature unique to D = 4.)



Linearizing gravity

Writing the varied metric as gµν → gµν + hµν, and so δgµν = hµν,
we find to first order in variations that

δ(Gµν + Eµν) = [1 + 2Λ(α+ 4β)]GLµν
+α

[
(�−

2Λ

3
)GLµν −

2Λ

3
RL gµν

]
+(α+ 2β) [−∇µ∇ν + gµν � + Λ gµν]RL ,

where GLµν and RL are the linearised variations of Gµν and R:

GLµν = RLµν − 1
2R

L gµν − Λhµν ,

RLµν = ∇λ∇(µhν)λ −
1
2�hµν −

1
2∇µ∇νh ,

RL = ∇µ∇νhµν − �h− Λh .

(We have also defined RLµν, the linearisation of Rµν, and intro-
duced h = gµνhµν.)



Gauge Fixing

For our purposes, it will be convenient to use general coordinate
invariance to impose the gauge condition

∇µhµν = ∇νh .

This is different from the usual De Donder gauge people use in
four-dimensional Einstein gravity

De Donder gauge: ∇µhµν = 1
2∇νh .

The results are really independent of gauge choice; a good gauge
makes calculation simpler.



Spectrum analysis: the spin-0 mode

Spin-0 mode:

0 = gµν δ(Gµν + Eµν) = Λ [h− 2(α+ 3β)�h]

The decoupling of the spin-0 mode:

α+ 3β = 0 .

Now hµν is transverse and traceless.

The original Lagrangian is now

L =
√
−g(R− 2Λ + 1

2αWeyl2)



Spectrum analysis: the spin-2 modes

0 = δ(Gµν + Eµν) =
3β

2

(
�−

2Λ

3

)(
�−

2Λ

3
−M2

)
hµν .

where M2 = 1
3(1
β + 2Λ).

• massless spin-2: (�− 2
3Λ)h(m)

µν = 0 ; d.o.f.: 2

• massive spin-2: (�− 2
3Λ−M2)h(M)

µν = 0 ; d.o.f.: 5

The absence of tachyon instability M2 ≥ 0 requires

0 < β ≤
(
−

1

2Λ

)



Ostrogradsky energy for graviton

Static AdS background:

ds2
4 =

3

(−Λ)

[
− cosh2 ρ dt2 + dρ2 + sinh2 ρ dΩ2

2

]
.

The linearized quadratic action:

I2 = −
1

2κ2

∫ √
−g d4xhµν(δGµν + δEµν)

= −
1

2κ2

∫ √
−g d4x

[
1
2(1 + 6βΛ)(∇λhµν)(∇λhµν)

+3
2β(�hµν)(�hµν) +

Λ

3
(1 + 4βΛ)hµνhµν

]
.

Our goal is to find the energy, i.e. the Hamiltonian.



Using the method of Ostrogradsky for Lagrangians written in
terms of second, as well as first, time derivatives we define the
conjugate “momenta”

π(1)µν =
δL2

δḣµν
−∇0

(
δL2

δ(d(∇0hµν)/dt)

)
= −

1

2κ2

√
−g∇0

(
(1 + 6βΛ)hµν − 3β�hµν

)
,

π(2)µν =
δL2

δ(d(∇0hµν)/dt)
= −

3β

2κ2

√
−g g00 �hµν .

Having the conjugate momenta, we are in the position to write
down the Hamiltonian.



Since the Lagrangian is time-independent, the Hamiltonian is
equal to its time average, and writing it in this way is advanta-
geous because we can then integrate time derivatives by parts.
Thus we obtain the Hamiltonian

H = T−1
( ∫

d4x

[
π(1)µν ḣµν + π(2)µν ∂(∇0hµν)

∂t

]
− I2

)
=

1

2κ2T

∫ √
−g d4x

[
− (1 + 6βΛ)∇0hµν ḣµν

+6β
(
∂

∂t
(�hµν)

)
(∇0hµν)

]
−

1

T
I2 ,

where all time integrations are taken over the interval T .



Review: Ostrogradsky Hamiltonian

Lagrangian L(t, x, ẋ, ẍ, · · · , x(n)), where x can be a multi-variable
and n a multi-index.

Euler-Lagrangian equation:

0 =
∂L

∂x
−
d

dt

(
∂L

∂ẋ

)
+ · · ·+ (−1)n

dn

dtn

(
∂L

∂x(n)

)
.

Momenta

p1 =
∂L

∂ẋ
−
d

dt

(
∂L

∂ẍ

)
+ · · ·+ (−1)n−1 d

n−1

dtn−1

(
∂L

∂x(n)

)
,

p2 =
∂L

∂ẍ
−
d

dt

(
∂L

∂
...
x

)
+ · · ·+ (−1)n−2 d

n−2

dtn−2

(
∂L

∂x(n)

)
,

...

pn =
∂L

∂x(n)
.



Canonical coordinates

q1 = x , q2 = ẋ , · · · , qn = x(n−1) .

Hamiltonian function

H = −L+ p1q2 + p2q3 + · · ·+ p(n−1)q
n + pnx

(n) .

dqj

dt
=
∂H

∂pj
,

dpj

dt
= −

∂H

∂qj
.



Graviton energies

Evaluating this for the massless mode and for the massive mode,
i.e.

• massless spin-2: (�− 2
3Λ)h(m)

µν = 0 ;

• massive spin-2: (�− 2
3Λ−M2)h(M)

µν = 0 ,

we therefore obtain the on-shell energies

Emassless = −
1

2κ2T
(1 + 2βΛ)

∫ √
−g d4x∇0h

µν
(m) ḣ

(m)
µν ,

Emassive =
1

2κ2T
(1 + 2βΛ)

∫ √
−g d4x∇0h

µν
(M) ḣ

(M)
µν .

One of the two modes is ghost like.



Criticality

Critical point:

1 + 2βΛ = 0

The mass of massive spin-2 graviton:

M2 =
1

3β
(1 + 2βΛ) = 0

and the on-shell energy

E = 0



Disappearance of the massive graviton?

What happens to the massive graviton with 5 d.o.f.?

•
(
�− 2Λ

3

)(
�− 2Λ

3 −M
2
)
hµν = 0 : The most general solution

is the superposition of the massless and massive modes.

•
(
� − 2Λ

3

)2
hµν = 0 : The most general solution is the super-

position of the massless and Log modes.

Log modes, with 5 d.o.f., are modes that(
�−

2Λ

3

)
hµν 6= 0,

but (
�−

2Λ

3

)2
hµν = 0

.



Log modes

Background metric

ds2 = − cosh2 ρ dτ2 + dρ2 + sinh2 ρ (dθ2 + sinh2 θ dφ2)

hµν = f(τ, ρ)ψµν

where

f(τ, ρ) = −2i τ − log(sinh(2ρ)) + log(tanh ρ) ,

and

ψττ = −ψτφ = ψφφ = e−i3τ+2iφ sin2 θ sinh−
1
2(2ρ) tanh

5
2 ρ ,

ψτρ = −ψρφ = −icschρ sechρψττ ,

ψτθ = −ψθφ = i cot θ ψττ , ψρρ = −csch2(2ρ)ψττ ,

ψρθ = −2 cot θ csch(2ρ)ψττ , ψθθ = − cot2(θ)ψττ ,

BHRT, arXiv:1102.4091



More on log modes

Log modes can be obtained from

hlog
µν = lim

M→0

h
(M)
µν − h(m)

µν

M2
.

They satisfy

(�− 2
3Λ)hlog

µν = −h(m)
µν .

Their on-shell energy

Elog =
3β

κ2T

∫ √
−gd4x(∇0h

µν
log)ḣ(m)

µν .

For D = 4, the above quantity is positive.



Ghosts in log modes

Most general modes

hµν = c1h
log
µν + c2h

(m)
µν .

The on-shell energy is then given by

E(c1, c2) = c21Elog + 2c1c2Ecross

=
(
c1 +

Ecross

Elog
c2

)2
Elog − c22

E2
cross

Elog
,

where

Ecross ≡
3α

2κ2T

∫ √
−gd4x (∇0h

µν
(m)) ḣ(m)

µν .



Scalar inner products

Let us denote Φ and φ as log and massless modes, then we have

(< Φ|, < φ|)
(

1 α
α 0

)(
|Φ >
|φ >

)
.

Negative norm states are thus unavoidable, unless

we truncate out the log modes by the boundary condition.

(Comment on the special case of D = 3.)

P.R. arXiv:1104.0674



Black hole

The theory admits the Schwarzschild-AdS black hole solution

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

2

where

f = 1−
Λ

3
r2 −

2m

r2

What is the mass of the black hole?

Abbot-Deser procedure: Expressing the Einstein equations of
motion as Eµν = 0, we can expand the equations around the
background, giving ELµν ≡ κTµν, where L denotes the linear part
of the Einstein equations. All the non-linear quantities are lumped
together and expressed as Tµν. Because of the linearized Bianchi
indentity ∇̄µELµν = 0, Tµν is covariantly conserved with respect
to the background metric. Therefore jµ ≡ Tµνξν is a conserved
current, where ξµ is a Killing vector in the background metric.



The mass formula

It turns out that jµ can be expressed as ∇νFµν, where

Fµν = (1 + 2Λ(α+ 4β))Fµν(0) + αF
µν
(1) + (α+ 2β)Fµν(2) ,

and

Fµν(0) = ξα∇[µhν]α + ξ[µ∇ν] h+ hα[µ∇ν]ξα − ξ[µ∇αhν]α + 1
2h∇

µξν ,

Fµν(1) = 2ξ[µ∇ν]RL +RL∇µξν ,

Fµν(2) = −2ξα∇[µ Gν]α
L − 2Gα[µ

L ∇ν] ξα ,

The mass is then given by

E =
1

2κ2

∫
S∞

dSiF0i .



The black hole mass

For the Schwarzschild-AdS black hole, we have

E = (1 + 2Λ(α+ 4β))m

Puzzle: Why does the mass depend on the non-geometrical pa-
rameters such as α and β?

At the critical point: α = −3β and βΛ = −1
2, we have

E = 0



The black hole entropy

Higher-Derivative terms can modify the entropy formula. Wald
gives a general formula

S = −2π
∫ √

hd2x εαβεγδ
∂L

∂Rαβγδ
,

evaluated on the horizon of the black hole. Thus we have

S = (1 + 2Λ(α+ 4β))S0

where S0 is the Bekenstein-Hawking entropy. It follows that the
first-law of the black hole thermodynamics holds, i.e.

dE = TdS .

At the critical point,

S = 0 , E = 0 .



Generalization to Higher Dimensions

Deser, Liu, Lü, Pope, Sisman and Tekin, arXiv:1101.4009,
Phys.Rev.D83:061502,2011.

• Higher-dimensional generalization of extended gravity with
curvature squared terms is straightforward.

• However, the propagators are of fourth order. No use for
renormalizability.

• Renormalizability in gravity in D dimensions requires D’th-
order propagator.

• Works to be done!



Black hole stability

There is no instability associated with exponentially-growing tachyon
modes at a generic point, and hence the solution is stable at the
linearized level.

At the critical point, the ghost massive graviton is replaced by
ghost log modes, which can be removed by the boundary condi-
tion.

LLL, arXiv:1104.2623



Conclusions

Higher derivative gravities with fourth-order propagator at the
critical point of parameter space can be made ghost free by trun-
cating out the ghost log modes. (D = 3 is different.)

What remains:

• trivial: Null quantum massless graviton states only; back
holes with no mass and entropy

• non-trivial: the massless gravitons are not pure gauge; black
holes with non-trivial geometry

Maybe exactly what one needs to have consistent quantum pure
gravity.



Future Directions

• Understanding the physical meaning of the mass in higher-
derivative gravities.

• New black hole solutions?

• Critical Supergravity?

• Log CFT via AdS/CFT?

• D-dimensional critical gravity with D’th-order propagator?

• RG flow and fixed points? (Symmetry enhancement at the
critical point?)


