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—ffective field theories (EFTs)

+ EFTs are widely used in modern physics
GR, inflation, dark energy, BSM physics, ...

- Separation of physics at different scales

write down all local operators consistent
with symmetries suppressed by cut-off scale

& ZA4fi o (boson, fermion, 0)

A A3/2 A

f: : Wilson coefficients



Are all EFTs allowed?

Answer: No!

Not every effective field theory can be UV completed!
(Not every set of Wilson coefficients are allowed!)

o7 Sullight] — J D[heavy] ewSuvliightheavy]

Lorentz invariance, unitarity, locality,
causality, analyticity, crossing symmetry,...

\

Positivity bounds on Wilson coefficients

UV completion satisfies:




Simplest example: P(X)

L = — 00+~ (0,00 ) +

Positivity bound: 4> 0

Theories with 4 < 0 do not have a local and
Lorentz invariant UV completion



Outline

- Positivity Bounds for Spin 0: Main idea
- Positivity Bounds for Spin >0: Subtleties

- Applications in Some low energy EFTs:
- Galileon (spin 0), SMEFT (spin 1), Massive gravity (spin 2)

- Summary



2 10 2 scattering

Mandelstam variables

S = _(pl + p2)2 — E?m
s — Am? o)

t= (o +p0)? = =2 (1~ cos) (V)

w=—(p1 +ph)* =4m? —s—t

A(s, 1) Im(s) :le
—t | m? 4m?
e Resy  Crossing symmetry

A(s,t) = A(u,t)




Optical theorem

Unitarity:

STS =1, S=14+iT — (T —T") =TT

Acting initial and final states:

(FITIT) — (I|TF)* =Y / HITIF) (1T

f
ks ko v . k2
Optical theorem:  2mm :Zf:/ o (zb :.é f) (f Ei‘*)
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Im[A(s,0)] = /s(s —4m2)o(s) > 0




Partial wave unitarity

Partial wave expansion:

Als, t) = 167r\/ - 5 Z(Ql + 1) Pi(cos B)a;(s)

| s —4dm
=0

Partial wave unitary bounds:
0 < |ai(s)]* < Imay(s) <1

Also 0]'Pi(1+t)|i=0 > 0 , we get

o
otm

Im[A(s,t)]| >0 Vn>0 and s> 4m?
t=0



Analyticity

Fixed t:

ImA(s, 1) L
Fixed s: / \

Key ingredient 1: g?lm[A(s,t)] >0 V s>4m”,0<t<4m?

Martin, 1965




Dispersion relation (1)

A(s'
A(s, t) = if{is' (s ),
C

271 s’ — s

!
A(s' 1
S I A +/ ds’ (57, )
JCx

me—s8 m®—u s’ — g

> du { TmA(u. t ImA(u.t
+/ #( (1,t) | ImA(u,t)

am2 T =5 (L=

A(s,t) = A(u,t)

T

Froissart-Martin bound;

lim |A(s,t)| < Cs'Te® 0 <t <4m?
S§—»0OC
e(t) < 1

Froissart, 1961
Martin, 1962
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Dispersion relation (2)

L =) 1 =) | (k—s)

p—s (=2 u—s  (n—p)?  (u—pp)

|[dentity:

Twice subtracted dispersion relation:

A
A(s.t) = alt - -
(s,8) = a(t) + m2—s m?—u

> dp (s — pp) TmA(p, t) | (u — pp)°TmA(u, t)
+f4 ( (1 — pp)* (1 — ) N (1 — pp)? (1 — u) )

_I_

m2 w

: ~ A A t
Define: B(v,t) = A(s,t) — —— — — Cv=s+ - —2m’
m<—s m°—u 2 o
S =58 —

3

. o 11 v TmA(p, t
Key ingredient 2: = B(v,%) = aft) + f4 » W(/l(jif/Q) (Z +Ig/§§‘_'22



Key ingredients: Recap

)1

Key ingredient 1: dTIm[ (5,£)] >0 V s>4m*,0<t < 4m*

~ o ! v TmA (s, t
Key ingredient 2: | Bl =ald+ [  ——T—m 2 oo

M
1)k1(2N+k M—k)

k!2Fk

Define: B(Q.N,M)(t) — 821\ 8“ B(v £)

v=0 k=0

‘ (> @] Yo
fan g = 4.2 /‘ dp OImAlpt)
p! T Jam? (H T t/2)Q+1

1@?) < WI(Q L.p) M? = (t+4m?)/2



An infinite tower of positivity bounds

ReCU rrence relatiOﬂ: de Rham, Melville, Tolley & SYZ, arXiv:1702.06134
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y (2N,M) _ Z ¢, B(2N+2r,M—2r)

r=0
(M—1)/2
> (AN + k) +1)8Y CNHRM=2E-1) 5 ¢

k even
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sech(z/2) = Z cpz®  and  tan(z/2) = Zﬁk:p?kﬂ
k=0 k=0



Forward limit positivity bound

Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi, 2006

Forward limit positivity bound

1 [ ., A(s,0)
flsp) = 27 o as (8" — 5p)3 0 <8y < 4m?
2\ _2

Z N_z Y 20(0) > 0

Im[A(s,0)] = /s(s —4m?)o(s) > 0

S

Our generalizations:

1. an infinite number of derivative bounds
2. away from the forward limit 0 < ¢ < 4m?
3. applicable to general spins



Positivity

Bounds for Spin >0: Subtleties



Subtleties with nonzero spins (1)

mp =mg=m3=my=m, S3=251, S4=.5

: . Co o | A(s,t) = A(u,t)
Crossing is nontrivial in helicity formalism: ——

‘ S (A, —=AL) 4S S
Hi\]AQAE)A:} (S, t’ U) = (_1)2 2 Z 87'7‘-( 1 S)dA’i)\l (Xu)dAZAQ(_ﬂ’ + Xu)
Y

S S
' d)\é)\3(_xu)d)\§)\4 (’ﬂ' o Xu) ?;\Lll)‘g)‘g/\{z ('ZL, t, 8),

dyy,(B) = (Jale™"#v|Jb) otixu _ —SUT 21/ stu




Subtleties with nonzero spins (2)

Extra kinematical singularities:

Pole at threshold s = 4m?

Branch point at stu = 0

Branch point at « = 0 for boson-fermion scattering

2t , 24/tu v —U
(:059=1+S_4m2, sm9=s_4m2. 00852\/8_47”2




Helicity vs Transversity

Helicity Transversity

A

™~ ™~

B



Reqgularized transversity amplitude

For singularities: u=0 s =4m”

(V —Su)€(3(3 —4m ))Sl+527;'17'27'37‘4

¢ = 1 for BF scattering, & = 0 otherwise

For singularities: +/stu = 0 Vsl < —/sty ~a—— < —0

7;‘17‘27‘37'4 (0) + 7;‘17‘27'37‘4 (_0)

Regularized transversely amplitude:

‘1‘1721'37'4(9 ) (V _371')5551-'-52 (7;'17'27'37'4 (37 0) + 7;-11'27'37-4(8, —9)) :



Positivity bounds

Then it reduces to formally the same as the spin O case.

M /2
YETM(E) = 3 erBRE M0 (@)
r=0
t 1 Y (2N + 2k + 1)BpY, RN H2RM=2k=1) 3) > 0
even k=0

de Rham, Melville, Tolley & SYZ, arXiv:1706.02712 [hep-th]


http://arxiv.org/abs/arXiv:1706.02712

Applications in some low energy EFIs




Application 1: Massive Galileon

1 1
LimGal = —§8M7T5’M7T — §m27r2

+Z ' Ag( 5570, O .0y, O
n! n—

Arises from DGP braneworlds and dRGT massive gravity

Non-renormalization theorem



| eading positivity bounds (1)

PN

P

~ 7

Pole subtracted amplitude:
B(S, t) — agp — a10 (§t + tu + US‘) — aq1 St

m® [16gs 29595
a = =
MTAB 27 144

Positivity bounds:

y(2.0) . a0 + apit > 0

y(2,1) .
ap1 + 972

th

- , a0 = ¢

m {_94 + 393

AS 3

(am + amf) > 0

X

: 1 34
8‘ ] » a1 = g [—94 + 93]

AS ! 16

0<t<4m?



L eading positivity bounds (2)

strongest bound: t = 4m?
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de Rham, Melville, Tolley & SYZ, arXiv:1702.06134



Application 2: Standard Model

—ffective

+ Write down all possible operators with

- SM particle contents

-leld

heory

- SM gauge group structure SU(3),. x SU(2); x U(1)

f<6>0<6>

FOO®

Zsmerr = Lsm Z

J

l

IZ 1A4l



Vector boson scattering (V

35)

VBS: a sensitive probe to new physics

V1+V2—>V3+V4,

Os,0 = [(Du®)'D, @] x [(D"®)' D" ®]
Os,1 = [(D,®)'DI®] x [(D,®) D" P
Osz = [(D,®)'D,®] x [(D*®)T D'
Orro = Tr (W, WH| x [(Ds®)t D @]
Ontt = Tr W, W] x [(Ds®)t Dr@]
Onrz = | BB | x [(Ds®)t DP @]
Onr 3 = 'B,,,,,Bw“f x [(Ds®)t D" ®]
Orsa — -(D q))fii:;,,Dub' « RO
Onrs = ( D)W ,,,pr x BP#
Onm7 = ( D) W, W 3"D”<I>]
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Leading order bounds

If dim-6 ops alone, all positivity bounds violated

( \2
OANY: Y0 Y Do >0 ¢>o0
i \ )

Positivity bounds require the existence of higher-D ops!

(dim-8 part) - (dim-6 operators) > O

l weak but simpler bounds

dim-8 part) >0 =P N E >0

Cen Zhang & SYZ, arXiv:1808.00010



Leading order bounds (2)

Dim-6:

. 2
WZ scattering:  a3b3 [e’-‘ Cow — Sy CyCop — 4sj)ycw C,, ws] + 36(a1by + axbp)e° sy, cy Cy
. 2
WW scattering:  a2b2s2, (e2 Gl ik czwcw) + e2c?, [6(a1by + axbo)swCw + azbseCpw]?

. Gf —_ (a3p1/m1,a1,a2, a3E1/m1)
Dlm_8: 65 = <b3p2/m2, bl’bZ’ b3E2/m2)

VA
814(:1" ('.Fs.o + Fg 1 + FS.Q) L D"\z-v (_1:‘1"' Frrs + [.1;1" Frs —2Fpa + FM-T)

+(B+ C) (_2(%-1‘1’]19 + 4/.;‘1,“-F7*‘7 + 81‘—’7‘.2) + 88 [/‘1‘ (lll‘F'[\ + 2Fr 5 + 2]“'1((;) + 4Fro + 4F7"|] >0

W=W=
4145111" (2Fso+ Fsa1+ Fsz2) — SE.S'%‘,- Fao—2(E + F,)-*;l?rFM.l T F-“;l)'t' Fai7
+ (4B +6C ) Fr2+ 16BFrog+ 24BFp, = 0



L eading order bounds (3)

WW+ .
4Asév (2Fso + Fs1 + Fs2) — 2(G — E)S%v Fara + 8E3“2.1.: Faro + CS%V Fyg
+ (4B +6C)Fro+ 16BFr o+ 24BFr; > 0

W*Z .
1Aciytiy (Fso + Fs2) + 6y (D — Hsiy) (Farr — 2Far1) — Heipty (8 Fas + Fazs)
+ 4B (tiy Frg + 4Fr,) + C (twFr7s + 4Fr2) >0

VAR
B [32(,'%‘/ (FT’O + FT’[) - 16(.{{:5?{: FT‘,S -+ 4((.75‘,' - 56‘,')2FT’6 - FT”,’ + 88“,' FT,B]
+(B+C) {(ctfv — 55 )°Fr.r + 8¢y Fra + 2s1y F-[,g] — Hepysvy (2Fya1+ Fas + Fas — Faur) >0

Wy
AB(4Fpy + Frg) + C (AFp g + Frz) — Hsly (2F 1+ Fags — Fags — Fagz) =0

YY -
(B+C)(4Fr s+ 2Fr7 + Fro) + 4B (4Fro +4Fp + 2Fr 5+ 2Fr ¢ + Frg) > 0,



D bounds

Cen Zhang & SYZ, arXiv:1808.00010

Transversal coefficients, positivity Mixed coefficients, positivity
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D bounds: an example

The case of Osoand Os

1000CMS 19.4 b (8 TeV)
B — — Expected 95% CL
r —— Observed 95% CL
500 e SM
0—
-500 —
~ Allowed by
| positivity
-1000 - | IO T T | 4 L

-200 -100 0 100 200

0.6 ATLAS 's=8TeV,20.2fb"
\ K-matrix unitarization
0.4+
0.2 - cemtpeem T
o —
0.2 et
0.4
—— obs. 95% CL, WVjj
06— exp. 95% CL, WVjj
| — obs. 95% CL, W*Wj
- e exp. 95% CL, W'W'jj _
08— __ obs eswcLwzj Allowed by
...... exp. 95% CL, WZjj WTItIVIty |
l | 1 1 L1l 1 l L1 11 1 1 1 L1 1 L1

05 04 03 02 01 0O 01 02 03 04 05
Oy



(General bounds

All 18 parameters:

~3% of total

Randomly take points on the 18D sphere,

uniformly distributed, and count how many
of the them satisfy all positivity constraints
for all polarizations.

Only ~3% of the total parameter space
admit a local/Lorentz invariant UV completion!



Application 3: Massive gravity

2

Generic massive gravity S = '”2“ iz =g [R - %V(g h)}
V(g,h) = Va(g, h) + Va(g, k) + Val(g, h) +

Va(g,h) = + bi{h®) + ba(R)” by = —by =1 Fierz-Pauli tuning
Va(g,h) = + er(i7) + calh)*(R) + cs(h)’ Fierz & Pauli, 1930s

Vi(g, h) = + di(h*) + do(R*Y(h) + d3(h?)? + dy(h*){h)? + d5(h)*

Boulware-Deser ghost

There is a nonlinear ghost/6th mode!

Boulware & Deser, 1970s



RGT Massive Gravity

de Rham, Gabadzdze & Tolley, 2010

[ [ v pl [

L=M3y—g <§ +m? (Kl K + asKfL KUK + aakh KLKOKS, ) + £m>

where Kb =60 -XF X =+\/gln, ¢t =(¢"), n=(n.)

The unique graviton potential to eliminate the BD ghost!

de Rham & Gabadzdze, 2010
de Rham, Gabadzdze & Tolley, 2010
Hassan & Rosen, 2011



RGT In Vierbein form

Hinterbichler & Rosen, 2012

M2
SdRGT — Tp /eabcdRab A eb + mZV(G, [)

Ve, I) = €apealcoe® Ne® Ne® Ne® + cre® Ae’ Ae® A T¢
+coe® Ne® NI AT + c3e® NIP AN TC N T
t+eal* ANIP NTC AT



Positivity bounds on dRGT

“Old” bound (Generalized bounds

0.4
0.2b

Allowe.d . 0.0: {/‘.\

: ’/’/
-0.2: /’
-0.4 /’
......... // G I N I A A

H fap>0 de Rham, Melville, Tolley & SYZ
" Otfyy>0 arXiv:1804.10624 [hep-th]
] ReS(=m2 fr,- 7 > O

Cheung & Remmen
arXiv:1601.04068

Vector Scalar



Generalized bounds on generic massive gravity

Generic massive gravity
relavant parameters {ci,di, Ac, Ad}

dRGT massive gravity: Ac = Ad =0

generalized bounds == Ac=Ad=0

2

dRGT massive gravity

de Rham, Melville, Tolley & SYZ, arXiv:1804.10624 [hep-th]



Take-home messages

Not all low energy EFTs have a UV completion!

Positivity bounds: constraints on Wilson coefficients
Generalized positivity bounds can often improve the bounds!

Massive gravity may be UV completed in the standard way.
Generalized bounds =g dRGT model

Most of the parameter space of the
SMEFT do not admit a UV completion.



Low energy”? Think positive!

(oun intended)



