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1. Introduction



Topological String (TS)

* Toy model of superstring

)

capture some information of superstring on R4 X CY3

*Mirror symmetry

A-model TS {p B-model TS
on CYA ;= t(E) on CYB

t Mirror map g

Kahler moduli Complex moduli



Topological String (TS)

* Toy model of superstring

"In non-compact toric CY,
TS relates some fields

M theory Quantum Mechanics
[Gopakumar, Vafa(1998)] [Grassi, Hatsuda, Marino (2014)]

A model TS B model TS
H(z,y;E) =0

Susy. gauge theory Cond. Mat. Phys.

[Hollowood, Igbal, Vafa(2008)] My talk



2. (Non-perturbative) topological string



B-model TS
Toriccy: uv + H(x,y;E) =0

TS: encoded into the curve, H(x,y;E) =0

HE) = § do y(a: )
O Fo(t) = %daz y(z; )

H=¢"+e’+e " +e7 — [ (t: 9s) 2929 TF(t J
=0

Local P1 X P1



Non-perturbative ??



Non-perturbative ??
Hatsuda, Moriyama, Okuyama(2013)

A-model Topological String
on local P1 X P1

—

ABJM theory

perturbative ]
} + non-pert.

agree



Non-perturbative ??
Hatsuda, Moriyama, Okuyama(2013)

A-model Topological String
on local P1 X P1

perturbative I
pert ] pert +

ABJM theory




Non-perturbative ??
Hatsuda, Moriyama, Okuyama(2013)

A-model Topological String ABIJM th
on local P1 X P1 meon

perturbative
[p_ef } [p_eﬁ non-pert]
@lf agree non-perturbatively

FMP)(t g.) = F(t, g, Fns| —, =
(79) (7g)+27'('1(993 [g NS(gS g8>]

_w hw :
Frs (£, 1) Z Z 4 SlIl 5 (25r + 1))sm( (25r + 1)) J—

2w2sin® ( hg“ )

JL,JR w,d

Non-perturbative completion of topological string



Non-perturbative ??
Hatsuda, Moriyama, Okuyama(2013)

A-model Topological String

on local P1 X P1 ABJM theory

N k /dN Z e(a) N

| [(zilo(p, @)lz0ei))
ocESN 1=1

1 1 1
(QCOSh[%D% (2cosh[E]) (QCOSh[%D% 7

= (e94+eP+e 94e P!
(Mirror curve)*of local P1 X P1
) B-model

p(p,q) = q, p] = 27ik




Non-perturbative from the curve ??

Aganagic, Cheng, Dijkgraaf, Krefl, Vafa(2012), Grassi, Hatsuda, Marino(2014)

H =" +e¥y+e P79 e

+e Y +e Y -E=0

Quantization of the curve

E=e"4+e "+ +e)

Local B3

Quantum mirror map

HE, h)




How to define t(&, h)

Aganagic, Cheng, Dijkgraaf, Krefl, Vafa(2012)

(e“4+e'+e "V +e "+e ' +e Y =E)V(xr) =0

(1) = exp[;S(x h] Zs

_
_ 7{4 95 (z, h)dz

order by order

e +e’+e Y fe "
+e ¥ +e Y -E=0



perturbative
A-model TS
on local P1 X P1

perturbatively

ABJM theory



Non-perturbative Non-perturbative

A-model TS B-model TS
on local P1 X P1 on local P1 X P1
Explicit quantized
computation mirror curve

ABJM theory

generalize

Non-perturbative A/B-model TS
on arbitrary CY



3. Relation



Cond. Mat. Phys.



Cond. Mat. Phys.

Hi, =T+ T) + T, + T

o

+e FT, T, +e2 TiT]

T,T, = e*T,T,

CL,bEZZQ,b#O

a
— O —
¢ =2m



[Hofstadter(1976)]
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0
0 :
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\ Byeibky 0




Electron
on 2d lattice

Htri. :T:E + T:I + Ty + TJ
+e BT, T, + e T T}
T,T, = T, T,

Non-perturbative
Topological string
E=e"+e "+ +e’

e Xty L e XY

[Xa Y] = ih



©
Electron Non-perturbative
on 2d lattice Topological string
Hyi. =Ty + T} + Ty + T E=e"+e "+ +e’
4—6_%TxTy—I—e%TyTT‘,;r + &Y 4 e
T,T, = 6T, T, x,y] =1ih

q5:27r% a,b € Z>0,b# 0

Known results Some implication ???



Electron
on 2d lattice

Htri. :T:E + T:I + Ty + TJ

+e BT, T, + e T T}
T,T, = T, T,

a

¢:27Tg CL,bEZZO,b#O

Known results

Non-perturbative
Topological string

when 7= QW%

}

obtain t(&, h)

in closed form



Electron Non-perturbative
on 2d lattice Topological string

1 ot(E,h = 2ma/b)

—Im

27T o0&




4. Calculation detail



mirror curve & mirror map

E=e¢"+e P +eV+e VeV e Y

1 1
- 72 0:S(z,h)dxr = 27 <n + 5)

1
U(xz,h) = exp [%S(a: h) ] Z Sn(
J. Dunham(1932)

Quantization condition



mirror curve & mirror map

E=e"+e " +elte ¥tV 4e Y

2
Diverge at Nekrasov-Shatashvili(2009)

h=2ma/b

1
8tFNs(t, h) — 27 (TL - —>

Fas(t, ) = Z ZN;?L szm( 27z —|—1))831n7g > (2]R+1)) J——

2w?2sin (Tw)

jLajR w7d



mirror curve & mirror map

E=e"F+e T +eV+e VeV fe ¥

conjecture

~ 7z 1
Oy FNs(t; B) + Oz Fns(t;h) = 27 (n + 5)
Wang, Zhang, Huang(2015)
~ 27‘( - 47T2
P=Tp b=

sin(22(257, 4+ 1))sin(22 (2jr + 1)) _, 4
FNS(ta h) — Z ZNJC.lL JR 2w2sin (ﬁTwQ) e



mirror curve & mirror map

E=e"4+e T 4+eV+e V4et¥pe ¥V

conjecture |
atFNs(t; h) + a{FNS (g, ﬁ) = 27 (n + —>

2
s M : —
Invariantunder ¢t <> t, h < h




mirror curve & mirror map

E=e"+e " +elte ¥tV 4e Y

~ 7 1
Oy FNs(t; B) + Oz Fns(t;h) = 27 (n + 5)

7
Mirror curve parametrized by (A, &)

t(&E,h) = 7{ 0:5(x, h)dx, ¥(x, h) = exp
A !




mirror curve & mirror map

~ ~

E=e"4+e T 4+eV+e V4PtV pe o7V

Oy Fns(t; h) + 0;Fns(t; h) = 27
N\

)= § 0:5(.F)

~

h)dz, U(z

 h) = exp

(n+

Mirror curve parametrized by (i, &

1

2

N—"




mirror curve & mirror map

E=ec"+e T 4e¥V+e VetV fe 7Y
- 1
atFNs(t, h) -+ QEFNS (t; h) — 27 (n + 5)
7 N
(R, £)-mirror curve (h, ) -mirror curve
t =¢t(€,h) t =t(E,h)
-~ 2
t = —1



mirror curve & mirror map




mirror curve & mirror map

E=¢e"+e "F+el+ed+eTV e
E=c"te T teVl e ¥4tV p o7
~ = 1
atFNs(t, h) —+ agFNs(t, h) = 27 (n -+ 5)
a 5 - 2T - Arx? )
t(&,h) = —1t(€,h), h=—
( ) ) h ( ) )7 h
t(E,h) =t(E,h+4n)
N /




mirror curve & mirror map
Amr?

h

5 = 27

HER) ==
HE,R) = t(E, h+ 4n)

t(E,h), h=




mirror curve & mirror map
tHE, 2ma/b) = %t(é, orh/a) S

tHE, 2ma/b) = t(E, 2m(a/b £ 2))

h—ore
i

e.g.)a=2, b=5
2 3, 1

T

classical

2mM - — = 21— = 21— = 2w-2—0
5 2 2

S T S

T



mirror curve & mirror map

tHE, 2ma/b) = %t(é’, orh/a) S

HE 2malb) = t(E,2n(a/b+2)) T
h = QWE

b
v
1 .
t(&€,2ma/b) = gt(c‘f,()) ab € 27

~

E = Fa/p(E) : polynomial of degree-b



Mirror map

{E. 2ma/b) = %5(5,0)

g — Fa/b(g)

Furp(E) = Dyp(€) +2{1 + (—1)lo b 4 (—1)°}

Da/b(g) — det

Aj = 2(:03(

(A1+5 By

o o
\ B, 0
2ma)

0

Bf A+ E By -

ab € 27,

0 0
0 0

- By 5, A1 +E
0 By,

B;j\

0

B :_
Abb+1'5/)




Mirror map

ot(&;2ma/b)
o0& B

2F () K( 16+/3 - F(€) )
Wb\/]:Z 124831 F@E) \FE) 12483+ F(6)/)

F(&) = (1) Fapp(€)

exact form
Hatsuda-YS-Xu(2017)

obtain Hofstadter butterfly from it



Summary

1 Im[at(g,ha:gzm/b)]

2T

From Cond. Mat. Phys. to String



Future work

Higher genus mirror curve ?7?

Non-Hermitian ??

From string to cond.mat.phys ??

End.



