
Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Higher Spin and Yangian

Wei Li

Strings-QFT-Cosmology Workshop

Huzhou, 2018/11/24

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 1 / 94



Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Stringy symmetry
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Stringy symmetry

Main question: what is the hidden stringy symmetry?

Stringy
Symmetry?
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Stringy symmetry

Dualites in string theory: M

II B

Type I

String
Theory

Het E8 Het SO(32)

11D SUGRA
II A
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Stringy symmetry

Dualites in string theory: AdS/CFT

Gravity in AdS

String
Theory

CFT dual
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Stringy symmetry

There is a large hidden symmetry in string theory

Stringy
Symmetry?
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Stringy symmetry

How to see these symmetries explicitly?
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Stringy symmetry

Different manifestation of stringy symmetry

Higher spin 
symmetry

Integrable structure

Stringy
Symmetry
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Stringy symmetry

Higher spin symmetry and stringy symmetry

I String theory has infinite number of massive higher spin particles

I Tensionless limit:

massive higher spin particle =⇒ massless =⇒ stringy symmetry

I subalgebra: Vasiliev higher spin symmetry (one per spin)

(from Leading Regge trajectory)

Vasiliev ’91

Sundborg ’01, Witten ’01, Mikhailov ’02, Klebanov-Polyakov ’02

I Tensionless String in AdS3 =⇒ maximal stringy symmetry?

Gaberdiel Gopakumar ’15

I higher spin symmetry =⇒ W symmetry
(Virasoro + higher spin currents)

Campoleoni Fredenhagen Pfenninger Theisen ’10 , Henneaux Rey ’10
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Stringy symmetry

Integrability and string theory

Integrability =⇒ ∞ number of conserved charges

Also appear in string theory

I CFT dual of string in AdS

I string in AdS5 × S5

Minahan Zarembo ’02, Beisert Kristjansen Staudacher ’03

Bena Polchinsk Roiban ’03...

I string in AdS4 × CP3

Minahan Zarembo ’08, Gromov Vieira ’08...

I string in AdS3 × S3 ×M4

Babichenko Stefanski Zarembo ’09, Ohlson-Sax Stefanski ’11

Borsato Ohlsson-Sax Sfondrini Stefanski Torrielli ’12.....

I supersymmetric gauge theories fromg string

I AGT and its extensions....
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Stringy symmetry

Different manifestation of stringy symmetry

Higher spin 
symmetry

Integrable structure

Stringy
Symmetry

?
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Stringy symmetry

Different manifestation of stringy symmetry

Higher spin 
symmetry

Integrable structure

Stringy
Symmetry

?
?
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Stringy symmetry

Today

Higher spin 
symmetry

Integrable structure

?
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Stringy symmetry

A concrete relation between HS and integrability

Affine Yangian of gl(1)

W symmetry

“Isomorphic”

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 14 / 94
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Stringy symmetry

Application: plane partition as representations of W∞

Affine Yangian of gl(1)

W symmetry Plane partitions

Representation 

Representation

“Isomorphic”
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Gluing

Two questions

1. Supersymmetrize 4?

2. 4 as lego pieces for new VOA/affine Yangian?

A surprising (partial) answer

Glue two 4 to get N = 2 version of 4

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 16 / 94
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Gluing

N = 2 version?

N=2 W symmetry

Representation 

Representation
?

?
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Gluing

New Yangian algebra from W algebra

N=2 Affine Yangian of gl(1)

N=2 W symmetry

Representation 

Rrepresentation

Define

Twin 
plane partitions
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Corner chiral algebra

Finite truncation of affine Yangian of gl1
Fukuda Matsuo Nakamura Zhu ’15

Prochazka ’15

I gives chiral algebra of Y-junction
Gaiotto Rapcak ’17

I Gluing of these finite truncations should give chiral algebra of
Y-junction webs

Rapcak Prochazka’17

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 19 / 94
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Corner chiral algebra

5-brane junction with D3 brane interfaces Gaiotto Rapcak ’17

• If M > N , a D5 interface breaks the U(M)L × U(N)R gauge symmetry of the

bulk theories to a U(N), including a Nahm pole of rank M −N .

The B(1,0) interface, also denoted as an NS5 interface, has a uniform definition for

all N and M [6]: the gauge groups are unbroken at the interface and coupled to 3d

hypermultiplets transforming in a bi-fundamental representation of U(M)×U(N). The

B(1,q) interface is obtained from a B(1,0) interface by adding q units of Chern-Simons

coupling on one side of the interface, −q on the other side.

A well known property of (p, q)-fivebranes is that they can form quarter-BPS webs

[20, 21], configurations with five-dimensional super-Poincare invariance involving five-

brane segments and half-lines drawn on a common plane, with slope determined by

the phase of their central charge. For graphical purposes, the slope can be taken to be

p/q, though the actual slope depends on the IIB string coupling τ and is the phase of

pτ + q. The simplest example of brane web is the junction of three semi-infinite branes

of type (1, 0), (0, 1) and (1, 1). It has an S3 triality symmetry acting simultaneously on

the branes and the IIB string coupling.

Five-brane webs are compatible with the addition of extra D3 branes filling in

faces of the web. These configurations preserve four super-charges, organized in a (0, 4)

2d supersymmetry algebra. One may thus consider a setup with L,M ,N D3 branes

respectively filling the faces of the junction in between the (1, 1) and (1, 0) fivebranes,

the (1, 0) and (0, 1) fivebranes and the (0, 1) and (1, 1) fivebranes.

D5

(1,1)

NS5

N D3

M D3
L D3

x2
x3

x4, x5, x6

× C × R3

x0, x1 x7, x8, x9

Figure 1. The brane system engineering our Y-junction for four-dimensional N = 4 SYM.

The three fivebranes extend along the 01456 directions together with a ray in the 23 plane.

The stacks of D3 branes extend along the 01 directions and fill wedges in the 23 plane. Notice

the SO(3)456 × SO(3)789 isometry of the system, which becomes the R-symmetry of a (0, 4)

2d super-symmetry algebra.

– 7 –

picture: Gaiotto Rapcak ’17

conjecture: VOA on the 2D junction of 4D QFT

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 20 / 94
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Corner chiral algebra

Outline

Intro

W—Affine Yangian—Plane Partition

Gluing and N = 2 affine Yangian

Summary
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W—Affine Yangian

Relation between W algebra and affine Yangian

Affine Yangian of gl(1)

W symmetry

“Isomorphic”

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 22 / 94
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W—Affine Yangian

Modes of W1+∞

W (s)(z) =
∑
n∈Z

W
(s)
n

zn+s
s = 1, 2, 3, . . .

...
...

...
...

...
...

...
...

...
...

...
spin-5 . . . X−4 X−3 X−2 X−1 X0 X1 X2 X3 X4 . . .
spin-4 . . . U−4 U−3 U−2 U−1 U0 U1 U2 U3 U4 . . .
spin-3 . . . W−4 W−3 W−2 W−1 W0 W1 W2 W3 W4 . . .
spin-2 . . . L−4 L−3 L−2 L−1 L0 L1 L2 L3 L4 . . .
spin-1 . . . J−4 J−3 J−2 J−1 J0 J1 J2 J3 J4 . . .

For λ = 0 and λ = 1, prove isomorphism using free field realization.

(fermion) (boson)

For generic λ, check isomorphism up to spin-4
Enough to find the map between Yangian parameter (h1, h2, h3)

and W1+∞ parameter (c, λ)
Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 23 / 94
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W—Affine Yangian

Regrouping the modes

W (s)(z) =
∑
n∈Z

W
(s)
n

zn+s
s = 1, 2, 3, . . .

...
...

...
...

...
...

...
...

...
...

spin-5 . . . X−3 X−2 X−1∼ e4 X0∼ ψ5 X1∼ f4 X2 X3 X4 . . .
spin-4 . . . U−3 U−2 U−1∼ e3 U0∼ ψ4 U1∼ f3 U2 U3 U4 . . .
spin-3 . . . W−3 W−2 W−1∼ e2 W0∼ ψ3 W1∼ f2 W2 W3 W4 . . .
spin-2 . . . L−3 L−2 L−1∼ e1 L0∼ ψ2 L1∼ f1 L2 L3 L4 . . .
spin-1 . . . J−3 J−2 J−1∼ e0 J0∼ ψ1 J1∼ f0 J2 J3 J4 . . .

affine Yangian generators

e(z) =

∞∑
j=0

ej
zj+1

ψ(z) = 1 + σ3

∞∑
j=0

ψj
zj+1

f(z) =

∞∑
j=0

fj
zj+1

For λ = 0 and λ = 1, prove isomorphism using free field realization.

(fermion) (boson)

For generic λ, check isomorphism up to spin-4
Enough to find the map between Yangian parameter (h1, h2, h3)

and W1+∞ parameter (c, λ)

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 24 / 94
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W—Affine Yangian

Affine Yangian of gl1
Def: Associative algebra with generators ej , fj and ψj , j = 0, 1, . . .
I Generators

ψ(z) = 1 + (h1h2h3)
∞∑
j=0

ψj

zj+1
e(z) =

∞∑
j=0

ej

zj+1
f(z) =

∞∑
j=0

fj

zj+1

I Parameters (h1, h2, h3) with h1 + h2 + h3 = 0

I One S3 invariant function ϕ(z) = (z+h1)(z+h2)(z+h3)
(z−h1)(z−h2)(z−h3)

I Defining relations

[e(z) , f(w)] = − 1

h1h2h3

ψ(z)− ψ(w)
z − w

ψ(z) e(w) ∼ ϕ(z − w) e(w)ψ(z) ψ(z) f(w) ∼ ϕ(w − z) f(w)ψ(z)
e(z) e(w) ∼ ϕ(z − w) e(w) e(z) f(z) f(w) ∼ ϕ(w − z) f(w) f(z)

ψ fe
ϕ3(∆) ϕ−1

3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

Figure: The OPE relations of the affine Yangian.

Tsymbaliuk ’14

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 25 / 94
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W—Affine Yangian

W algebra and affine Yangian

Y[ĝl1]
∼= UEA[W1+∞[λ]]

Procházka ’15

Gaberdiel Gopakumar Li Peng ’17

for q-version U [̂̂gl1] ∼= UEA[q-W1+∞[λ]]

Miki ’07

Feigin Jimbo Miwa Mukhin ’10-11

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 26 / 94
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W—Affine Yangian

Advantages of affine Yangian over W∞
1. number of generators

I W∞: ∞
J(z) , T (z) ,W (3)(z) ,W (4)(z) . . .

I affine Yangian of gl1: only 3

ψ(z) , e(z) , f(z)

2. Defining relations
I W∞:

non-linear, fixed order by order by Jacobi-identities

I affine Yangian of gl1:

linear, given explicitly

3. S3 invariance
I W∞: Hidden
I affine Yangian of gl1: manifest

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 27 / 94



Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Plane partition

Plane partition as representations of affine Yangian

Affine Yangian of gl(1)

W symmetry Plane partitions

Representation “Isomorphic”

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 28 / 94
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Plane partition

Plane partition via box stacking

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 29 / 94



Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Plane partition

Plane partition with non-trivial asymptotics

Ground state of (Λx,Λy,Λz)

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 30 / 94
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Plane partition

Plane partition with non-trivial asymptotics

a level-7 excited states of (Λx,Λy,Λz)

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 31 / 94
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Plane partition

Plane partitions are faithful representations of Ŷ(gl1)

Affine Yangian of gl(1)

W symmetry Plane partitions

Representation “Isomorphic”

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 32 / 94
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Plane partition

Action of Ŷ(gl1) on a plane partition
I ψ(z) acts diagonally Tsymbaliuk ’14, Prochazka ’15

ψ(z)|Λ〉 =ψΛ(z)|Λ〉

ψΛ(z) ≡
(
1 +

ψ0σ3

z

) ∏
∈(Λ)

ϕ(z − h( ))

h( ) = h1x( ) + h2y( ) + h3z( )

I e(z) adds one box

e(z)|Λ〉 =
∑
∈Add(Λ)

[
− 1
σ3

Resw=h( )ψΛ(w)
] 1

2

z − h( )
|Λ + 〉

I f(z) removes one box

f(z)|Λ〉 =
∑
∈Rem(Λ)

[
− 1
σ3

Resw=h( )ψΛ(w)
] 1

2

z − h( )
|Λ− 〉

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 33 / 94
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Plane partition

plane partition as representations

Affine Yangian of gl(1)

W symmetry Plane partitions

Representation 

Representation

“Isomorphic”

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 34 / 94
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Plane partition

Plane partition as representations of W

Trivial b.c.

vacuum

perturbative

perturbative

(Λx; 0) = (Λ; 0)

perturbative
in Vasiliev

vacuum

(Λx; Λy) = (Λ+; Λ−)

non-perturbative
in Vasiliev

vacuum

(Λx; Λy; Λz)

new representation
Vasiliev

vacuum

character of W1+∞= generating function of plane partition

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 35 / 94
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Applications

Application

Affine Yangian of gl(1)

W symmetry Plane partitions

“Isomorphic”

I Make S3 symmetry in W CFT manifest

Affine Yangian of gl(1)

W symmetry Plane partitions
New useful representation

I Character computation more transparent

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 36 / 94
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Applications

S3 action on WN,k coset
WN,k coset

su(N)k ⊕ su(N)1

su(N)k+1

had hidden S3

(N, k)

σ1

vv

σ2

((
( N
N+k

, 1−N
N+k

)

66

σ2

��

(N,−1− 2N − k)

hh

σ1

��
(− N

N+k+1
, N−1
N+k+1

)

((

OO

( N
N+k

, 1− N+1
N+k

)

vv

OO

(− N
N+k+1

,− k
N+k+1

)

σ2

66

σ1

hh
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Applications

S3 action on ’t Hooft coupling
WN,k coset

su(N)k ⊕ su(N)1

su(N)k+1

’t Hooft coupling λ = N
N+k

transform under S3

N
N+k

σ1

{{

σ2

%%
N

;;

σ2

��

− N
N+k+1

ee

σ1

��
N

##

OO

− N
N+k+1

yy

OO

N
N+k

σ2

99

σ1

cc

cN,kl invariant under S3
Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 38 / 94
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Applications

Triality symmetry for higher spin holography
For fixed c, three W∞[λ] are isomorphic Gaberdiel Gopakumar ’12

Bulk : DS reduction of hs[ N
N+k

]

W∞[ N
N+k

]

σ1

uu

σ2

))
W∞[N ]

55

// W∞[− N
N+k+1

]oo

ii

boundary WN,k coset

Crucial in Higher spin AdS3/CFT2 (Vasiliev theory in AdS3 = WN,k coset)

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 39 / 94
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Applications

Triality symmetry for higher spin holography
For fixed c, three W∞[λ] are isomorphic Gaberdiel Gopakumar ’12

Bulk : DS reduction of hs[ N
N+k

]

��
W∞[ N

N+k
]

σ1

uu

σ2

))
W∞[N ]

55

// W∞[− N
N+k+1

]oo

ii

boundary WN,k coset

OO

Crucial in Higher spin AdS3/CFT2 (Vasiliev theory in AdS3 = WN,k coset)
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Applications

I S3 symmetry in W∞CFT is highly non-trivial

I hard to check/prove Gaberdiel Gopakumar ’12, Linshaw ’17

I UV — IR

I Manifest in Y[ĝl1]

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 41 / 94
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Applications

Y[ĝl1] depends on (h1, h2, h3) symmetrically

h1 = −

√
N + k + 1

N + k
h2 =

√
N + k

N + k + 1
h3 =

1√
(N + k)(N + k + 1)

Procházka ’15, Gaberdiel Gopakumar Li Peng ’17

Under S3 transformation on (N, k)

(h1, h2, h3)

σ1

zz

σ2

$$
(h3, h2, h1)

::

σ2

��

(h2, h1, h3)

dd

σ1

��
(h2, h3, h1)

$$

OO

(h3, h1, h2)

zz

OO

(h1, h3, h2)

σ2

::

σ1

dd

Y[ĝl1] has manifest S3 symmetryWei Li Higher Spin and Yangian Huzhou, 2018/11/24 42 / 94
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Applications

S3 symmetry of plane partition

The representations of W∞ comes in S3 family

(Λx,Λy,Λz)

σ1

yy

σ2

%%
(Λz,Λy,Λx)

99

σ2

��

(Λy,Λx,Λz)

ee

σ1

��
(Λy,Λz,Λx)

%%

OO

(Λz,Λx,Λy)

yy

OO

(Λx,Λz,Λy)

σ2

99

σ1

ee
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Applications

Application

Affine Yangian of gl(1)

W symmetry Plane partitions

“Isomorphic”

I Make S3 symmetry in W CFT manifest

Affine Yangian of gl(1)

W symmetry Plane partitions
New useful representation

I Character computation more transparent

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 44 / 94
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N = 2W∞

Outline

Intro

W—Affine Yangian—Plane Partition

Gluing and N = 2 affine Yangian

Summary
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N = 2W∞

Bosonic W and affine Yangian

Affine Yangian of gl(1)

W symmetry Plane partitions

Representation 

Representation

“Isomorphic”

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 46 / 94
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N = 2W∞

Two questions

1. Supersymmetrize 4?

2. 4 as lego pieces for new VOA/affine Yangian?
Rapcak Prochazka ’17, Gaberdiel Li Peng Zhang’17

A surprising (partial) answer

Glue two 4 to get N = 2 version of 4
Gaberdiel Li Peng Zhang’17

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 47 / 94
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N = 2W∞

N = 2 version?

N=2 W symmetry

Representation 

Representation
?

?

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 48 / 94
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N = 2W∞

Constructing N = 2 version

1. Rewrite representations of N = 2 W∞ in terms of (some
version) of plane partitions

Twin plane partition

2. Define N = 2 affine Yangian such that

I twin plane partitions are faithful representations
I reproduce N = 2 W∞ charges

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 49 / 94
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N = 2W∞

N = 2 version

N=2 Affine Yangian of gl(1)

N=2 W symmetry

Representation 

Representation

Define

Twin 
plane partitions
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

N = 2W∞

Simplest gluing: 2 vertices and 1 internal leg

2 vertices

One internal leg
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N = 2W∞

Two copies: left and right
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

N = 2W∞

Gluing: two external legs facing opposite directions
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N = 2W∞

Gluing: two external legs fuse and become internal leg
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

N = 2W∞

Building blocks and gluing

1. Algebra: W1+∞ ⇒ affine Yangian of gl1

2. Representation: plane partitions

1. Algebra: internal leg ⇒ additional operators

2. Representation:
bi-module: change b.c. for both vertices
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N = 2W∞

Building blocks and gluing

=⇒
Affine Yangian of gl(1)

W symmetry Plane partitions

Representation 

Representation

“Isomorphic”

=⇒
N=2 Affine Yangian of gl(1)

N=2 W symmetry

Representation 

Representation

Define

Twin 
plane partitions
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N = 2 W∞[λ] algebra

One N = 2 multiplet per spin Creutzig, Hikida, Ronne ’11

Candu Gaberdiel ’12 T
G− G+

J

  W (2)1

W (2)− W (2)+

W (2)0

  W (3)1

W (3)− W (3)+

W (3)0

 . . .

Rearrange by spin

4 W (3)1

7
2

W (3)− W (3)+

3 W (2)1 W (3)0

5
2

W (2)− W (2)+

2 T W (2)0

3
2

G− G+

1 U J

u(1)⊕WN=2
∞ [λ] has 2 fields per spin
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N = 2 W∞[λ] algebra

One N = 2 multiplet per spin Creutzig, Hikida, Ronne ’11

Candu Gaberdiel ’12 T
G− G+

J

  W (2)1

W (2)− W (2)+

W (2)0

  W (3)1

W (3)− W (3)+

W (3)0

 . . .

Rearrange by spin

4 W (3)1

7
2

W (3)− W (3)+

3 W (2)1 W (3)0

5
2

W (2)− W (2)+

2 T W (2)0

3
2

G− G+

1 U J

u(1)⊕WN=2
∞ [λ] has 2 fields per spin
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Decomposing N = 2 W∞[λ] — bosonic part
I Conjecture: WN=2

∞ [λ] has two bosonic W∞ subalgebra

Vasiliev shs[λ] ⊃ hs[λ]⊕ hs[1− λ] Prokushkin Vasiliev ’98

��
wedge subalgbra

OO

N = 2 W∞[λ] ⊃ W∞[λ]⊕W∞[1− λ]

Truncation

��

OO

N = 2 W3 ⊃ Virasoro⊕Virasoro Romans ’92

Checked up to s = 3 (non-trivial!) Gaberdiel Li Peng Zhang ’17

to appear
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Decomposing N = 2 W∞[λ] — bosonic part
I Conjecture: WN=2

∞ [λ] has two bosonic W∞ subalgebra

Vasiliev shs[λ] ⊃ hs[λ]⊕ hs[1− λ] Prokushkin Vasiliev ’98

��
wedge subalgbra

OO

N = 2 W∞[λ] ⊃ W∞[λ]⊕W∞[1− λ]

Truncation

��

OO

N = 2 W3 ⊃ Virasoro⊕Virasoro Romans ’92

I Checked up to s = 3 (non-trivial!) Gaberdiel Li Peng Zhang ’17

to appear
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Decomposing N = 2 W∞[λ] — fermionic part

4 W (3)1

7
2

W (3)− W (3)+

3 W (2)1 W (3)0

5
2

W (2)− W (2)+

2 T W (2)0

3
2

G− G+

1 U J

I Bosonic sub-algebra

u(1)⊕WN=2
∞ [λ] ⊃ W1+∞[λ]⊕W1+∞[1− λ]

I How do fermions fit in?
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Decomposing WN=2
∞ [λ] vacuum character

I Vacuum character of u(1)⊕WN=2
∞ [λ]

χFull
0 (q, y) =

∞∏
n=1

(1 + yqn+ 1
2 )n(1 + 1

y
qn+ 1

2 )n

(1− qn)2n

= χpp(q)

(∑
R

y|R|χ
(wedge) [λ]
R (q) · χ(wedge) [1−λ]

R̄T (q)

)

·

(∑
S

1

y|S|
χ

(wedge) [λ]

S̄
(q) · χ(wedge) [1−λ]

ST (q)

)
χpp(q)

I Fermions transform as

(ρ, ρt) (ρt, ρ)

of W1+∞[λ]⊕W1+∞[1− λ]

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 62 / 94



Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Decomposing N = 2 W∞[λ] Gaberdiel Li Peng Zhang ’17

1. Bosonic sub-algebra

W1+∞[λ] ⊕ W1+∞[1− λ]

⇓ ⇓

Ŷ(gl1) ⊕ Ŷ(gl1)

2. Fermions: internal legs =⇒ additional operators

(ρ, ρt) (ρt, ρ)

How to translate these into affine Yangian ?
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Decomposing N = 2 W∞[λ] Gaberdiel Li Peng Zhang ’17

1. Bosonic sub-algebra

W1+∞[λ] ⊕ W1+∞[1− λ]

⇓ ⇓

Ŷ(gl1) ⊕ Ŷ(gl1)

ψ fe
ϕ3(∆) ϕ−1

3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ψ fe
ϕ3(∆) ϕ−1

3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

Left plane partition right plane partition

2. Fermions: internal legs =⇒ additional operators

(ρ, ρt) (ρt, ρ)

How to translate these into affine Yangian ?
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( , ) connecting two plane partitions

x2
x1

x3

x1

x2

x3
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( , ) connecting two plane partitions

x2
x1

x3
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x2

x3
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( , ) connecting two plane partitions

x2
x1

x3

x1

x2

x3
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( , ) connecting two plane partitions

x2
x1

x3

x1x2

x3
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What are the generators of internal leg?
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

From plane partition building blocks to yangian generators

Bosonic sub-algebra Ŷ(gl1) ⊕ Ŷ(gl1)

ψ fe
ϕ3(∆) ϕ−1

3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ψ fe
ϕ3(∆) ϕ−1

3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

I ψ: Cartan of left Ŷ(gl1)

I e/f : adds/removes

I ψ̂: Cartan of right Ŷ(gl1)

I ê/f̂ : adds/removes ̂
Fermions = internal legs = additional operators
I x/y: adds/removes � ≡ ( , )

I x̄/ȳ: adds/removes � ≡ ( , )

Gaberdiel Li Peng Zhang ’17
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Building blocks of bosonic affine Yangian of gl1

ψ fe

x

x̄

ê ψ̂ f̂

y

ȳ

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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Building blocks of bosonic affine Yangian of gl1

ψ fe

x

x̄

ê ψ̂ f̂

y

ȳ

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

A pair of bosonic affine Yangian of gl1

ψ fe

x

x̄

ê ψ̂ f̂

y

ȳ

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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Building blocks of N = 2 affine Yangian of gl1

ψ fe

x

x̄

ê ψ̂ f̂

ȳ

y

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Constructing N = 2 version

1. Rewrite representations of N = 2 W∞ in terms of (some
version) of plane partitions

Twin plane partition

2. Define N = 2 affine Yangian such that

I twin plane partitions are faithful representations
I reproduce N = 2 W∞ charges
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Bosonic affine Yangian: ϕ3(z) plays central role

ψ fe
ϕ3(∆) ϕ−1

3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ψ(z) e(w) ∼ ϕ3(z − w) e(w)ψ(z) ψ(z) f(w) ∼ ϕ3(w − z) f(w)ψ(z)

e(z) e(w) ∼ ϕ3(z − w) e(w) e(z) f(z) f(w) ∼ ϕ3(w − z) f(w) f(z)

ϕ3(z) =
(z + h1)(z + h2)(z + h3)

(z − h1)(z − h2)(z − h3)

I ψ(z)|Λ〉 = ψΛ(z)|Λ〉

ψΛ(z) ≡
(
1 +

ψ0σ3

z

) ∏
∈Λ

ϕ3(z − h( ))
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Internal leg: ϕ2(z) build directly from ϕ2(z)

x2
x1

x3

x1

x2

x3

{
ψ(z) =

(
1 + ψ0σ3

z

) ∏∞
n=0 ϕ3(z − nh2) =

(
1 + ψ0σ3

z

)
ϕ2(z)

ψ̂(z) =
(
1 + ψ0σ3

z

)
ϕ−1

2 (−z − σ3ψ̂0)

ϕ2(z) =
z(z + h2)

(z − h1)(z − h3)
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Building N = 2 affine Yangian of gl1 Gaberdiel Li Peng Zhang’17

Gaberdiel Li Peng ’18

ψ fe

x

x̄

ê ψ̂ f̂

ȳ

y

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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Building N = 2 affine Yangian of gl1 Gaberdiel Li Peng Zhang’17

Gaberdiel Li Peng ’18

ψ fe

x

x̄

ê ψ̂ f̂

ȳ

y

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ2(∆)

ϕ−1
2 (−∆− σ3ψ0)

ϕ−1
2 (∆)

ϕ2(−∆− σ3ψ0)

ϕ2(∆)

ϕ−1
2 (−∆− σ3ψ̂0)

ϕ−1
2 (∆)

ϕ2(−∆− σ3ψ̂0)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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Building N = 2 affine Yangian of gl1 Gaberdiel Li Peng Zhang’17

Gaberdiel Li Peng ’18

ψ fe

x

x̄

ê ψ̂ f̂

ȳ

y

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

G(∆)
H(∆)

G−1(∆)
H−1(∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

G(∆)
H(∆)

G−1(∆)
H−1(∆)
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Building N = 2 affine Yangian of gl1 Gaberdiel Li Peng Zhang’17

Gaberdiel Li Peng ’18

ψ fe

x

x̄

ê ψ̂ f̂

ȳ

y

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)

Ḡ(∆) H̄−1(∆) Ḡ−1(∆)H̄(∆)

Ĝ(∆)
Ĥ(∆)

Ĝ−1(∆)
Ĥ−1(∆)

ϕ3(∆) ϕ−1
3 (∆)

ϕ3(∆) ϕ−1
3 (∆)
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N=2 Affine Yangian of gl(1)

N=2 W symmetry

Representation 

Rrepresentation

Define

Twin 
plane partitions
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Lessons

I plane partition is also very useful in the gluing process

I visualize Fock space

I Define algebra by faithful representation
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Summary

Outline

Intro

W—Affine Yangian—Plane Partition

Gluing and N = 2 affine Yangian

Summary
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Summary

HS and integrability within stringy symmetry

Higher spin 
symmetry

Integrable structure

Stringy
Symmetry

?
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Summary

W — affine Yangian — Plane partition

Affine Yangian of gl(1)

W symmetry Plane partitions

Representation 

Representation

“Isomorphic”
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Summary

Applications of bosonic triangle

Affine Yangian of gl(1)

W symmetry Plane partitions

“Isomorphic”

I Make S3 symmetry in W CFT manifest

Affine Yangian of gl(1)

W symmetry Plane partitions
New useful representation

I Character computation more transparent
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Summary

New affine Yangian via gluing

N=2 Affine Yangian of gl(1)

N=2 W symmetry

Representation 

Rrepresentation

Define

Twin 
plane partitions
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Future

Open problems

1. large N = 4 W∞[λ]

2. Classification of affine Yangians from gluing

3. Gluing of finite truncations

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 89 / 94
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Future

chiral algebra of the (p, q) web

Vertex

Representation Plane partition Network of
plane partitions

VOA W/AffineYangian VOA Web

Geometry C3 Toric CY3

QFT from IIB 5 brane junction (p,q) web

Topological
String

Topological
Vertex Topological String

Web
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Future

Gluing example: 4 vertices and 3 internal legs

4 Internal legs

4 vertices
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Intro W—Affine Yangian—Plane Partition Gluing and N = 2 affine Yangian Summary

Future

More open problems

1. Deeper relation between higher spin symmetry and integrable
structure ?

2. What is stringy symmetry?

3. Application of stringy symmetry?

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 92 / 94
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Future

Different manifestation of stringy symmetry

Higher spin 
symmetry

Integrable structure

Stringy
Symmetry

?
?
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Future

Thank you very much !

Wei Li Higher Spin and Yangian Huzhou, 2018/11/24 94 / 94
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