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Notes

Several fundamental issues have been addressed by
people in this meeting, including:

Rong-Gen Cai Bin Chen Yi-Xin Chen

Miao Ll -Hong Lu

In addition, recently Jianxin & | are working together
on some issues. But, | will not mention all those
important works, instead just concentrate myself on
the issues that | have been working on. So, before
starting, please first let me apologize for that.



|. Introduction

e GR is described by the Einstein-Hilbert action,

_ 4 ./ (4) (4)
Spg = 167TGN/d x\|—g 'R

which is Lorentz invariant:

t — &0(t,x), ' — £t ).

e Weak-field approximations yield,
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l. Introduction (Cont.)

e The graviton propagator is given by

G(w, k) = k—12,
k? = w? — ¢?k?. In the Feynmann
diagram, each internal line picks up
a propagator, while each loop

picks up an integral,

/ dwd3k o k*.



l. Introduction (Cont.)

e The total contribution from one loop and one internal

propagator is
k' 2 = k° — 00, as k — oo.

At increasing loop orders, the Feynman diagrams require
counterterms of ever-increasing degree in curvature = —
Not renormalizable.

e Improved ultraviolet (UV) behavior can be obtained, if
higher-derivative curvatures added. For example, when
quadratic terms, (*) R2, are added, we have
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l. Introduction (Cont.)

e At high energy, the propagator « 1/k%, and the total
contribution from one loop and one internal propagator

NOW IS

E4k—% = k0 = finite,as k — oo.

— The problem of the UV divergency is cured. But two

new problems occur,

1 1 1
k2 — Gynk* kK2 K2 —1/Gy’

1.
K2

1

spin-0 graviton; “R2-1/G

. ghost.



l. Introduction (Cont.)

B. Scalar Field:

e A free scalar field in d 4 1 flat spacetime:
Sy = /dtdd:c (6% 4+ oV20), = (82 —V?)p =0,
which is Lorentz invariant:
t — &0(t,z), ' — £'(t,).

The propagator of the scalar field is,

1

G¢(w7 k) — ?7

= nhot renormalizable !!!



l. Introduction (Cont.)

e Lifshitz scalar & its power-counting Renormalizability [E.m.

Lifshitz, Zh. Eksp. Teor. Fiz. 11, 255; 269 (1941)]:
Sy = [ dtd (q's? — ¢ (=V?)° qb),

z. positive integer. When z > 1, Lorentz invariance is
broken, and ¢ and x have different dimensions,

812 = [V2]" = [K]?%, [dt] = [dx]® = [k] ~.
— Anisotropic scaling. Since |S,| = [1], we must have

[¢] = [da] =D/ = [k]=G=D/2 = [g]]_, = [1].



l. Introduction (Cont.)

e The action is no longer Lorentz invariant:
t — &0, x), x'— &'(t,x).
e Adding various sub-leading (relevant) terms, we have
Sp = [dtd'z {¢? — ¢ [m? = PV + .. + (-V3)7| o},
(—V2)”: marginal, and

[c] = [da/dt] = [dz]* ™% = [k]*~! = [m]F71)/=.



l. Introduction (Cont.)

e Adding interactions, we have
N
Sint = / dtd%zV (¢) = / dtd%s (Z gngbn),
=1

where

fgn] = [K]4H1@2/2, o [ghnt] = (1]
e When z > d, the scalar becomes renormalizable!!!

e For d = 3, the Lorentz invariance is necessarily broken,

in order for the scalar to be renormalizable!



Il. Horava-Lifshitz (HL) theory (p Horava, PRD79 (2009) 084008):

...
e Lorentz Invariance: Lorentz symmetry should appear

as an emergent symmetry at long distances, but can be

fundamentally absent at high energies.

e Observations: The action of the Lifshitz scalar field
involves only quadratic term, ¢2, to avoid the ghost
problem, but must contain higher-order spatial derivative
terms, (V2¢)~, to improve the UV divergency.
Theorefore, renormalizability & non-ghost = only
g7, term appear in the action, but higher-order spatial
derivative terms, (V2g,.,)” with = > d, should be

included.



Il. HL theory (Cont.):

o Assumption 1: Foliation-preserving
Diffeomorphisms. The ADM decomposition,

ds? = —N2dt? + g;; (da’ + N'dt) (dz? + Nidt)

N, N', g;; are the fundamental quantities.

Arnowitt, Deser & Misner



Il. HL theory (Cont.):

e Under this foliation, the symmetry is restricted to
t— f(t), z*— & ).
e Comparing with these in GR, we lose one degree of

gauge freedom: t — f(t,x) = spin-0 graviton. —
e With the foliation-preserving diffeomorphisms, both

KYK,; and K become invariant, so the most general

t

Kij /

Kinetic part of the action now is,

‘CK = gK [KZJKZJ — )\KQ} ; /Zt

while the Lorentz invaraince requires A = 1.




Il. HL theory (Cont.):

e Assumption 2: Projectability condition. The lapse
function IV is function of ¢ only,

N = N(%). (1)

Note that this is a natural but not necessary
assumption, and is preserved by the
foliation-preserving diffeomorphisms.



Il. HL theory (Cont.):

e However, to avoid the inconsistence problem .
Li & Y. Pang, JHEPO08, 015 (2009); M. Henneaux, et al, PRD81, 064002 (2010)],

it is found that it is needed.

e It was found that even without the projectability
condition, the inconsistence problem can be
also avoided by introducing terms of p. Bias, 0. Pujolas,

and S. Sibiryakov, PRL104, 181302 (2010)],

a; = N"Y9.N, (N = N(t,z)).



Il. HL theory (Cont.):

e Assumption 3: Detailed balance condition. Breaking
Lorentz symmetry leads to proliferation of coupling
number. To restrict the number, Horava assumed the

detailed balance condition:

w: coupling constant; G¥7%! the generalized De Witt
metric, Gkl = (gikgil 4 gilgiky /2 — Agiigkl



Il. HL theory (Cont.):

o W, the superpotential,
w3(IM): the gravitational Chern-Simons term,

2
w3(M) =Tr(C Al + gl‘ AN AT).

o In the same spirit of AdS/CFT correspondence

[J.M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998)].

e In non-equilibrium thermodynamics, W, is the
entropy, and £;; corresponds to the entropy

forces [E.p verlinde, arxiv:1001.0785].



Il. HL theory (Cont.):

The Action:
Lo=Lig— LY,
where
Lx = KiK' — \K?,

o 1
L = w? (Rijvkvmﬂf — RjjARY + éRAR> ,

R;;: the 3D Ricci tensor; A = ¢¥/V,;V .



Il. HL theory (Cont.):

.
o Instability of Scalar Field with Detailed Balance
Condition [c. calcagni, PRD81, 044006 (2010)]:

In a FRW background, a test scalar field, u;. = adxy, IS
given by

/!

21.6
ozk a
u%—l—(— 22 —a—l—mQ)uk——O,

which is not stable in the UV where k2 > m?. ~



Il. HL theory (Cont.):

Other problems with detailed balance condition:

e Requires a non-zero (negative) cosmological constant [p
Horava, PRD79 (2009) 084008].

e No Newtonian limit [H. La, J. Mei, and C.N. Pope, PRL103, 091301
(2009); R. G. Cai, L. M. Cao, and N. Ohta, PRD80, 024003 (2009)].

e Breaks the parity in the purely gravitational sector [T. Sotiriou
et al, PRL102 (2009) 251601].

e Makes the perturbations not scale-invariant [x. Gao, et al,

PRD81, 083508 (2010)].



Il. HL theory (Cont.):

All of them can be fixed by softly breaking the

condition [A. Borzou, K. Lin & AW, arXiv:1103.4366]:

To construct the action of a scalar field x, assume that: (i) the
scalar field respects the detailed balance condition in the UV; and

(i) it breaks the condition only softly. Then, consider the action,

_ .
SX—E/dtd tN+/g W(X—szx) | ( . , (2)

where,

1
Wx = —5/653:1: glosx (832 x + ooxAx —mx?],  (3)

m, o; (1 = 2,3): coupling constants.



Il. HL theory (Cont.):

Note: The above action is quite similar to the one
given in [G. calcagni, PRD81, 044006 (2010)], bUt With a fundamental
difference: the sign in front of the super-potential now
IS chosen positive. The main reason is to make the
scalar field stable in the UV, while with the “-” sign it
was already shown that it is not.

After flipping the sign, the resulted action might not have the

desired IR limit.



Il. HL theory (Cont.):

In fact, now we have,
- / dtd?’:cN\/_[ (X — N'V,;x)?

-+ Z BaP4 + m?x?
A=2

where
Py = xAY2%y, Be = 05, Bs = 20503,
B4 = 05, (3= —2mo3, [o= —2moo. (5)

Clearly, the mass term now has a wrong sign. Thanks to the
softly breaking condition, this can be fixed by adding all the
relevant terms into Eq.(4).



Il. HL theory (Cont.):

After doing so, the scalar field can be written in the form,

Sx(N,N',gijox) = [ dtd>zN/gLy, (6)
where
Ly = 2]]:[2 (x — NiViX)Q -V,

Vo= Veo+(3H10) (V0 + 1500 P

+V3 (x) P; 4+ Va (x) P2+ Vs (%) (VX)*P>
+VeP1P2, (7)

V(x), Vu(x): arbitrary functions of , and

Pn =AMy, V= —03. (8)



Il. HL theory (Cont.):

e With this action, we showed explicitly that now
the scalar field is indeed stabilized (A Borzou, k. Lin &

AW, arXiv:1103.4366]. “—

In particular, in the de Sitter background, the
scalar field satisfies the equation,

i, + wiuy = 0,

ox = u/a, and



Il. HL theory (Cont.):

w

> _ 1 {203k°
X az | a®

A
_|_£ KV2+V4_|_2 Ge 2872;;373

2
~— la(1 4+ 2V7) — A(c] — c2)

a

—4rGet(a— A)| + a2V}, (X' =0), (9)

with

3A—1
a3_1—|—47rG02)\

, (A>1).



Il. HL theory (Cont.):

e With softly breaking the detailed balance
condition, all the other problems of the
gravitational sector mentioned above are also
solved. =



lll. Three Major Problems:

o Ghost problem [aw & a. wu, PRDS3, 044025 (2011)]: Consider
the linear perturbations in the Minkowski background,

SN =0, 6N'=0'B, 6gi;; = €5,
the gravitational part of action reads,

2
S = M3 / dtd>z <_§_12P + (a<)2>,

ci = (1 —))/(3Xx—1). No ghosts requires

P)AN>1, or di) A<1/3.

But, )\ is subjected to radiative corrections. It is nor clear
how X\ runs from )\, to \; g, as its RG flows have not

been worked out.



Ill. Three Major Problems (Cont.):

e Strong problem [aw & a. wu, PRD83, 044025 (2011)]: Due to
self-interaction of gravity and its coupling to matter. To

consider this problem, we first write s§2> in its canonical

form,
s = [dta’z [*2 + (802,
where
¢ = 51/2 , t=oaf, z'=alcy|F,
My ‘%‘ o

a = a( My, cy).



Ill. Three Major Problems (Cont.):

e The self-interaction is given by

2 A A 2
~ a2 |2lcyl 2an2 . 2 [0;05 4,
1 .
SEaC e — (1-2]eyf) cc*Q},
2
/\SC — 5 pl ’C¢‘5/2 (10)

Back to the physical coordinates, (¢, z*), we obtain

3/2

/\w — M ~ ‘C¢‘5/2 Mpl? N = /\SC

e ccla

M.

(11)

~ Jey)

AsS A — 1= eyl ~0 = Aw~AN,~0.



Ill. Three Major Problems (Cont.):

e Although strong coupling itself is not a problem,
as long as it is consistent with observations.
But, astrophysical limits require [aw & a. wu, PrDs3,

044025 (2011)]
A — 1|~ 10724

= Fine-tuning problem. —~



Ill. Three Major Problems (Cont.):

o Instability of Spin-0 graviton [aw & R. Maartens, PRDS1,
024009 (2010)]: Consider the linear perturbations in the

Minkowski background,

ON = O, 5N/L — 8iB, 5923 — 21#5@7

Then, 1) satisfies

P+ wive =0,
w,% — —k2|c¢]2 (1 — a1k® + a2k4) . (12)

In the IR, w? ~ —k?|cy|? <0 = Unstable. ~



IV. Blas-Pujolas-Sibiryakov (BPS) Generalization [o.

Blas, O. Pujolas, and S. Sibiryakov, PRL104, 181302 (2010)]:
e

BPS work without the projectability condition, N = N (¢, x), and

include the term

into the action,
Ly = g (KK —AK?) — (£ + £{P + £1?),
Lg/Q) = 2N — R — aaiai, (13)

£§/4): has 9 independent terms; £€/6): has more than 60

iIndependent terms.



IV. BPS Generalization (Cont.):

BPS showed that:

e the spin-0 graviton is stable & ghost-free,
provided that
3x—1
A—1

>1, 0<a<O.

e The strong coupling problem, first found in c.
Charmousis et al, JHEP, 08, 070 (2009)], Can be solved by
properly choosing the coupling constants srs,

arXiv:1007.3503].



IV. BPS Generalization (Cont.):

e The inconsistence problem, found in . ti & v. Pang,
JHEPO08, 015 (2009); M. Henneaux, et al, PRD81, 064002 (2010)], Can be
also addressed (. kiuson, arxiv:1004.3428]. ThiS IS
because: Without the a; terms, the Hamiltonian
constraint has the structure,

2-N =0, (14)

C2: some function of the canonical variables.



IV. BPS Generalization (Cont.):

In general this has the solution V = 0, since
generically €2 = 0. Thus, we have to N = 0O, which
essentially means no real time evolution.

With the a; terms, Eq.(14) gets modified, and now
N # 0, and can be expressed as a function of

canonical variables.



V. BPS Generalization(Cont.):

A problem of the BPS generalization:

e The number of independent coupling constants is
numerous (> 70), and the theory loses its prediction

POWETS [I. Kimpton & A. Padilla, JHEP07, 014 (2010)].

e A possible way out: Detailed balance conditon softly

breaking [AW, in preparation].



V. Horava-Melby-Thompson (HMT) Generalization:

To eliminate the spin-0 graviton, HMT [PRDs2, 064027 (2010)]

iIntroduced two auxiliary fields:
(a) the U(1) gauge field A;
(b) the Newtonian pre-potential ;

so that the symmetry now is extended to

U(1) x Diff(M, F).



V. HMT Generalization (Cont.):

Under Diff(M, F): t — f(t); z* — (C'(t,27), the fields transfer

as
SA = ('V;A+ fA+ fA,

S = fo—+('Vip,
SN = (FVp N+ Nf+ N,
SN; = NpVi¢P + VN, + g;xCF + Nif + Nif,
6g9i; = Vi(;+ VG + £, (15)

where f = df /dt, V;: the covariant derivative with respect to

gij» Ni = 9iiN®; 6955 = Gij (8, 2%) — g5 (¢, 2"), etc.



V. HMT Generalization (Cont.):

Under U (1),
da A

S N*

o — Nivz-oz, dalp = —a,
NV'a, 6agij =0 =daN, (16)

«: the generator.

e The algebra is well defined, and the theory is consistent

[HMT, PRD82, 064027 (2010)].



V. HMT Generalization (Cont.):

e Spin-0 graviton is eliminated [+, PrDs2, 064027
(2010); AW & Y. Wu, PRD83, 044031 (2011)]: [N MinkowsKi

background, considering
SN =0, 6N'=09'B, Jg;j = 25,

we find that , — 0 = 92y, B =964,

Using U (1) gauge freedom, one can always
choose 0 A = 0O, so that

W = B =0.
— Spin-0 graviton is indeed eliminated!!! =



V. HMT Generalization (Cont.):

e Since A\ = 1 in the HMT setup, the strong
coupling and ghost problems (all related to

A # 1) are resolved automatically!!! — —
e But, da Silva [caazs, 055011 (2011)] recently showed

that the introduction of the Newtonian
pre-potential is so powerful that actions with
A #= 1 also has the U(1) symmetry.



V. HMT Generalization (Cont.):

e The spin-0 graviton is eliminated even when
A £ 1.
— for the de Sitter & anti-de Sitter backgrounds

[A. da siva, cQG28, 055011 (2011)]; ~—

— for the Minkowski background [v. Huang & Aw, PRD, in

press (2011) [arXiv:1011.0739]]. ~—



V. HMT Generalization (Cont.):

Note: once \ # 1, the ghost and strong coupling
problems rise again [v. Huang & AW, PRD, in press (2011)

[arXiv:1011.0739]].

e The ghost problem can be solved by assuming,

A> 1.
Certainly, to really solve the problem, one needs
to work out the RG flows.



V. HMT Generalization (Cont.):

e The strong coupling problem can be solved by

the BPS mechanism [aw, in preparation]. The main
idea is the following: By properly choosing the
coupling constants, so that the UV cutoff scale

M., satisfies he pe
M« S /\k, B R
My = min (My, Mp),
k4 k6 ________________________________________

Mg M % (@ ®)



V. HMT Generalization (Cont.):

e BPS showed that [Bprs, arxiv:1007.3503], without the
projectability condition, to be consistent with
observations, M. < 101> ~ 1016 GeV.

e With projectability condition, since the Minkowski
spacetime is not stable, and if it is required that the
instability does not happen within the age of our
universe, for My ~ 0.1eV, one must require [Aw & Q. Wu,

PRDS83, 044025 (2011)],

A—1| < 107%% = Fine-tuning.



V. HMT Generalization (Cont.):

e But, now since the Minkowski spacetime is
stable, similar to the case without the
projectability condition, considered by BPS (srs,
arxiv:1007.3503, ONe would expect that a similar
energy scale for M, would be obtained,

M, < 101° ~ 101° GeVv.

e It Is expected that the detalil will be worked out
soon.



VI. Testing the Theory - Solar System (. creenwald, v.

Satheeshkumar & AW, JCAP12, 007 (2010)]:

Static spherical spacetimes with the projectability
condition can be cast in the form,

ds? = —Pdt® 4 2 (dr + e*Vdt)° 4 r2d’Q,
where
p=npu(r), v=uv(r), N'={"""0,0}.

The corresponding timelike Killing vector is £ = 0.



VI. Testing the Theory - Solar System (Cont.)

Using the U (1) gauge freedom, we can set ¢ = 0O,
and the vacuum solutions are given by

=0
u(r) = 5m{ n /\’r _2A(r)
—I—%/ A(r )d’r}, (17)

for any given A(r), subjected to the Hamiltonian constraint,
/OOO rA'(r)dr = 0. (18)

Thus, the vacuum solutions in HMT setup is not unique.



VI. Testing the Theory - Solar System (Cont.)

...
But, the solar system tests seem to pick up the
Schwarzschild solution uniquely. In fact, writing

w(r), v(r) inthe form,

L= %In {2(;2 [(fﬁf) —(B—") <ngj\f>2+”

v = (y—1) (GM>

62?"

... (19)

the solar system tests require,
v—1=(2.1+2.3) x 107>,
B—-1=(12+1.1)x 107+



VI. Testing the Theory - Solar System (Cont.)

Comparing Eq.(17) with Eq.(19) for A = 0O, we find
that in order to be consistent with solar system tests,
we must assume that

GM)Q'

CQ’F

A(r) = O {(

Then, the Hamiltonian constraint (18) requires
A = 0!

Note: The above is only for A = 1. For A # 1, it has
not been worked out, yet.



VI. Testing the Theory - Cosmological Applications [aw

& Y. Wu, PRD81, 024009 (2010); Y.-Q. Huang & AW, arXiv:1011.0739]:

Cosmological Perturbations:
ds? = a2(n) {—(1 +2¢)dn? + 2Byda’dt
+ [(1 — 2¢)v;5 + 2E|7jj] dxidl‘j} :

¢ = ¢(n); B,, E: all functions of n & x. “|”: Covariant

derivative to ;;. Under U(1), we find,

~ ~

3=¢ E=E ¢=v, B=B--,
a
dp = dp+e€, O6A=06A—¢, (e=—a). (20)



VI. Testing the Theory - Cosmological Applications
(Cont.)

Under D(F, M), we find

= ¢-HL ¢V, =y +H,
B =B+ ¢, E=E-¢
5o = dp— €08, SA=06A—¢OA — YA (21)

The gauge transformations of the whole symmetry is
the linear combination of the two. The total number of
the gauge-invariants is

N =6-3=3.



VI. Testing the Theory - Cosmological Applications
(Cont.)

...
The three gauge-invariant quantities can be

constructed as,

/
b = ¢ a/\/[égp—HO‘—O‘,]
a—@ | a
1
| 5 — HE V(50 — ac).
.(a_@,)g(so #)(0p — ao)
H
w — w_ A/(CSQD—CLO’),
a—
A A+ N
SR Y R il s DA G 0 PP
a— ¢ a-+ ¢

oc=F — B.



VI. Testing the Theory - Cosmological Applications
(Cont.)

e The general expressions for the linear scalar
perturbations have been given in [aw & Y. Wu, PRD81, 024009

(2010); Y.-Q. Huang & AW, arXiv:1011.0739].

e Since the gauge fields A, ¢ do not contribute to the
vector & tensor perturbations, and the latter are the same
as those given in [aAw, PRD82, 124063 (2010)] in the
Sotiriou-Visser-Weinfurtner setup [T. Sotiriou, M. Visser, and S.

Weinfurtner, Phys. Rev. Lett. 102, 251601 (2009)].



VII. Black Holes in the HL Theory . creenwaid, J. Lenelis, J-x. Lu,

V. Satheeshkumar, & AW, in preparation]:

...
Causal Structure with Lorentz Invariance Breaking: In
HL, the dispersion relations of particles usually contain high
order moment terms,

5> 5 | k2 | ]{4
we =k 14 5 1 7l -
Mz Mg

As a result, the speech of light becomes unbounded in the UV [B.
Chen & Q.-G. Huang, PLB683, 108 (2010).] This makes the causal structure

of the spacetimes quite different from that given in GR.



VII. Black Holes in the HL Theory (Cont.)

For example, in Newtonian theory, time is absolute and speeds
of signals are not limited. As a result, the causal structure of a
given point p is uniquely determined by the time difference,

(> 0, past,

Future ‘

At =t,—tqq <0, future, t

‘ Future
| =0, simultaneous. ! /Simfulaneous/

Past

Past
(2) (b)



VII. Black Holes in the HL Theory (Cont.)

...
e Another consequence of the breaking of the Lorentz

Invariance is that free particles now do not follow
geodesics. This immediately makes all the definitions of

black holes given in GR invalid.

e To provide a proper definition of black holes in the HL
theory, kinematics of particles has been studied by
several authors [T. Suyama, JHEP, 01, 093 (2010); D. Capasso and A.P.
Polychronakos, ibid., 02, 068 (2010); J. Alexandre, et al, PRD81, 045002 (2010);
J.M. Romero, et al, PRD81, 065013 (2010); S.K. Rama, arXiv:0910.0411; L.

Sindoni, arXiv:0910.1329].



VII. Black Holes in the HL Theory (Cont.):

e In the following, we shall adopt the approach of Kiritsis
and Kofinas [E. Kiritsis and G. Kofinas, JHEP01, 122 (2010)]: FOr a
scalar field v,

1 . - 2
A = gV, V ;. Then, the K-G equation reads,
1
N\/g

nt = N—1(1,—-N?%). In writing the above, we neglected

Hy = O [v/an” (x — N'V;x)| — F(A)x = 0.

derivatives acting on g;;, as they will be irrelevant in the

approximation of geometric optics.



VII. Black Holes in the HL Theory (Cont.):

.
e To pass to point-like trajectories, we make the

replacement,
1 1
Ot — —po, O; — —Piy
(/ (/
and neglect metric derivatives to obtain the equivalent
Hamiltonian (zero energy) constraint,

]_ ) 2 ..
= —25 (P = N'pi)" + F(O), ¢ =g"pip);
which can be obtained from
1 . i 1
Sp = /o dr |pot + px’ + §6H :

e : the Lagrange multiplier.



VII. Black Holes in the HL Theory (Cont.):

e The classical path equations come from varying

e, t,z", po, p;. Integrating out pg & p;, one gets

2
= e {NfQ e [F(C) — 2¢F'(0)] } (23)
e Interms of ¢, 2", ¢, z* & e, the function ¢ is given by
1 . o .
¢ [F'(O)7 = e—QQij(iz + N't) (27 + Nt),

t = dt/dr, etc.



VII. Black Holes in the HL Theory(Cont.)

e Applying the above to spherical spacetimes,
1
ds® = —N?c2dt? + ; (dr 4+ N"dt)? + r2d?<,

N = N(r), f = f(r), N" = N"(r), the trajectories of
the particle are given by,

N22 _ 2(n=1)/(2n-1)p1/(2n-1) _ (24)
N2j _ 21— N S1/2(2n-1)] _ cE (25
e 7 (25)

E: the total energy of the particle, £'(¢) = (", and
(f« + N”’“i) .

D
ny/ f




VII. Black Holes in the HL Theory(Cont.)

When n = 1, it corresponds to the relativistic case.
Let us first consider this case and see how black holes
are defined. Then, we shall generalize it to the cases

n = 1.
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When n = 1, we have

N?{? —D =0, (26)
. D
NZ?i — N?“J; = ¢E = E. (27)
For N" = 0, the ingoing rays are given by
dr
dt = — :
N/ f

It f = fo(r)(r —rg)%, N = No(r)(r —rg)"2, where
No(rg) #= 0, fo(rg) # 0O, then in the neighborhood of » = r,



VII. Black Holes in the HL Theory(Cont.)

we have

t >~ 1o —

1 2—(g+b) (r — 7qg)l—(a—l—b)/z’ a+b#£ 2,
Nov/ fo

Therefore, when

In(r —ryg), a+b=

a+b> 2, (28)

the time ¢t measured by asymptotically flat observers becomes
unbounded, |t| ~ oo, as r — r4. Hence, the rays are infinitely
redshifted at this surface. This indicates that an event horizon
IS located at » = rg, provided that it is not a spacetime

singularity.
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]
The Schwarzschild solution is,

.
N°=f=1--"2
f T

for which we have a = b = 1, which satisfies the condition (28)
with the equality, so a black hole exists.

When N" £ 0, Eq.(26) yields

f H(r) = N\/Ff + N" = Ho(r — ry)°, we have

€ {115<r—r9>15, 5 # 1,

t =10
| Ho(rg) In(r —ryg), o6 =1,




VII. Black Holes in the HL Theory(Cont.)

Ho(rg) # 0. Clearly, when
§>1,

't| becomes unbounded as » — r¢, that is, an event horizon
might exist.

The Schwarzschild solution in the Painleve-Gullstrand
coordinates is given by

N?=f=1, N"=eg\/ry/r,

e1 = *+1. Then, we findthat H(r) = 1 4 €1./r¢/r. Thus, for the
solution with e; = —1, the time of the in-going null rays becomes
unbounded there. Then, an event horizon is indicated to exist at

r—Tg.
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Kiritsis and Kofinas generalized the above notion of black holes
defined in GR to the cases with non-standard dispersion

relations.

Forn > 2, Egs.(26) and (27) give

where . (r’—l—Nﬂ)l/(”l),
ny/ f
p(r) = ]jf o(r, B) = ENY/(=D), (30)

r' = r/t = dr/dt.
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When N = O, we have

dr

nE(n—l)/n\/TNl/n' (31)

t=to—|-/

Thus, if f has an a-th order zero and N2 a b-th order zero at
r = rqg, the time measured by asymptotically flat observers,

becomes infinitely large at » = r, for

a—l—922. (32)

mn
For the Schwarzschild solution, we have a« = b = 1. Then,

according to the above, » = r, is no more a horizon for n > 2!!!
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When N" # 0, we have

t_m+/HﬁE) (33)

where H(r,E) =n\/fX" 1 - N" (34)

Clearly, now the roots of H(r, £) = 0 depend in general on E,
too, that is, now the location of the horizon depends on the

energy E of the test particles.
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.
if H has ¢-th order zero at r; = r4(M, E), Eq.(33) shows that an
observer-dependent horizon might exist at (), E), provided
that

5> 1. (35)

e Again, it can be shown that the Schwarzschild solution,
N2 = f =1, N" = +,/2M/r, has no horizon for n > 2.

e In fact, most of the solutions found so far do not

represent black holes!!!



VIII. Conclusions & Future Work

Conclusions: The theory now seems very promising,
and offers several very attractive features, such as UV
complete, scale-invariant primordial perturbations can
be produced even without inflation, constant curvature
perturbations are possible at least for a single scalar
field, and so on.

But, it also faces lot of challenges:

e Renormalizability beyond power-counting has not been

worked out.



VIIl. Conclusions & Future Work (Cont.)

e The renormalization group (RG) flow of various coupling
constants has not been investigated. In particular,
recovery of GR in the IR relies on the assumption that the

parameter \ flows to one in the IR.

e The limit of speed is subject to the RG flow, new ideas are
needed in order to ensure that different species including
those in the standard model of particle physics are
somehow related to each other so that their limits of
speed agree with the velocity of light within experimental

limits.



VIIl. Conclusions & Future Work (Cont.)

e Constraints on the breaking of the Lorentz invariance.

e Cosmological applications, such as the early universe,
including inflation, BBN, CMB and large-scale structure

formations.



Thank you!!!



