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Fig. 36. 2D marginalized posterior distributions for w0 and
wa, for the data combinations Planck+WP+BAO (grey),
Planck+WP+Union2.1 (red) and Planck+WP+SNLS (blue).
The contours are 68% and 95%, and dashed grey lines show the
cosmological constant solution.

energy abundance (for a flat Universe). Note that the model of
Eq. (95) has dark energy present over a large range of redshifts;
the bounds on ⌦e can be substantially weaker if dark energy is
only present over a limited range of redshifts (Pettorino et al.
2013). The presence or absence of dark energy at the epoch of
last scattering is the dominant e↵ect on the CMB anisotropies
and hence the constraints are insensitive to the addition of low
redshift supplementary data such as BAO.

The most precise bounds on EDE arise from the analysis
of CMB anisotropies (Doran et al. 2001; Caldwell et al. 2003;
Calabrese et al. 2011; Reichardt et al. 2012; Sievers et al.
2013; Hou et al. 2012; Pettorino et al. 2013). Using
Planck+WP+highL, we find

⌦e < 0.009 (95%; Planck+WP+highL). (96)

(The limit for Planck+WP is very similar: ⌦e < 0.010.) These
bounds are consistent with and improve the recent ones of
Hou et al. (2012), who give ⌦e < 0.013 at 95% CL, and
Sievers et al. (2013), who find ⌦e < 0.025 at 95% CL.

In summary, the results on dynamical dark energy (except for
those on early dark energy discussed above) are dependent on
exactly what supplementary data are used in conjunction with
the CMB data. (Planck lensing does not significantly improve
the constraints on the models discussed here.) Using the direct
measurement of H0, or the SNLS SNe sample, together with
Planck we see preferences for dynamical dark energy at about
the 2� level reflecting the tensions between these data sets and
Planck in the⇤CDM model. In contrast, the BAO measurements
together with Planck give tight constraints which are consistent
with a cosmological constant. Our inclination is to give greater
weight to the BAO measurements and to conclude that there is
no strong evidence that the dark energy is anything other than a
cosmological constant.

6.6. Dark matter annihilation

Energy injection from dark matter (DM) annihilation can
change the recombination history and a↵ect the shape of
the angular CMB spectra (Chen & Kamionkowski 2004;

Padmanabhan & Finkbeiner 2005; Zhang et al. 2006;
Mapelli et al. 2006). As recently shown in several papers
(see e.g., Galli et al. 2009, 2011; Giesen et al. 2012; Hutsi et al.
2011; Natarajan 2012) CMB anisotropies o↵er an opportunity
to constrain DM annihilation models.

High-energy particles injected in the high-redshift thermal
gas by DM annihilation are typically cooled down to the keV
scale by high energy processes; once the shower has reached
this energy scale, the secondary particles produced can ion-
ize, excite or heat the thermal gas (Shull & van Steenberg 1985;
Valdes et al. 2010); the first two processes modify the evolution
of the free electron fraction xe, while the third a↵ects the tem-
perature of the baryons.

The rate of energy release, dE/dt, per unit volume by a relic
annihilating DM particle is given by

dE
dt

(z) = 2 g ⇢2
cc2⌦2

c(1 + z)6 pann(z), (97)

where pann is, in principle, a function of redshift z, defined as

pann(z) ⌘ f (z)
h�vi
m�
, (98)

where h�vi is the thermally averaged annihilation cross-section,
m� is the mass of the DM particle, ⇢c is the critical density of
the Universe today, g is a degeneracy factor equal to 1/2 for
Majorana particles and 1/4 for Dirac particles (in the following,
constraints will refer to Majorana particles), and the parameter
f (z) indicates the fraction of energy which is absorbed overall
by the gas at redshift z. We note that the presence of the brackets
in h�vi denote a thermal average over the velocity distribution
of particles.

In Eq. (98), the factor f (z) depends on the details of the
annihilation process, such as the mass of the DM particle and
the annihilation channel (see e.g., Slatyer et al. 2009). The func-
tional shape of f (z) can be taken into account using gen-
eralized parameterizations (Finkbeiner et al. 2012; Hutsi et al.
2011). However, as shown in Galli et al. (2011), Giesen et al.
(2012), and Finkbeiner et al. (2012) it is possible to neglect the
redshift dependence of f (z) to first approximation, since current
data shows very little sensitivity to variations of this function.
The e↵ects of DM annihilation can therefore be well parameter-
ized by a single constant parameter, pann, that encodes the de-
pendence on the properties of the DM particles.

We compute here the theoretical angular power in the pres-
ence of DM annihilations, by modifying the RECFAST routine
in the camb code as in Galli et al. (2011) and by making use
of the package CosmoMC for Monte Carlo parameter estimation.
We checked that we obtain the same results by using the CLASS
Boltzmann code (Lesgourgues 2011a) and the Monte Python
package (Audren et al. 2012), with DM annihilation e↵ects cal-
culated either by RECFAST or HyRec (Ali-Haimoud & Hirata
2011), as detailed in Giesen et al. (2012). Besides pann, we sam-
ple the parameters of the base ⇤CDM model and the fore-
ground/nuisance parameters described in Sect. 4.

From Planck+WP we find

pann < 5.4 ⇥ 10�6 m3 s�1 kg�1 (95; Planck+WP). (99)

This constraint is weaker than that found from the full
WMAP9 temperature and polarization likelihood, pann < 1.2 ⇥
10�6 m3s�1kg�1 because the Planck likelihood does not yet in-
clude polarization information at intermediate and high multi-
poles. In fact, the damping e↵ect of DM annihilation on the
CMB temperature power spectrum is highly degenerate with
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Fig. 34. Marginalized posterior distributions for the dark en-
ergy equation of state parameter w (assumed constant), for
Planck+WP alone (green) and in combination with SNe data
(SNSL in blue and the Union2.1 compilation in red) or BAO
data (black). A flat prior on w from �3 to �0.3 was as-
sumed and, importantly for the CMB-only constraints, the prior
[20, 100] km s�1 Mpc�1 on H0. The dashed grey line indicates
the cosmological constant solution, w = �1.

which is in tension with w = �1 at more than the 2� level.
The results in Eqs. (91–93) reflect the tensions between the

supplementary data sets and the Planck base ⇤CDM cosmology
discussed in Sect. 5. The BAO data are in excellent agreement
with the Planck base ⇤CDM model, so there is no significant
preference for w , �1 when combining BAO with Planck. In
contrast, the addition of the H0 measurement, or SNLS SNe data,
to the CMB data favours models with exotic physics in the dark
energy sector. These trends form a consistent theme throughout
this section. The SNLS data favours a lower ⌦ in the ⇤CDM
model than Planck, and hence larger dark energy density today.
The tension can be relieved by making the dark energy fall away
faster in the past than for a cosmological constant, i.e., w < �1.

The constant w models are of limited physical interest. If
w , �1 then it is likely to change with time. To investigate
this we consider the simple linear relation in Eq. (4), w(a) =
w0 + wa(1 � a), which has often been used in the literature
(Chevallier & Polarski 2001; Linder 2003). This parameteriza-
tion approximately captures the low-redshift behaviour of light,
slowly-rolling minimally-coupled scalar fields (as long as they
do not contribute significantly to the total energy density at early
times) and avoids the complexity of scanning a large number of
possible potential shapes and initial conditions. The dynamical
evolution of w(a) can lead to distinctive imprints in the CMB
(Caldwell et al. 1998) which would show up in the Planck data.

Figure 35 shows contours of the joint posterior distribution in
the w0–wa plane using Planck+WP+BAO data (colour-coded ac-
cording to the value of H0). The points are coloured by the value
of H0, which shows a clear variation with w0 and wa reveal-
ing the three-dimensional nature of the geometric degeneracy in
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Fig. 35. 2D marginalized posterior distribution for w0 and wa
for Planck+WP+BAO data. The contours are 68% and 95%,
and the samples are colour-coded according to the value of H0.
Independent flat priors of �3 < w0 < �0.3 and �2 < wa < 2
are assumed. Dashed grey lines show the cosmological constant
solution w0 = �1 and wa = 0.

such models. The cosmological constant point (w0,wa) = (�1, 0)
lies within the 68% contour and the marginalized posteriors for
w0 and wa are

w0 = �1.04+0.72
�0.69 (95%; Planck+WP+BAO), (94a)

wa < 1.32 (95%; Planck+WP+BAO). (94b)

Including the H0 measurement in place of the BAO data moves
(w0,wa) away from the cosmological constant solution towards
negative wa at just under the 2� level.

Figure 36 shows likelihood contours for (w0,wa), now
adding SNe data to Planck. As discussed in detail in Sect. 5,
there is a dependence of the base ⇤CDM parameters on the
choice of SNe data set, and this is reflected in Fig. 36. The re-
sults from the Planck+WP+Union2.1 data combination are in
better agreement with a cosmological constant than those from
the Planck+WP+SNLS combination. For the latter data combi-
nation, the cosmological constant solution lies on the 2� bound-
ary of the (w0,wa) distribution.

Dynamical dark energy models might also give a non-
negligible contribution to the energy density of the Universe
at early times. Such early dark energy (EDE; Wetterich 2004)
models may be very close to ⇤CDM recently, but have a non-
zero dark energy density fraction, ⌦e, at early times. Such mod-
els complement the (w0,wa) analysis by investigating how much
dark energy can be present at high redshifts. EDE has two main
e↵ects: it reduces structure growth in the period after last scat-
tering; and it changes the position and height of the peaks in the
CMB spectrum.

The model we adopt here is that of Doran & Robbers (2006):

⌦de(a) =
⌦0

de �⌦e(1 � a�3w0 )
⌦0

de +⌦
0
ma3w0

+⌦e(1 � a�3w0 ) . (95)

It requires two additional parameters to those of the base⇤CDM
model: ⌦e, the dark energy density relative to the critical den-
sity at early times (assumed constant in this treatment); and the
present-day dark energy equation of state parameter w0. Here⌦0

m
is the present matter density and⌦0

de = 1�⌦0
m is the present dark
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Cosmological constant:

Quintessence:

Phantom:

K-essence:

w = �1, ẇ = 0

L = (1/2)(@�)2 � V (�)

L = �(1/2)(@�)2 � V (�)

L = L(�, X), X = (1/2)@µ�@
µ�

Tµ⌫ = �Lgµ⌫ +
@L
@X

@µ�@⌫�

= �pgµ⌫ + (p+ ⇢)uµu⌫ , uµuµ = 1

p = L, ⇢ = 2XpX � p, uµ =
@µ�p
2X



OUTLINE

Effects of DE perturbations on CMB and LSS

Methods to deal with DE perturbations with 
parameterization

Initial conditions of DE perturbations

Anisotropic rotation angle induced by DE coupling



EFFECTS OF DE 
PERTURBATIONS ON CMB 

AND LSS



�T (n̂)

T
=

X

lm

almYlm(n̂)

ha⇤l0m0almi = Cl�ll0�mm0



Generation of CMB anisotropies
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DE dominates the universe at very late time and contributes to CMB anisotropy through 

ISW effect.



Other secondary effects: weak lensing, SZ, reionization, ...



ISW



�00 + 3H�0 + (�8⇡Ga2pD)� = 4⇡Ga2�pD

Contributions from DE background Contribution from DE perturbations

(
�T

T
)ISW = 2

Z ⌘0

⇤
d⌘�0

Without anisotropic stress  = �



fitted by ⇤CDM



CMB and Dark Energy 3

10−4 10−3 10−2−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

k / Mpc−1

Δ
2IS

W
(k

)

Figure 1. The quadrupole (l = 2) contribution to the integrated
Sachs-Wolfe effect. The solid line is for a ΛCDM universe, the
dot dashed line for a universe with w = −2 and the dashed line
for w = −0.6. For the other cosmological parameters see text.
The bold lines are including perturbations in the dark energy
component and the thin lines excluding them.

Clearly a constant equation of state makes a very unnatu-
ral quintessence model. However a large class of models are
expected to be well described (at least as far as the CMB
anisotropy is concerned) by an effective constant equation of
state parameter. In this paper we do not explicitly consider
dark energy models with an evolving equation of state.

In order to analyse the impact of the equation of state
parameter of the dark energy component on the cosmic mi-
crowave background anisotropies we will first look into pri-
mary degeneracies originating from smaller scales in the
temperature anisotropy power spectrum. As discussed in
Melchiorri et al. (2002) the main impact is due to the change
in the angular diameter distance toward the last scattering
surface. The small scale CMB anisotropies in a flat uni-
verse are mainly sensitive to the physical cold dark mat-
ter and baryon densities and the angular diameter distance
dA ∝

∫
[Ωm(1 + z)3 + Ωde(1 + z)3(1+w)]−1/2. Hence if w is

decreasing, we need to increase Ωde and for a flat universe
decrease Ωm and therefore increase the Hubble parameter
H0 and therefore decrease Ωb in order to obtain the same
CMB anisotropy power spectrum.

Let us assume that we can by some artificial mecha-
nism suppress the fluctuations in the dark energy compo-
nent. Note that in general this is not consistent with the
equations of general relativity. Only in the case of a cos-
mological constant with w = −1 we recognise from Eqn. 5
that δρde = 0 is a solution. We implement the equations
in the frame comoving with the dark matter (synchronous
gauge), and allow for a changing background equation of
state but fix the dark energy perturbations to zero. We com-
pare results from applying this (incorrect) recipe with those
obtained using the full equations consistent with linear gen-
eral relativity. In their rest frame the matter perturbations
evolve like

δ′′m + Hδ′m = 4πGa2ρmδm (forced δde = 0), (16)

Figure 2. CMB angular power spectra for different dark energy
models with no perturbations. The solid line is for a ΛCDM
model, the dotted line for a model with w = −0.6 and dashed
line w = −2.0. The parameters Ωc, Ωb and H0 are adjusted to
show the degeneracies as mentioned in the text.

which for matter domination (w = 0) results in δm ∝ a. If
we gradually decrease w starting from w = 0, the transition
between matter and dark energy domination happens later
and later, but more and more rapidly, and with a larger over-
all change in the equation of state. So we expect a smaller
contribution to the ISW for values of w closer to zero.

In Fig. 1 we show the quadrupole contribution ∆ISW
2 (k)

to the ISW. The solid line is for a ΛCDM universe with
w = −1, Ωm = 0.3, Ωb = 0.05, H0 = 65 km s−1Mpc−1,
the thin dashed line is for w = −0.6, Ωm = 0.44, Ωb =
0.073, H0 = 54 km s−1Mpc−1 and the thin dot-dashed for
w = −2, Ωm = 0.17, Ωb = 0.027, H0 = 84 km s−1Mpc−1.
For all three models the spectral index is fixed to ns = 1.0
and the redshift of instantaneous complete reionization is
zre = 17. Without dark energy perturbations we clearly see
that for w = −0.6 there is only a small contribution to the
quadrupole from the ISW, while there is a large contribution
for w = −2.

In the case of no dark energy perturbations for w =
−0.6 there is a smaller ISW contribution than for a ΛCDM
universe, and subsequently for w = −2 a larger ISW contri-
bution. In Fig. 2 we show the entire temperature anisotropy
power spectrum for the three degenerate models. We can
see the increase in power on large scales by moving from
the w = −0.6 over the w = −1 (ΛCDM) to the w = −2
model. If these were the true signatures of dark energy mod-
els on large scales we might be hopeful that by cross correlat-
ing large scale CMB anisotropies with x-ray or radio source
power spectra (Boughn & Crittenden 2003) one could break
the angular diameter distance degeneracy of the small scale
anisotropies.

The interplay between perturbations in the dark energy
and the ISW is a subtle effect which we will discuss in the
section 2.2. A simple way to understand the opposite be-
haviour of w < −1 models is that for w < −1 the density
in the dark energy component is increasing with an expand-
ing universe, while it is decreasing in a collapsing universe.

4 J. Weller and A.M. Lewis

Figure 3. CMB angular power spectra for them dark energy
models as in Fig. 2, but with dark energy perturbations.

Hence the dark energy perturbations are anti-correlated
with the matter perturbations as they are sourced.

The bold lines in Fig. 1 correspond to the case which
includes perturbations. Note that for w = −1, the pertur-
bations are exactly zero. We see how the bold dot-dashed
line (w = −2) is significantly lowered compared to the thin
line, due to the contribution of the perturbation δρde, while
for w = −0.6 (dashed line) the contribution is significantly
enhanced.

In Fig. 3 we show the CMB temperature anisotropy
spectrum for the three models this time including perturba-
tions. We clearly see that the large differences obtained on
large scales when we did not include perturbations in Fig. 2
have vanished. This is because for w > −1 the smaller over-
all change in the background equation of state is enhanced
by the contribution due to the perturbations in the dark
energy component. For w < −1 the large contribution from
the different evolution of the background via the matter per-
turbations is partially cancelled by the contribution of the
dark energy fluctuation. It seems difficult to obtain informa-
tion about the nature of dark energy from large scale CMB
information.

2.2 Generalised Dark Energy Perturbations

We turn now to the problem of how to describe dark en-
ergy perturbations without resolving to a scalar field. We
should note as a reminder that we only resolved to a scalar
field in order to have a prescription for calculating the per-
turbations, where we assumed the most simple kinetic term
±(∂uϕ)2. These models have a speed of sound ĉ2

s = 1. How-
ever we have no idea what the dark energy actually is, so
this assumption may be premature. For example, in a more
generic class of dark energy models, so called k-essence, the
kinetic term does not need to be of such a simple form
(Armendariz-Picon et al. 2000) and the sound speed gen-
erally differs from one. In the most general case the speed
of sound and the equation of state evolve with time, though
clearly accounting for this is not feasible in general for pa-
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Figure 4. Evolution of |δde| (thick) and vde (thin) in the frame
comoving with the dark matter perturbation (dotted line), for
w = −0.6 and ĉ2s = {1, 0.7, 0.1} (solid, dashed and dash-dotted
lines), and k = 10−3Mpc−1. Note that we plot the absolute val-
ues of the fluctuations with amplitude normalized to unit initial
curvature perturbation.

rameter estimation. Here we generalise the dark energy pa-
rameterisation by introducing a constant sound speed ĉ2

s as
a free parameter.

If δde is initially zero, we see from Eqn. 8 that it is
sourced by the other perturbations if w "= −1 via the time
evolution of the local scale factor, the source term 3(1+w)h′.
An over density causes a decrease in the local expansion rate
and so h′ < 0. In this case a fluid starts to fall into over-
densities if wi > −1, but starts to fall out if wi < −1. The
subsequent evolution depends on the sound speed, as shown
in Fig. 4. Consider the frame comoving with the dark mat-
ter (where A = 0). When k # H the term (1 + wi)kvi can
be neglected, then the velocity and wavenumber only enter
via the combination (1 + wi)vi/k. For large sound speeds
the source term for the velocities is large and they are anti-
damped, which leads to an almost k-independent evolution
where the dark energy perturbations change sign at early
times, and become the opposite sign to δm. At late times
when the dark energy becomes a significant fraction of the
energy density, the total density perturbations are there-
fore smaller than without dark energy perturbations, there
is a larger overal change in the potential, and the ISW con-
tribution is increased. The sign reversal happens later for
lower sound speeds as we see in Fig. 4 and for ĉ2

s ∼ 1/3 the
perturbations never reverse. Thus the contribution to the
ISW effect from the perturbations decreases with the sound
speed. For w < −1 the effect is reversed, with the perturba-
tions initially of opposite sign, and the contribution to the
ISW effect increasing as the sound speed is decreased.

In Fig. 5 we show how the CMB temperature
anisotropies change on large scales, for different constant ĉ2

s.
We see that if we decrease the sound speed gradually from
ĉ2
s = 1 to ĉ2

s = 0 the ISW contribution becomes smaller as
the dark energy clusters more with the matter, partly com-
pensating the change in the potential due to the change in
the background equation of state. Therefore cross - correlat-
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FIG. 2: The matter power spectrum (top-left), and CMB
TT (top-right), EE (bottom-left), TE (bottom-right) power
spectra of φCDM universe with scalar field potential param-
eters used in Fig. 1, with the same colored code. Predictions
of ΛCDM model are shown as black curves. The vertical
line in the top-left panel indicates the present horizon size
(10081 h−1 Mpc) of the ΛCDM universe. The small box in
the top-right panel magnifies the CMB TT powers at low "’s.
All calculations are made in three different gauge conditions
(CCG, UEG, and UCG), where evolution of perturbation of
the dark energy scalar field has been properly considered. The
results in the three gauges coincide exactly. The matter and
CMB power spectra of the ΛCDM model have been normal-
ized with σ8 and COBE spectrum, respectively. For com-
parison, all the φCDM power spectra have been normalized
with the ΛCDM ones at small scales, " = 700 for CMB and
k = 0.3 h Mpc−1 for matter ones. For a φCDM with λ2 = 1.0
that is most deviated from the ΛCDM prediction, the ratios
of its powers to our ΛCDM predictions are also shown in the
bottom region of top panels; as an indication of numerical
accuracy of our code “the CMBFAST-derived power spectra
[15] divided by our result for ΛCDM model” is represented as
black curve.

the matter power spectrum we present the power spec-
trum of density perturbation based on the CCG which
is also a gauge-invariant concept; i.e., density perturba-
tion in the CCG is the same as a unique gauge-invariant
combination between the density perturbation and the
velocity perturbation of the CDM component. Despite
the variety of outcome in the redshift-distance relation
in the parameters used (see right-bottom panel in Fig.
1) the matter power spectra of the φCDM models are all
similar with some tilt relative the fiducial ΛCDM model,
whereas the differences in the CMB power spectra are
less distinguished. Figure 2 shows that when we properly
include the DEP the three gauges give identical results

FIG. 3: The same as Fig. 2 now ignoring the DEP (DEP-
OFF) in the CCG (blue, dashed), the UEG (green, long
dashed), and the UCG (brown, dotted curves) for λ2 = 1.0.
Red solid curves represent power spectra with proper DEP
(DEP-ON). The power spectra ignoring the DEP apparently
depend on the gauge choice which reflects internal inconsis-
tency of the system. For matter and CMB TT power spectra,
recent measurements from SDSS DR7 LRG [3] and WMAP 5-
year [4] data (including the cosmic variance) have been added
(grey dots with error bars), and power ratios between cases
ignoring and considering DEP are also shown for CCG, UEG,
and UCG, together with fractional errors of observed spectra.

both for the ΛCDM and φCDM cases.
Now, in Fig. 3 we ignored (set equal to zero by hand)

the perturbed part of dark energy. Apparently, the re-
sults depend on the gauge conditions used. As the values
of gauge-invariant variables depend on the gauge condi-
tions used in the calculation this alarms inconsistency
of the system. Such differences are expected because by
ignoring the DEP the perturbed system of equations be-
comes inconsistent. The presence of fluctuations in the
matter and metric simultaneously and inevitably excites
fluctuations in the dark energy. And it is not allowed to
turn off the DEP by hand. The issue we would like to
address, however, is whether we could ignore the DEP
in practice. Our result in Fig. 3 shows that ignoring the
DEP easily leads to observationally significant deviations
in the power spectra which are even gauge dependent.

In our normalization the matter power spectrum shows
about −20%/−34%/+20% (−10%/−19%/+8.9%) error
caused by ignoring the DEP at k " 0.022hMpc−1 in
the CCG/UEG/UCG; the values inside parenthesis are
for Ωφi = 0.0225 which is one half of the value used
in our Figures. The current observation from SDSS
DR7 LRG (Luminous Red Galaxies) shows 11% (corre-
lated) error at the same scale, which is already smaller
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whereas the differences in the CMB power spectra are
less distinguished. Figure 2 shows that when we properly
include the DEP the three gauges give identical results

FIG. 3: The same as Fig. 2 now ignoring the DEP (DEP-
OFF) in the CCG (blue, dashed), the UEG (green, long
dashed), and the UCG (brown, dotted curves) for λ2 = 1.0.
Red solid curves represent power spectra with proper DEP
(DEP-ON). The power spectra ignoring the DEP apparently
depend on the gauge choice which reflects internal inconsis-
tency of the system. For matter and CMB TT power spectra,
recent measurements from SDSS DR7 LRG [3] and WMAP 5-
year [4] data (including the cosmic variance) have been added
(grey dots with error bars), and power ratios between cases
ignoring and considering DEP are also shown for CCG, UEG,
and UCG, together with fractional errors of observed spectra.

both for the ΛCDM and φCDM cases.
Now, in Fig. 3 we ignored (set equal to zero by hand)

the perturbed part of dark energy. Apparently, the re-
sults depend on the gauge conditions used. As the values
of gauge-invariant variables depend on the gauge condi-
tions used in the calculation this alarms inconsistency
of the system. Such differences are expected because by
ignoring the DEP the perturbed system of equations be-
comes inconsistent. The presence of fluctuations in the
matter and metric simultaneously and inevitably excites
fluctuations in the dark energy. And it is not allowed to
turn off the DEP by hand. The issue we would like to
address, however, is whether we could ignore the DEP
in practice. Our result in Fig. 3 shows that ignoring the
DEP easily leads to observationally significant deviations
in the power spectra which are even gauge dependent.

In our normalization the matter power spectrum shows
about −20%/−34%/+20% (−10%/−19%/+8.9%) error
caused by ignoring the DEP at k " 0.022hMpc−1 in
the CCG/UEG/UCG; the values inside parenthesis are
for Ωφi = 0.0225 which is one half of the value used
in our Figures. The current observation from SDSS
DR7 LRG (Luminous Red Galaxies) shows 11% (corre-
lated) error at the same scale, which is already smaller

With DE perturbationsWithout DE perturbations

Park, Hwang, Lee & Noh, PRL (2009)
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The background contribution of DE can be described by two 
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Q: How to include DE perturbations consistently in data analyses 
without referring to specific models?  And with as few as possible 

extra parameters beyond w_0 and w_a?

Zhao,Xia,Li,Feng,Zhang, astro-ph/0507482, PRD(2005)
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determined by the matter perturbations through the Einstein equations which take the following form when expanded
to linear order

− k2Ψ− 3H(Ψ′ +HΦ) = 4πGa2δρ ,

k2(Ψ′ +HΦ) = 4πGa2(ρ+ p)θ ,

Ψ′′ +H(2Ψ′ + Φ′) + (2H′ +H2)Φ+
k2

3
(Ψ− Φ) = 4πGa2δp ,

k2(Ψ− Φ) = 12πGa2(ρ+ p)σ , (2)

whereH = d ln a/dη is the conformal Hubble parameter and the prime denotes the derivative with respect to conformal
time. The energy density and pressure perturbations are denoted by δρ = δT 0

0 and δp = −1/3δT i
i , respectively. The

variable θ denotes the momentum density perturbation, which is defined by

(ρ+ p)θ = ikiδT 0
i . (3)

The shear perturbation σ relates to the anisotropic stress through the relation

(ρ+ p)σ = k̂ik̂j(δT
i
j − 1/3δijδT

l
l ) , (4)

and it vanishes if matter is a perfect fluid or consists of a set of scalar fields as in the cases considered in this paper.
Thus, in the cases considered here we have Ψ = Φ. Given these considerations, one can obtain the Poisson equation
from the Einstein equations (2):

k2

a2
Φ = −4πGρ[δ +

3H

k2
(1 + w)θ] , (5)

where δ ≡ δρ/ρ is the density contrast.
If there are many components of matter, then each species has its own perturbation variables δi, θi and δpi. The

total perturbations are given by the sum over of all species:

ρδ =
∑

i

ρiδi ,

(ρ+ p)θ =
∑

i

(ρi + pi)θi ,

δp =
∑

i

δpi . (6)

If there are no interactions beyond gravitational ones among these components, the perturbations for each species
satisfy the individual energy and momentum conservation laws[47]

δ′i = −(1 + wi)(θi − 3Φ′)− 3H

(
δpi
ρi

− wiδi

)
,

θ′i = −H(1− 3wi)θi −
w′

i

1 + wi
θi + k2

(
δpi/ρi
1 + wi

+ Φ

)
. (7)

To solve these two equations we need to know how δpi depends on δi and θi:

δpi = c2siδρi + 3H(1 + wi)
ρi
k2

(c2si − c2ai)θi , (8)

where

c2ai = wi − w′
i/[3H(1 + wi)] (9)

is called adiabatic sound speed in the literature, and csi is the sound speed defined in the comoving frame of the fluid.
For a perfect fluid csi = cai and for a canonical scalar field csi = 1.
For the problem discussed in this paper, we assume that the universe is filled with only two components, the non-

relativistic matter (including dark matter and baryons) and the dark energy. The matter perturbation equations are
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Model dependent



Model independent perturbation equations
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As pointed out in [39], this matching procedure is not well justified if the background does not obey the matching
conditions. Therefore, in recent studies of non-singular bouncing cosmologies [48] one introduces a bouncing phase
valid around the bounce point and matches both at the boundary between the initial contracting phase and the onset of
the bouncing phase, and then once again between the end of the bouncing phase and the final expanding phase. In this
case, the fluctuations can also be evolved numerically and one can verify that the approximate analytical description
of the evolution of fluctuations using matching conditions gives accurate results for the evolution of cosmological
perturbation. Note that in this case the equation of state of the background also has w crossing −1 at the bounce
point [49].
However, in our present investigation the matching prescription for fluctuations is justified since the background

satisfies the corresponding conditions. Thus, it is sufficient to use a single matching surface, like in the case of
inflationary reheating.
In a homogeneous universe, the matching hypersurface coincides with that of fixed conformal time η. In the presence

of small amplitude inhomogeneities the EoS can be decomposed into a homogeneous part and a small perturbation:

wD = wD(η) + δwD(η, xi) . (14)

To obtain the matching conditions on this hypersurface, it is better for us to consider the general form of the perturbed
metric

ds2 = a2(η){(1 + 2A)dη2 − 2B,idx
idη − [(1− 2ψ)δij + 2E,ij ]dx

idxj} , (15)

where commas denote derivatives with respect to spatial coordinates. Only two of the four variables A, B, ψ, E are
physical. Under the coordinate transformation

η → η̃ = η + ξ0 and

xi → x̃i = xi + ξ,i , (16)

these metric perturbations transform as

A → Ã = A−Hξ0 − ξ0
′

, B → B̃ = B + ξ0 − ξ′ ,

ψ → ψ̃ = ψ +Hξ0 , E → Ẽ = E − ξ , (17)

and the perturbation of the EoS transforms as

δwD → δ̃wD = δwD − w′
Dξ

0 . (18)

We will use the temporal gauge to obtain the matching conditions. In this gauge, the matching hypersurface Σ
coincides with η̃ = const. and the equation of this hypersurface

w̃D(η̃, x̃i) = const. (19)

implies

δ̃wD = 0 . (20)

Hence the time shift is

ξ0 =
δwD

w′
D

, (21)

but ξ remains arbitrary. The induced 3-metric of this hypersurface and its extrinsic curvature are expressed as

qij = a2[(1− 2ψ̃)δij + 2Ẽ,ij ] , (22)

Kij =
qij
a
(H −HÃ− ψ̃′) +

1

a
(Ẽ′ − B̃),ij , (23)

respectively.
The matching conditions tell us that the induced metric and the extrinsic curvature should be continuous across

the surface, i.e. that [qij ]± = 0 and [Kij ]± = 0. For the background, this requires that the scale factor a and the
expansion rate H are continues. And for the perturbations, one obtains

[ψ̃]± = [Ẽ]± = 0 (24)
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Gauge transformation
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Gauge invariant
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determined by the matter perturbations through the Einstein equations which take the following form when expanded
to linear order

− k2Ψ− 3H(Ψ′ +HΦ) = 4πGa2δρ ,

k2(Ψ′ +HΦ) = 4πGa2(ρ+ p)θ ,

Ψ′′ +H(2Ψ′ + Φ′) + (2H′ +H2)Φ+
k2

3
(Ψ− Φ) = 4πGa2δp ,

k2(Ψ− Φ) = 12πGa2(ρ+ p)σ , (2)

whereH = d ln a/dη is the conformal Hubble parameter and the prime denotes the derivative with respect to conformal
time. The energy density and pressure perturbations are denoted by δρ = δT 0

0 and δp = −1/3δT i
i , respectively. The

variable θ denotes the momentum density perturbation, which is defined by

(ρ+ p)θ = ikiδT 0
i . (3)

The shear perturbation σ relates to the anisotropic stress through the relation

(ρ+ p)σ = k̂ik̂j(δT
i
j − 1/3δijδT

l
l ) , (4)

and it vanishes if matter is a perfect fluid or consists of a set of scalar fields as in the cases considered in this paper.
Thus, in the cases considered here we have Ψ = Φ. Given these considerations, one can obtain the Poisson equation
from the Einstein equations (2):

k2

a2
Φ = −4πGρ[δ +

3H

k2
(1 + w)θ] , (5)

where δ ≡ δρ/ρ is the density contrast.
If there are many components of matter, then each species has its own perturbation variables δi, θi and δpi. The

total perturbations are given by the sum over of all species:

ρδ =
∑

i

ρiδi ,

(ρ+ p)θ =
∑

i

(ρi + pi)θi ,

δp =
∑

i

δpi . (6)

If there are no interactions beyond gravitational ones among these components, the perturbations for each species
satisfy the individual energy and momentum conservation laws[47]

δ′i = −(1 + wi)(θi − 3Φ′)− 3H

(
δpi
ρi

− wiδi

)
,

θ′i = −H(1− 3wi)θi −
w′

i

1 + wi
θi + k2

(
δpi/ρi
1 + wi

+ Φ

)
. (7)

To solve these two equations we need to know how δpi depends on δi and θi:

δpi = c2siδρi + 3H(1 + wi)
ρi
k2

(c2si − c2ai)θi , (8)

where

c2ai = wi − w′
i/[3H(1 + wi)] (9)

is called adiabatic sound speed in the literature, and csi is the sound speed defined in the comoving frame of the fluid.
For a perfect fluid csi = cai and for a canonical scalar field csi = 1.
For the problem discussed in this paper, we assume that the universe is filled with only two components, the non-

relativistic matter (including dark matter and baryons) and the dark energy. The matter perturbation equations are

k2
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� = �4⇡G

X

i

⇢i[�i +
3H
k2

(1 + wi)✓i]

Effective energy density perturbation
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For DE with single degree of 

freedom , only one extra parameter:w0, wa, c2sD
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As pointed out in [39], this matching procedure is not well justified if the background does not obey the matching
conditions. Therefore, in recent studies of non-singular bouncing cosmologies [48] one introduces a bouncing phase
valid around the bounce point and matches both at the boundary between the initial contracting phase and the onset of
the bouncing phase, and then once again between the end of the bouncing phase and the final expanding phase. In this
case, the fluctuations can also be evolved numerically and one can verify that the approximate analytical description
of the evolution of fluctuations using matching conditions gives accurate results for the evolution of cosmological
perturbation. Note that in this case the equation of state of the background also has w crossing −1 at the bounce
point [49].
However, in our present investigation the matching prescription for fluctuations is justified since the background

satisfies the corresponding conditions. Thus, it is sufficient to use a single matching surface, like in the case of
inflationary reheating.
In a homogeneous universe, the matching hypersurface coincides with that of fixed conformal time η. In the presence

of small amplitude inhomogeneities the EoS can be decomposed into a homogeneous part and a small perturbation:

wD = wD(η) + δwD(η, xi) . (14)

To obtain the matching conditions on this hypersurface, it is better for us to consider the general form of the perturbed
metric

ds2 = a2(η){(1 + 2A)dη2 − 2B,idx
idη − [(1− 2ψ)δij + 2E,ij ]dx

idxj} , (15)

where commas denote derivatives with respect to spatial coordinates. Only two of the four variables A, B, ψ, E are
physical. Under the coordinate transformation

η → η̃ = η + ξ0 and

xi → x̃i = xi + ξ,i , (16)

these metric perturbations transform as

A → Ã = A−Hξ0 − ξ0
′

, B → B̃ = B + ξ0 − ξ′ ,

ψ → ψ̃ = ψ +Hξ0 , E → Ẽ = E − ξ , (17)

and the perturbation of the EoS transforms as

δwD → δ̃wD = δwD − w′
Dξ

0 . (18)

We will use the temporal gauge to obtain the matching conditions. In this gauge, the matching hypersurface Σ
coincides with η̃ = const. and the equation of this hypersurface

w̃D(η̃, x̃i) = const. (19)

implies

δ̃wD = 0 . (20)

Hence the time shift is

ξ0 =
δwD

w′
D

, (21)

but ξ remains arbitrary. The induced 3-metric of this hypersurface and its extrinsic curvature are expressed as

qij = a2[(1− 2ψ̃)δij + 2Ẽ,ij ] , (22)

Kij =
qij
a
(H −HÃ− ψ̃′) +

1

a
(Ẽ′ − B̃),ij , (23)

respectively.
The matching conditions tell us that the induced metric and the extrinsic curvature should be continuous across

the surface, i.e. that [qij ]± = 0 and [Kij ]± = 0. For the background, this requires that the scale factor a and the
expansion rate H are continues. And for the perturbations, one obtains

[ψ̃]± = [Ẽ]± = 0 (24)



[ ̃]± = [Ẽ]± = 0

[HÃ+  ̃0]± = [Ẽ0 � B̃]± = 0

[ ̃]± ⌘  ̃+ �  ̃� etc.
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and

[HÃ+ ψ̃
′

]± = [Ẽ
′

− B̃]± = 0 , (25)

where the notation

[ψ̃]± ≡ ψ̃+ − ψ̃−etc. (26)

(the subscripts + and − indicating the values of the quantity on the two sides of the boundary) has been used.
Making use of the gauge transformations (17) and (21), we obtain the matching conditions for the perturbations in
an arbitrary gauge,

[ψ +H
δwD

w′
D

]± = 0 ,

[E − ξ]± = 0 ,

[HA+ ψ′ + (H′ −H2)
δwD

w′
D

]± = 0 ,

[E′ −B +
δwD

w′
D

]± = 0 . (27)

Specifically, in the Conformal Newtonian gauge used in this paper (B = E = 0 and Φ = A, Ψ = ψ) these conditions
become

[Ψ]± = 0 ,

[
δwD

w′
D

]± = 0 ,

[HΦ+Ψ′ + (H′ −H2)
δwD

w′
D

]± = 0 . (28)

When Φ = Ψ, i.e. in the absence of shear perturbations, and dividing the matter contributions into that of dark
energy and that of regular cold matter, the Poisson equation (5) becomes

k2

a2
Φ = −4πG{ρD[δD + (1 + wD)

H

k2
θD] + ρm[δm + (1 + wm)

H

k2
θm]} , (29)

where the subscript m denotes matter.
The first matching condition in (28) means that the combination δD + (1 + wD)H

k2 θD should be also continuous.
Because the matching hypersurface is characterized by wD = −1, one gets the following matching condition for the
energy density perturbation of dark energy

[δD]± = 0 . (30)

Now we turn to the physical meaning of the second condition in (28). After simple calculations one gets

δwD

w′
D

=
1

w′
D

(
δpD
ρD

− wDδD) =
c2sD − wD

w′
D

[δD +
3H(1 + wD)

k2
θD] +

θD
k2

, (31)

and at the matching hypersurface this becomes

δwD

w′
D

=
c2sD + 1

w′
D

δD +
1

k2
θD . (32)

Both δD and w′
D are continuous, and w′

D must be non-zero in order to obtain crossing. Thus, the matching condition
[δwD/w′

D]± = 0 implies that the momentum density perturbation of dark energy is also continuous, i.e.

[θD]± = 0 . (33)

Eqs. (30) and (33) coincide with the assumptions (13) used in Ref. [1]. Another way to see that (30) and (33) are
valid we see that if these matching conditions are satisfied, then all of the matching conditions (28) are satisfied.

To arbitrary gauge:

To conformal Newtonian gauge:
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[✓D]± = 0

wD ' �1
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Now, with the method discussed in this paper we can perform a numerical calculation to see how large the con-
tribution of the dark energy perturbation can be. We modified and extended the CosmoMC code by implementing
the dark energy perturbations discussed in this paper and take ε = 10−5, then fit the parameters of the dark energy
EoS (w0, w1) to the current data from CMB observations including the 7-year WMAP temperature and polarization
power spectra [50], and small-scale CMB measurements from BOOMERanG [51], CBI [52], VSA [53] and ACBAR
[54], from the Union2 SNIa data set [55], and from BAO[56]. In order to show the importance of the dark energy
perturbation we have done the calculations separately for the two cases including and switching off the dark energy
perturbations. In Figure 1 we plot our numerical results. One can see the obvious difference between the two cases
given by the red solid line and the black dashed line. This is because the late time ISW effect differs significantly
when dark energy perturbations are considered, and the ISW effects plays an important role on large angular scales
for the CMB and the matter power spectra [57].

w0

w
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* 

FIG. 1: Two dimensional constraints on (w0, w1) from current observations of CMB + SNIa + BAO. The red solid and black
dash lines represent the 2 σ limits for the two cases with and without dark energy perturbations, respectively. The star
represents the best fit value.

IV. SUMMARY AND DISCUSSION

In this paper we have revisited the dynamics of cosmological perturbations of dark energy and paid particular
attention to the case when the EoS crosses the cosmological constant boundary. Single field or single fluid models, or
scenarios based on a parameterized EoS of dark energy with a single component cannot cross wD = −1 because the
perturbations are singular and unstable at this point. The quintom model is able to cross this boundary naturally,
however it requires more degrees of freedom, and lessons learned when studying the transfer of fluctuations through
non-singular bounces makes us expect that, on scales smaller than the time duration of the transition phase, the final
fluctuations will depend on the details of the model. This makes it hard to obtain a simple data fitting prescription. In
particular, the more parameters are introduced, the more computing time is required for the numerical calculations.
To obtain a simple way of analyzing data and assessing the observational evidence for or against the equation of state
of dark energy crossing the cosmological constant divide it is thus very useful to have a prescription which does not
introduce new parameters.
In this paper we have presented a new approach to studying dark energy perturbations in the time interval when

[ w+ = −1 + ε, w− = −1− ε ] , i.e. during the crossing of the boundary wD = −1. We have proposed to apply the
general relativistic matching conditions of [36, 37]. These conditions imply that the dark energy perturbations match
continuously on the two sides of the surface wD = −1.
Let us mention some caveats to our analysis: Our method is applicable in the form presented here only if on either

side of the matching surface all except for one fluid are negligible. Since at the crossing region this assumption will
fail, this criterium implies that ε cannot be too small. Secondly, since the dark energy fluctuations diverge when the
equation of state crosses the cosmological constant line, then, in order to stay within the realm of applicability of
linear cosmological perturbation theory, we have a second reason why ε cannot be taken to be too small. On the other
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where we have used the commutation of the covariant derivatives φνρµ − φνµρ = φσRσ
νµρ with Rσ

νµρ the Riemann
tensor. The equation of motion remains to be a second order differential equation, but there is a curvature-field
coupling term appeared in it even though we only consider the minimal coupling to the gravity in the Lagrangian.
This means the degenerate model has no extra degree of freedom. 1

Zero matrix ∂2L
∂φρσ∂φµν

implies the Lagrangian only depends on the second derivative terms linearly. With Lorentz

invariance, L can only be

L = K(φ, X) +G(φ, X)!φ+ F (φ, X)∇µφ∇νφ∇µ∇νφ . (19)

The box term at the right hand side with G = X was considered in the context of Galileon theory [31] and its
generalization was studied in [35], named as KGB model and in inflation model building [43], named as G-inflation.
The box term is equivalent to −2XGφ −GX∇µφ∇νφ∇µ∇νφ after integration by parts and dropping a surface term.
By redefinitions of K(φ, X) and F (φ , X), the degenerate Lagrangian may be generally written as

L = K(φ, X) + F (φ, X)∇µφ∇νφ∇µ∇νφ = K + F∇µX∇µφ . (20)

Now we will investigate whether the dark energy model from this Lagrangian can stably cross the boundary of
cosmological constant by studying its background evolution and properties of perturbations.
With the notations (20) the equation of motion (18) becomes

Kφ − 2XKXφ −KX!φ−KXX∇µX∇µφ+ F [(!φ)2 −∇µ∇νφ∇µ∇νφ+Rµν∇µφ∇νφ]

+ 2Fφ(∇µX∇µφ+ 2X!φ) + 2XFφX∇µX∇µφ+ 4X2Fφφ + FX(!φ∇µX∇µφ−∇µX∇µX) = 0 . (21)

The energy momentum tensor which sources the gravitational field is obtained through the variation of the action
with respect to the metric tensor,

T µν = −
2
√
g

δS

δgµν
, (22)

for the degenerate model it is

T µν = −(K + F∇ρX∇ρφ)gµν + (KX − 2XFφ − F!φ)∇µφ∇νφ+ F (∇µX∇νφ+∇νX∇µφ) . (23)

We can read off the pressure and energy density from this energy momentum tensor up to linear order of perturbations
around the homogeneous background,

p = K + F∇µX∇µφ , (24)

ρ = −K + F∇µX∇µφ+ 2X(KX − 2XFφ − F!φ) . (25)

In terms of the fluid variables p and ρ, the energy momentum tensor may be rewritten as

T µν = −pgµν + (ρ+ p)uµuν + (2X)3/2F (aµuν + aνuµ) , (26)

where by analogy with k-inflation [48] or k-essence [5] we have defined the four velocity uµ = ∇µφ/
√
2X which is

normalized as uµuµ = 1, aµ ≡ uρ∇ρuµ is the four acceleration which is orthogonal to the velocity, i.e., aµuµ = 0. We
have also used the relation [36]:

∇µX = 2Xaµ + uρ∇ρXuµ . (27)

This energy momentum tensor (26) does not have the form of perfect fluid due to the last two terms depending on the
four acceleration. In the language of relativistic imperfect fluid, aµ can be identified as heat flow. Further, one can

1 In the flat spacetime it is not necessary to require ∂2L
∂φρσ∂φµν

= 0 to keep the equation of motion at the second order, for example if

∂2L
∂φρσ∂φµν

= C(ηµνηρσ − ηµρηνσ) with constant C in the Minkowski space, all the third and fourth order derivative terms vanish in the

equation of motion because φµνρσ is totally symmetric under the interchanges of the indices. See Ref. [38] for some more discussions

about the case in flat spacetime. But in the curved spacetime, ∂2L
∂φρσ∂φµν

= 0 is the unique way to discriminate higher derivative terms.

This has be shown in Ref. [33].
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prove straitforwardly that aµ is space like and its zero-th component vanishes at both background and linear levels,
its spatial components ai should be first order variables. So if we redefine the four velocities as

ũµ = uµ +
(2X)3/2F

ρ+ p
aµ , (28)

the energy-momentum tensor should be

T µν = −pgµν + (ρ+ p)ũµũν −
(2X)3F 2

ρ+ p
aµaν " −pgµν + (ρ+ p)ũµũν . (29)

In the last step, we have considered the fact that the product aµaν is a second order variable and can be neglected if we
restrict our studies on the background evolution and the linear perturbation theory. This equation means the energy
momentum tensor of the degenerate model has apparently the same form of perfect fluid if we neglect perturbations
of higher order. But it is essentially different from perfect fluid, especially the relation (1) between the pressure and
density perturbations is lost in this model. This is the very reason why the degenerate higher derivative model is
possible to realize the quintom idea and avoid the problems possessed by single k-essence field.

V. COSMOLOGY WITH DEGENERATE HIGHER DERIVATIVE DARK ENERGY MODEL

In this section, we consider in more detail the dynamics of the dark energy model (20). The background universe
is a spatially flat FRW spacetime, in which the metric is given by

ds2 = dt2 − a2(t)δijdx
idxj . (30)

At the background level the field φ is homogeneous, so we soon have

ρ = −K + 2X(KX − 2XFφ − 3Hφ̇F )

p = K + 2Xφ̈F

ρ+ p = 2X(KX − 2XFφ − 3Hφ̇F + φ̈F ) , (31)

where we have considered X = φ̇2/2 ,∇µX∇µφ = 2Xφ̈ and !φ = φ̈ + 3Hφ̇. The energy conservation law in the
expanding universe ρ̇+ 3H(ρ+ p) = 0 is identical to the equation of motion (21). For the velocity uµ only the time
component is non-zero, u0 = 1, ui = 0. The key point for this model to cross the cosmological constant boundary is
that KX − 2XFφ − 3Hφ̇F + φ̈F could evolve from the positive region to the negative region or vise versa providing
the energy density always positive. In addition, we have to check whether the perturbations are stable.
Similar to the analysis in single k-essence model, the perturbation of the scalar field is a small deviation from the

homogenous background

φ($x, t) = φ(t) + π($x, t) . (32)

For complete consideration we should also include the perturbations of spacetime. However, for dark energy, it is
believed to be subdominant in the universe for most time and had tiny contribution to the curvature. So for studying
the dark energy perturbations, it is safely to neglect the metric perturbations which are sourced mainly by other
matter. This approximation will greatly simplify the analysis. There are two ways to get the linear perturbation
equations. One is to directly perturb the equation of motion (21) around the background evolution. Another one is
to adapt the variational principle from the action which is second order of perturbations as we have shown in Sec. II
for k-essence field. Here we will use the second way to discuss the perturbation of the scalar field. For this purpose
we firstly expand the action

S =

∫
d4x

√
g(K + F∇µX∇µφ) (33)

to the second order of the perturbations. After straightforward but tedious calculations, we obtain the desired second
order action for π,

S(2)(π) =
1

2

∫
d3xdta3(Aπ̇2 −

B

a2
∂iπ∂iπ + Cπ2) , (34)
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with

A = KX + 2XKXX − 6Hφ̇(F +XFX)− 8XFφ − 4X2FXφ ,

B = KX − 2(φ̈+ 2Hφ̇)F − 4XFφ − 2Xφ̈FX ,

C =
d

dt
(6HXFφ + 2Xφ̇Fφφ − φ̇KXφ) + 3H(6HXFφ + 2Xφ̇Fφφ − φ̇KXφ) + 2Xφ̈Fφφ +Kφφ . (35)

We can see from the action that the sound speed square is defined as

c2s =
B

A
=

KX − 2(φ̈+ 2Hφ̇)F − 4XFφ − 2Xφ̈FX

KX + 2XKXX − 6Hφ̇(F +XFX)− 8XFφ − 4X2FXφ

. (36)

If the universe is dominated by the scalar field, as discussed in the KGB model [35] or the G-inflation model [43], a
full treatment of the gravity-φ coupled system based on the (Arnowitt-Deser-Misner) ADM method will give a slightly
different sound speed squared,

c′2s =
KX − 2(φ̈+ 2Hφ̇)F − 4XFφ − 2Xφ̈FX − 2X2F 2/M2

p

KX + 2XKXX − 6Hφ̇(F +XFX)− 8XFφ − 4X2FXφ + 6X2F 2/M2
p

, (37)

where both numerator and denominator are modified by terms suppressed by the Planck mass M2
p = 1/8πG. This

sound speed depends on the gravity theory, here the gravity theory is Einstein’s general relativity. For dark en-
ergy studied in this paper we will consider the sound speed in Eq. (36) to express the propagating velocity of the
perturbations.
The classical stability requires c2s > 0. Furthermore, the absence of ghost mode corresponds to

A = KX + 2XKXX − 6Hφ̇(F +XFX)− 8XFφ − 4X2FXφ > 0 . (38)

Compared to Eq. (31) one can find that neither A nor B is proportional to ρ+ p, hence when the dark energy crosses
the cosmological constant boundary, ρ+ p = 0, both coefficients A and B are not vanished in general. The equation
of motion would be regular at the crossing point. This is different from the case of k-essence model discussed in
Section II. So in this single field model, for particular choices of the functions K and F and corresponding model
parameters, it is possible to find solutions in which the equation of state of dark energy evolves across −1 but both c2s
and A remain finite and positive as we will show explicitly below. Within these solutions the fluctuation of the scalar
field has the right kinetic term to circumvent the pathology of ghost, even though its background part has w < −1
violating the null energy condition.
In order to illustrate the realization of quintom scenario explicitly, we study an explicit form of the degenerate dark

energy model. The Lagrangian we are considering is simple:

L = −X − c1∇µX∇µφ+ c2Xφ2 , (39)

where c1,2 are constants. Compared with the notations in Eq. (20), one may find that K = −X + c2Xφ2 and
F = −c1. Note that the third term can also be viewed as an “effective mass term”. From Eqs. (24) and (25), we get
the pressure and energy density of this model respectively as:

ρ = (c2φ
2 − 1 + 6c1Hφ̇)X , (40)

p = (c2φ
2 − 1− 2c1φ̈)X . (41)

At the point where the equation of state crossing −1, we have ρ+ p = 0, i.e.,

c1(φ̈ − 3Hφ̇) = c2φ
2 − 1 . (42)

In addition, we have the equation of motion for the scalar field, which comes from Eq. (21),

(1 − 6c1Hφ̇− c2φ
2)φ̈+ 3H(1− c2φ

2)φ̇− (c2φ+ 9c1H
2 + 3c1Ḣ)φ̇2 = 0 . (43)

We performed the numerical calculations of the background evolution and the coefficients for perturbations for
different parameter choices in Figs. 1 and 2. In both figures, we have used the unit 8πG = 1 and chose the parameter
c1 = 3.0 × 10122. The choices of parameter c2 are different for these two cases. In the first figure c2 = 0 and in the
second one c2 = 0.05. In both cases we set the initial conditions as φi = −1.2 and φ̇i = 10−61 well within the matter
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we proposed a method to deal with the dark energy perturbations during the crossing of the boundary we = −1 in
Ref. [20]. According to this method, the energy and momentum density perturbations of dark energy are treated as
constant during the small interval around the critical point we = −1. This method is justified in Ref. [29] from the
viewpoint of general relativistic matching conditions.
Another issue concerned with the dark energy perturbations is the question of initial condition. Generally, there are

two types of initial conditions for the perturbations: adiabatic and isocurvature. In Refs. [14, 19, 20, 29] for the global
fitting of the dark energy EoS to the observational data, it was assumed that the perturbations were purely adiabatic.
In this paper we will study more general initial conditions which admit dark energy isocurvature perturbations and
discuss the implications for CMB temperature and polarization power spectra and the LSS matter power spectrum. In
the literature, baryon and dark matter isocurvature perturbations have been extensively discussed and tight constraints
on these are obtained. There have also been studies of the dark energy isocurvature perturbations which, however,
are usually limited in the framework of quintessence models [30–34]. In these studies, it has been shown that the
quintessence isocurvature perturbations could lead to the suppression of the CMB quadrupole via the anti-correlation
between the adiabatic and the isocurvature modes[33–36]. In this paper, working with the parameterized EoS, we
consider both adiabatic and isocurvature initial conditions and the correlation between them in the likelihood data
fitting analysis. We discuss the current constraints on the cosmological parameters, with result when admitting the
possible existence of dark energy isocurvature modes. Our paper is organized as follows: in section II, we briefly review
the theory of perturbations; In section III, we analytically study in detail the dark energy isocurvature perturbations;
In section IV we study effects of the dark energy isocurvature perturbations on CMB and LSS, and we present the
current constraints on them in Section V; Section VI is our summary.

II. ADIABATIC AND ISOCURVATURE PERTURBATIONS

We consider a spatially flat Friedmann-Robertson-Walker universe as the background. The metric of the perturbed
spacetime in the conformal Newtonian gauge reads,

ds2 = a(η)2[(1 + 2Φ)dη2 − (1− 2Φ)δijdx
idxj ] , (2)

where we have implicitly assumed that the shear perturbations can be neglected and the metric perturbations are
fully described by one relativistic potential Φ. In the matter sector, the perturbations are expressed by the perturbed
energy-momentum tensor which is gauge dependent. However, for the discussions of perturbations on large scales it
is more convenient to use gauge invariant variables constructed by combining the energy-momentum perturbations
with the metric perturbations. In this paper, we use the following gauge-independent variables for each species

ζα =
δα

3(1 + wα)
− Φ ,

∆α =
ραδα
3

+
H
k2

(ρα + pα)θα , (3)

where δα ≡ δρα/ρα is the density contrast, θα ≡ ikiδT 0
iα/(ρα + pα) is the corresponding momentum density per-

turbation, and the conformal Hubble parameter is defined by H = a′/a with the prime denoting the derivative with
respect to conformal time. ζα is a comoving curvature perturbation, and as we will see later in this paper ∆α may be
called an “effective” density perturbation. The conservation of the energy-momentum tensor at the linear order gives
the equations governing the evolutions of ζα and ∆α:

ζ′α + 3H(c2sα − c2aα)
∆α

ρα + pα
+

k2

3H
(

∆α

ρα + pα
− ζα) =

k2

3H
Φ , (4)

∆′
α + (4H−

H′

H
+

k2

3H
)∆α − (H −

H′

H
+

k2

3H
)(ρα + pα)ζα = (ρα + pα)[Φ

′ + (2H−
H′

H
+

k2

3H
)Φ] . (5)

In the above equations, csα is the sound speed defined in the comoving frame of the fluid while the so-called adiabatic
sound speed, caα, is defined as c2aα ≡ p′α/ρ

′
α = wα − w′

α/[3H(1 + wα)]. For a perfect fluid csα = caα, and for a
canonical scalar field csα = 1.
To close the system, we also need the Poisson equation,

k2

a2
Φ = −12πG

∑

α

∆α , (6)
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3

which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become

ζ′α + 3H(c2sα − c2aα)
∆α

ρα + pα
= 0 , (7)

∆′
α + (4H−

H′

H
)∆α − (H −

H′

H
)(ρα + pα)ζα = (ρα + pα)[Φ

′ + (2H−
H′

H
)Φ] , (8)

∑

α

∆α = 0 . (9)

From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
1

ρ+ p

∑

α

(ρα + pα)ζα = ζr , (10)

which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives

(
H′

H
−H)ζ = Φ′ + (2H−

H′

H
)Φ . (11)

Integration of this equation gives

Φadi = C
H
a2

− ζr(1−
H
a2

∫

ada

H(a)
) , (12)

where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
δα

1 + wα
−

3

4
δr . (13)

In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is

ζ = ζr +
ρα + pα
3(ρ+ p)

Sα . (14)

It is not conserved on large scales. We may define ξα ≡ (ρα + pα)Sα/3, so that

ζ = ζr +
ξα

ρ+ p
, (15)

and Eqs. (7) and (8) become

ξ′α + 3H(1 + c2aα)ξα + 3H(c2sα − c2aα)∆α = 0 ,

∆′
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H′

H
)∆α + (
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−H)(1 −

ρα + pα
ρ+ p

)ξα = 0 . (16)

Conserved \zeta

(1) barotropic fluids, e.g., cdm, radiation

(2) single component universe, e.g., single field inflation 
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the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,
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which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by
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δα

1 + wα
−

3

4
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In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is
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It is not conserved on large scales. We may define ξα ≡ (ρα + pα)Sα/3, so that
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, (15)

and Eqs. (7) and (8) become
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
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∑
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which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
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In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is
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and Eqs. (7) and (8) become
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
1

ρ+ p

∑

α

(ρα + pα)ζα = ζr , (10)

which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives

(
H′
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Integration of this equation gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
δα

1 + wα
−

3
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In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is

ζ = ζr +
ρα + pα
3(ρ+ p)

Sα . (14)

It is not conserved on large scales. We may define ξα ≡ (ρα + pα)Sα/3, so that

ζ = ζr +
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, (15)

and Eqs. (7) and (8) become

ξ′α + 3H(1 + c2aα)ξα + 3H(c2sα − c2aα)∆α = 0 ,
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
1
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∑
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(ρα + pα)ζα = ζr , (10)

which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives

(
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Integration of this equation gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
δα

1 + wα
−

3
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δr . (13)

In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is

ζ = ζr +
ρα + pα
3(ρ+ p)

Sα . (14)

It is not conserved on large scales. We may define ξα ≡ (ρα + pα)Sα/3, so that
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ρ+ p
, (15)

and Eqs. (7) and (8) become

ξ′α + 3H(1 + c2aα)ξα + 3H(c2sα − c2aα)∆α = 0 ,
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become

ζ′α + 3H(c2sα − c2aα)
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
1
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∑
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(ρα + pα)ζα = ζr , (10)

which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives

(
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Integration of this equation gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
δα
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−

3
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δr . (13)

In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is

ζ = ζr +
ρα + pα
3(ρ+ p)

Sα . (14)

It is not conserved on large scales. We may define ξα ≡ (ρα + pα)Sα/3, so that
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, (15)

and Eqs. (7) and (8) become
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,
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∑
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(ρα + pα)ζα = ζr , (10)

which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives

(
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Integration of this equation gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
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In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is
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Sα . (14)
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and Eqs. (7) and (8) become
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become

ζ′α + 3H(c2sα − c2aα)
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
1
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∑
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(ρα + pα)ζα = ζr , (10)

which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives

(
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Integration of this equation gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
However, if one of the comoving curvature perturbations ζα is not equal to ζr, the density perturbation have an

isocurvature mode. the isocurvature perturbation of species α is defined by

Sα ≡ 3(ζα − ζr) =
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In principle, if the universe contains N components, there should be at most N−1 isocurvature density perturbations.
With the presence of isocurvature modes, the equation (11) relating the potential and the total comoving curvature
perturbation is still valid. However in this case ζ $= ζr. If only one species α has isocurvature perturbation, ζ is
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It is not conserved on large scales. We may define ξα ≡ (ρα + pα)Sα/3, so that
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and Eqs. (7) and (8) become
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which can be obtained from the perturbed Einstein equations. Comparing this equation with the Poisson equation in
the Newtonian gravity we can see that ∆α may be called an effective density perturbation. On super horizon scales
kη ! 1, the terms proportional to k2 in Eqs. (4), (5) and (6) can be dropped, and these equations become
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From equation (7), we see that for a perfect fluid ζα is conserved on large scales.
To solve the set of perturbation equations, we need to specify the initial conditions. Usually these initial conditions

are set at the time deep inside the radiation dominated era when the scales corresponding to observations today were
far outside the horizon. Inflation provides a natural mechanism to generate these initial perturbations. They originate
from quantum vacuum fluctuations and become classical perturbations when their corresponding length scales leave
the horizon during inflation. In the post-inflation epoch, these primordial perturbations re-enter the horizon and
interact with matter to cause the CMB anisotropies and structure formation. Hence it is important to inspect the
evolutions of the perturbations on super-horizon scales until the scales re-enter the horizon. For this purpose we only
need to consider the equations (7), (8) and (9). There are two types of solutions of these equations, called adiabatic
and isocurvature (or entropy) modes. For adiabatic perturbation all comoving curvature perturbations ζα are the
same as that of radiation ζr. The total comoving curvature perturbation is also equal to ζr,

ζ =
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which is constant since ζ′r = 0. Thus, for adiabatic perturbation, the picture is simple: the primordial perturbations
ζ are frozen while they are outside the horizon. With Eq. (9), the sum of Eq. (8) over all species gives
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where C is a constant. The first term on the right hand side decays in the expanding universe and can be neglected.
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The above equations describe how the isocurvature perturbations evolve on large scales and Eq. (14) or (15) char-
acterizes the contribution of isocurvature perturbations to the total comoving curvature perturbation. The potential
can be solved by integrating Eq. (11) and we obtain
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where Φadi is the contribution of the adiabatic mode given in Eq. (12), and the last term is the contribution from
the isocurvature perturbation. To get it we have used the equation H′ −H2 = −4πGa2(ρ+ p). This equation shows
explicitly that both adiabatic and isocurvature perturbations are able to generate the metric perturbation.
If the species α is subdominant (ρα + pα)/(ρ+ p) → 0, its perturbation has a negligible contribution to the metric

perturbation and the potential Φ # Φadi. Then the evolution equations (16) of isocurvature perturbations become
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These two equations are the basis for the discussion of dark energy isocurvature perturbations in the radiation and
matter dominated eras in the next section. We can see from Eq. (15) that the contribution of dark energy isocurvature
perturbations relies on the ratio ξe/(ρ+ p) compared with ζr, where the subscript e represents dark energy. Because
ζr is conserved, qualitatively the effect of the isocurvature depends on whether ξe/(ρ + p) grows or decays with
time. When the density of dark energy becomes significant at late time, its isocurvature perturbations could make as
important contribution to the metric perturbation and we should use the equations (16) to investigate its evolution.
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In this section we will study the dark energy isocurvature perturbations during the radiation and matter dominated
epochs. For simplicity we assume that the perturbations of baryons, dark matter, neutrinos and so on are adiabatic.
The dark energy was subdominant in the early universe and it only starts to dominate the universe at low redshifts.
So we can use the equations (18) to study the dark energy isocurvature perturbation on super-horizon scales.
First of all, we will discuss the behavior of dark energy isocurvature perturbations for some specific dark energy

models.

A. Single Fluid
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IV. THE EFFECTS OF DARK ENERGY ISOCURVATURE PERTURBATION

In this section we study the effects of the dark energy isocurvature perturbations on CMB and LSS observations. We
will take the parametrization we(a) = w0 +wa(1− a) and consider the sound speed c2se as an arbitrarily non-negative
parameter. Besides, we also need to parameterize the power spectra of the initial perturbations. Statistically, both
adiabatic perturbation ζr and isocurvature perturbation Se are treated as random fields as predicted by inflation
theory.To be general, we should consider the correlation between them. If their statistics are Gaussian, both the
adiabatic and isocurvature fields are fully described by the power spectra. To characterize a well defined system
including both adiabatic and isocurvature modes, one usually introduce a vector Xi with two components,

Xi =

{

ζr adiabatic ,

Se isocurvature .
(28)

Then the primordial power spectra Pij are defined by

〈Xi(k)X ∗
j (k

′)〉 =
2π2

k3
Pij(k)δ(k − k

′). (29)

One can parameterize the power spectra as Pij = Aij( k
k0
)nij−1, where Aij and nij are 2−dimensional matrices

which characterize the amplitudes and spectral indices, respectively. We have

Aij =

(

Aadi
√
AadiAiso cos∆√

AadiAiso cos∆ Aiso

)

, (30)

where cos∆ = Aadi,iso√
AadiAiso

describes the correlation between adiabatic and isocurvature perturbations [37], and Aadi

and Aiso are the amplitudes of adiabatic and isocurvature modes respectively. The spectral indices are denoted by
nadi
s = n11 and niso

s = n22. For simplicity we assume that ncor
s = n12 = n11+n22

2 [38].
As we see from Eq. (17), both adiabatic and isocurvature modes can generate metric perturbations and therefore

temperature anisotropies. Symbolically we have

δT

T
= (

δT

T
)adi + (

δT

T
)iso, (31)

and hence, the temperature angular spectrum Cl can be expressed as

Cl = AadiĈ
adi
l +AisoĈ

iso
l + 2

√

AadiAiso cos∆Ĉadi,iso
l (32)

where

Ĉij
l =

4π

2l+ 1

∫

d ln k(
k

k0
)nij−1Θi

l(k)Θ
j
l (k) (33)

with Θi
l being the transfer function of photons for the initial condition i. There are similar formulas for the CMB EE

and BB polarization spectra and temperature-polarization spectrum TE.
The isocurvature perturbations also affects the matter power spectrum P (k) as follows,

P (k) = AadiP̂
adi(k) +AisoP̂

iso(k) + 2
√

AadiAiso cos∆P̂ adi,iso(k) , (34)

where P̂ ij(k) can be described as

P̂ ij(k) = (
k

k0
)nij−1T i(k)T j(k), (35)

with T i(k) being the transfer functions of matter perturbation for initial condition i.
In order to show the effects of the isocurvature perturbations on CMB and LSS observations, we plot in Fig.1 the TT

and TE power spectra of CMB and in Fig.2 the matter power spectrum in the case of fully anti-correlation, cos∆ = −1.
In the computations, the fiducial cosmological parameters are chosen as w0 = −1.148, wa = 1.01, c2se = 0.01,
Aadi = 2.36× 10−9, nadi

s = 0.95, Aiso = 1.48 × 10−8, niso
s = −1.7, ωb = 0.02247, ωc = 0.1135, H0 = 71.8km/s/Mpc,

where ωb ≡ Ωbh2 and ωc ≡ Ωbh2 denote the physical baryon and cold dark matter density parameters, respectively,
and H0 = 100hkm/s/Mpc is the current Hubble constant. The main effects of isocurvature perturbations of dark
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l (32)

where
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adi
l +AisoĈ
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General initial conditions for DE perturbations:

mixed adiabatic and DE isocurvature
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SD DE isocurvature .
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FIG. 1: Top Panel: The angular power spectrum of CMB. Bottom Panel: The TE power spectrum of CMB. The red solid lines
denote the spectrum obtained including the contribution of anti-correlated adiabatic and isocurvature perturbation, while the
black dashed line is obtained by only including the adiabatic contribution.
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FIG. 2: The matter power spectrum obtained with the cosmological parameters chosen to be the same as in Fig.1. The red
line denotes the total power spectrum and the black dash-dotted line is that with only the adiabatic component.

energy are on large scales. One can see the suppression in the CMB quadrupole which is realized by the anti-correlation
between isocurvature and adiabatic perturbations. However, in the matter power spectrum, there is an increment on
large scales with this set of parameters chosen.
Since the effects of isocurvature perturbations appear mainly at large scale, it will be difficult to get a tight constraint

on it with current data. This is because we know that in the case of the CMB, the data on large scale is cosmic
variance uncertainty dominated, while for LSS the largest scale we can observed today is only about k = 0.02hMpc−1

[39].
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Data are not sensitive to DE isocurvature 

perturbations



SUMMARY (I)

DE perturbations have important effects and usually 
increase the parameter degeneracies

Singularity w_D=-1 needs to be handled carefully

Current data are not sensitive to the sound speed and initial 
perturbations of DE

Models corresponds to imperfect fluid need more studies



ANISOTROPIC ROTATION 
ANGLE INDUCED BY DE 

COUPLING



“Quintessence and the rest of the world”, S. Carroll, PRL (1998)

Quintessence L = 1
2@µ�@

µ�� V (�)

Nearly massless m� ⇠
p
V�� < H0 ⇠ 10�33eV

Hypothetical couplings (besides the gravity) to SM particles:
1, direct coupling

c
�

M
L( ̄ , F⇢�F

⇢�, G⇢�G
⇢�, ....)

A. Long range force, violates equivalence principle, constrained to c 
10�4(M/Mpl);

B. Instability under quantum corrections, �m� ' ⇤2

4⇡M ⇠ 10�7eV >> m�,
M ⇠ Mpl, ⇤ ⇠ ⇤ew.



2, derivative coupling, pseudo-Goldstone originated from U(1) symmetry

breaking

c

M

@µ�Oµ
( , F⇢�, G⇢�, ....)

A. shift symmetry �! �+ const., guarantees the flatness of the potential;

B. propagates spin-dependent force, short range, much weaker constraint

from astrophysics M � 10

10
Gev, PDG.

Derivative coupling to photons

c

M
@µ�A⌫

eFµ⌫ ! � c

2M
�Fµ⌫

eFµ⌫

� =
c

M

��, �� = �(⌘, ~x)|
source

� �(⌘, ~x)|
receiver

Rotation of polarization

Rotation angle

2

obtained the result that for the multipoles from l = 1 to l = 512, there is no evidence of non-zero power spectrum for
the rotation angle within 3σ.
In this paper we revisit this problem and compute the new constraints on the anisotropic rotation by analyzing

the recently released WMAP 9-year data combined with data from the ground based CMB experiments QUaD and
BICEP. We will not adopt any model for the scalar field. We find that the dominant effect on the CMB spectra
of the anisotropic rotation angle is through the suppression factors of its variance so the current data put a strong
constraint on the variance as well as isotropic part of the rotation angle. In comparison, current observational data
are not sensitive to the detailed shape of the power spectrum of the rotation angle.
This paper is organized as follows. In Sec. II, we introduce the relevant formalism for computing the rotated power

spectra of CMB. In Sec. III, we present our result of the constraint on the homogeneous and anisotropic rotation
angle from current observational data. Sec. IV is the conclusion.

II. FORMALISM OF ROTATED POWER SPECTRA

The full Lagrangian density of the Maxwell theory modified by the Chern-Simons term (without other sources) is

L = −
1

4
FµνF

µν + pµAν F̃
µν . (1)

This Lagrangian density is not gauge-invariant, but the action integral S =
∫
Ld4x is gauge-independent because in

this paper we only consider pµ = (c/M)∂µφ and it is easy to see that after integral by part the Chern-Simons term

can be rewritten as −(cφ/2M)Fµν F̃µν .
When applying the modified theory to CMB, the Chern-Simons term is expected to be significant only in the era

after recombination. Before that, CMB photons coupled tightly to the electrons and the Chern-Simons coupling
is negligible compared with the dominated Compton scattering. After the last scattering off the electrons, the
polarization direction of the photon rotated by an angle [13]

χ = −

∫ 0

LSS
pµdx

µ(λ) =
c

M
∆φ , (2)

where the integral along the light path (parameterized by λ) is from the light source to the point of observation. For
CMB, the light source is located at the last scattering surface and one can see that the rotation angle only relies
on the total difference of the field between the source and the observation point, ∆φ = φ(&xLSS , ηLSS) − φ0, where
&xLSS represents the position on the last scattering surface and η is the conformal time. The observation point is
fixed but on the last scattering surface the scalar field φ varies with the positions. In the spatially flat universe
&xLSS = (η0− ηLSS)n̂, the rotation angle relies on the direction n̂ through the dependence of the field on the position.
Accordingly the Stokes parameters of linear polarization got a rotation

(Q̃ ± iŨ) = exp (±i2χ)(Q± iU) , (3)

where we have used tilde to denote the rotated parameter. More details can be found in Ref. [13].
On the full sky the temperature and polarization fields can be decomposed in terms of appropriate spin-weighted

harmonic functions [17]:

T (n̂) =
∑

lm

aT,lmYlm(n̂)

(Q± iU)(n̂) =
∑

lm

a±2,lm ±2Ylm(n̂) . (4)

The expressions for the expansion coefficients are

aT,lm =

∫
dΩ Y ∗

lm(n̂)T (n̂)

a±2,lm =

∫
dΩ ±2Y

∗
lm(n̂)(Q ± iU)(n̂) . (5)

Instead of a2,lm and a−2,lm, it is more convenient to use their linear combinations

aE,lm = −(a2,lm + a−2,lm)/2

aB,lm = i(a2,lm − a−2,lm)/2. (6)

Change of Stokes parameters
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E/B decomposition

Applied to CMB, source=last scattering surface 
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The advantage of E/B decomposition is that it is coordinate-independent and the E and B modes represent polar-
ization patterns of opposite parity. The power spectra are defined as

〈a∗X′,l′m′aX,lm〉 = CX′X
l δl′lδm′m (7)

with the assumption of statistical isotropy. In the equation above, X ′ and X denote the temperature T and the
E and B modes of the polarization field, respectively. For Gaussian theories, the statistical properties of the CMB
temperature/polarization maps are specified fully by these six spectra. Without the rotation induced by the Chern-
Simons coupling, CTB

l = CEB
l = 0.

The Chern-Simons term has no effect on the temperature field. The rotated polarization field (3) can be decomposed
in the same way except the coefficients and the spectra should be denoted by tildes. We assume the field φ which
induces the rotation is also a Gaussian random variable, as we have done for studies of cosmic scalar fields in other
cases. So we also have a power spectrum for the rotation angle. As usual, we separate the rotation angle into its
background and fluctuation,

χ(n̂) = χ̄+ δχ(n̂) , (8)

the background part χ̄ is homogeneous across the sky and the perturbation δχ(n̂) as a scalar with zero mean can be
decomposed by the spherical harmonics,

δχ(n̂) =
∑

lm

blmYlm(n̂) . (9)

With assumed statistical isotropy of blm, the angular power spectrum of the rotation angle is defined as

〈b∗l′m′blm〉 = Cχ
l δl′lδm′m , (10)

which depends on the three dimensional power spectrum of the scalar field φ at the last scattering surface,

Cχ
l =

4πc2

M2

∫
d ln kPφ(k, ηLSS)j

2
l (k∆η) , (11)

where ∆η = η0 − ηLSS and jl is the spherical Bessel function. With these equations we can calculate the rotated
spectra analytically under the expansion of the factor exp (±2iχ) into Taylor series by assuming the rotation angle is
small. Up to the second order (for spectra the fourth order), the rotated spectra of CMB was shown explicitly in Eq.
(69) in Ref. [13].
In this paper, instead of using Taylor expansion, we will perform the non-perturbative calculation of the rotated

power spectra via the computation of the rotated correlation function. This method has been used to calculate
the lensing effect of CMB on all scales [14, 18], and it was shown that it is more accurate than the approach of
Taylor expansion. The correlation function only depends on the separation of the two points and is invariant under
displacements. In the spherical coordinate system with the origin was set to the position of the observer, we need
only evaluate the following three rotated correlation functions for the polarization field by taking n̂ along the z−axis
and n̂

′ in the x− z plane at angle β to the z−axis

ξ̃+ ≡ 〈(Q̃ + iŨ)∗(n̂)(Q̃ + iŨ)(n̂′)〉

ξ̃− ≡ 〈(Q̃ + iŨ)(n̂)(Q̃ + iŨ)(n̂′)〉

ξ̃X ≡ 〈T (n̂)(Q̃ + iŨ)(n̂′)〉 . (12)

They are related to the power spectra as

ξ̃+(β) =
∑

lm,l′m′

〈(ã∗E,lm − iã∗B,lm)(ãE,l′m′ + iãB,l′m′)〉2Y
∗
lm(n̂)2Yl′m′(n̂′)

=
∑

lm

(C̃EE
l + C̃BB

l )2Y
∗
lm(n̂)2Ylm(n̂′)

=
∑

l

2l+ 1

4π
(C̃EE

l + C̃BB
l )dl22(β) , (13)
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Rotated polarization



Isotropic rotation angle
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A Chern-Simons coupling of a new scalar field to electromagnetism may give rise to cosmological
birefringence, a rotation of the linear polarization of electromagnetic waves as they propagate over
cosmological distances. Prior work has sought this rotation, assuming the rotation angle to be
uniform across the sky, by looking for the parity-violating TB and EB correlations a uniform rotation
produces in the CMB temperature/polarization. However, if the scalar field that gives rise to
cosmological birefringence has spatial fluctuations, then the rotation angle may vary across the
sky. Here we search for direction-dependent cosmological birefringence in the WMAP-7 data. We
report the first CMB constraint on the rotation-angle power spectrum C

↵↵
L for multipoles between

L = 0 and L = 512. We also obtain a 68% confidence-level upper limit of
p

C

↵↵
2 /(4⇡) . 1� on the

quadrupole of a scale-invariant rotation-angle power spectrum.

I. INTRODUCTION

In this work, we use the cosmic microwave back-
ground (CMB) temperature and polarization maps of the
Wilkinson Microwave Anisotropy Probe (WMAP) 7-year
data release [1] to search for direction-dependent cos-
mological birefringence (CB). CB is a postulated rota-
tion of the linear polarization of photons that propagate
through cosmological distances [2]. It is present, for ex-
ample, in models where a Nambu-Goldstone boson plays
the role of quintessence [3], but also in models with new
scalar degrees of freedom that have nothing to do with
quintessence [4–7]. The rotation of the polarization is a
consequence of the coupling of a scalar field to the elec-
tromagnetic Chern-Simons term, such that the rotation
angle ↵ is proportional to the total change �� of the field
� along the photon’s path.

Prior to this work, a rotation angle ↵ that is uni-
form across the sky had been sought in the CMB [8],
where it would induce parity-violating TB and EB tem-
perature/polarization correlations [9]. CB has also been
sought in quasar data [2, 10]. The tightest constraint cur-
rently comes from a combined analysis of the WMAP,
Bicep [11], and QUAD experiments [12]; it is �1.4� <
↵ < 0.9� at the 95% confidence level [13].

There are, however, a number of reasons to expand the
search and look for a CB angle ↵(bn) that varies as a func-
tion of position bn on the sky. To begin with, a dynamical
field � that drives the rotation can have fluctuations, in
which case the rotation angle varies across the sky [4–6].
Furthermore, if � is some massless scalar, not necessarily
quintessence, its background value does not necessarily
evolve, and the uniform component of the rotation an-
gle may vanish. The only way to look for CB in this
scenario is through its direction dependence. Addition-
ally, if ↵(bn) is measured with high significance, the exact
shape of its power spectrum provides a window into the

detailed physics of the new cosmic scalar �. Currently,
the strongest limit on a direction-dependent CB angle
comes from AGN [14], which constrain the root-variance
of the rotation angle to be . 3.7�.

In previous studies [15, 16], a formalism was devel-
oped to search for anisotropic CB rotation with the CMB.
The sensitivity of WMAP data to this anisotropic rota-
tion is expected to be competitive with that from AGN
[15–17]. However, the CMB also allows individual mul-
tipoles C↵↵

L to be probed—the AGN data only constrain
the variance—and is sensitive to higher L than AGN.
The CMB also probes CB to a larger lookback time than
AGN.

Here we apply the formalism developed earlier to the
WMAP 7-year data. Within experimental precision, we
report a non-detection of a direction-dependent cosmo-
logical birefringence. We obtain an upper limit on all
the rotation-angle power-spectrum multipoles C↵↵

L up to
L = 512. This result implies a 68% confidence-level up-
per limit on the quadrupole of a scale-invariant power
spectrum of

p
C↵↵

2

/(4⇡) . 1�,1. As a check, we also find
a constraint on the uniform rotation that agrees with the
results of Ref. [13].

The rest of this paper is organized as follows. In §II, we
review the physical mechanism for CB. In §III, we revisit
the full-sky formalism to search for direction-dependent
rotation, and discuss its implementation. WMAP data
selection, our simulations, and the tests of the analysis
method are described in §IV. Results are reported in §V,
and we conclude in §VI. Appendix A contains a detailed

1 Here, the power spectrum is defined in the usual way, C↵↵
L ⌘P

M
↵LM↵⇤

LM/(2L + 1), where a spherical-harmonic decomposi-

tion of the rotation field provides the rotation-angle multipoles,
↵LM ⌘

R
Y ⇤
LM (bn)↵(bn)dbn.
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Figure 2: Top panel: Measurement of the rotation-angle
power spectrum from V band, shown before debiasing, along
with the components of the noise bias: Monte-Carlo mea-
surement of the null-hypothesis mean h

b
C

↵↵
L i (solid green),

isotropic noise bias (blue dashed), and the mean isotropic bias
(magenta dashed). Middle panel: The same power spectrum
after debiasing, with 1� and 3� confidence interval. Bottom
panel: binned version of the middle-panel power spectrum.
The results are consistent with zero within 3�.

distributions for bA are shown in Figure 5.

The best-fit values for the quadrupole amplitude bC↵↵
2

and associated confidence intervals are listed in Table
IV; consistency with zero is apparent within 3� for all
band-cross correlations we analyzed. The tightest con-
straint on the quadrupole amplitude of a scale-invariant
rotation-angle power spectrum comes from [WW][VV]; it
is

p
C↵↵

2

/(4⇡) . 1� with 68% confidence6.

6 Note that the conversion between the amplitude A and the

Figure 3: Same as Figure 2, for [f1f2][f3f4]=[WW][VV].

[f1f2][f3f4] b
C

↵↵
2 ± 1�(±3�) [deg2]

[VV][VV] 11.4+15.8
�16.9(

+79.0
�27.7)

[QV][QV] 29.6+18.8
�18.3(

+70.3
�33.4)

[QQ][VV] 19.8+14.3
�13.9(

+51.6
�46.6)

[WV][WV] 16.8+15.9
�16.9(

+79.0
�27.7)

[WW][VV] 3.0+14.0
�13.9(

+43.3
�42.9)

Table IV: Measurement of the quadrupole amplitude of a
scale-invariant rotation-angle power spectrum for di↵erent
cross-band correlations, with 68% and 99% confidence-level
intervals, recovered from a suite of null-hypothesis simula-
tions. Consistency with zero within 3� is apparent for all
band cross-correlations, and the tightest constraint comes
from [WW][VV].

quadrupole is C2 = A⇥ 131deg2/6.

arXiv:1206.5546
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The advantage of E/B decomposition is that it is coordinate-independent and the E and B modes represent polar-
ization patterns of opposite parity. The power spectra are defined as

〈a∗X′,l′m′aX,lm〉 = CX′X
l δl′lδm′m (7)

with the assumption of statistical isotropy. In the equation above, X ′ and X denote the temperature T and the
E and B modes of the polarization field, respectively. For Gaussian theories, the statistical properties of the CMB
temperature/polarization maps are specified fully by these six spectra. Without the rotation induced by the Chern-
Simons coupling, CTB

l = CEB
l = 0.

The Chern-Simons term has no effect on the temperature field. The rotated polarization field (3) can be decomposed
in the same way except the coefficients and the spectra should be denoted by tildes. We assume the field φ which
induces the rotation is also a Gaussian random variable, as we have done for studies of cosmic scalar fields in other
cases. So we also have a power spectrum for the rotation angle. As usual, we separate the rotation angle into its
background and fluctuation,

χ(n̂) = χ̄+ δχ(n̂) , (8)

the background part χ̄ is homogeneous across the sky and the perturbation δχ(n̂) as a scalar with zero mean can be
decomposed by the spherical harmonics,

δχ(n̂) =
∑

lm

blmYlm(n̂) . (9)

With assumed statistical isotropy of blm, the angular power spectrum of the rotation angle is defined as

〈b∗l′m′blm〉 = Cχ
l δl′lδm′m , (10)

which depends on the three dimensional power spectrum of the scalar field φ at the last scattering surface,

Cχ
l =

4πc2

M2

∫
d ln kPφ(k, ηLSS)j

2
l (k∆η) , (11)

where ∆η = η0 − ηLSS and jl is the spherical Bessel function. With these equations we can calculate the rotated
spectra analytically under the expansion of the factor exp (±2iχ) into Taylor series by assuming the rotation angle is
small. Up to the second order (for spectra the fourth order), the rotated spectra of CMB was shown explicitly in Eq.
(69) in Ref. [13].
In this paper, instead of using Taylor expansion, we will perform the non-perturbative calculation of the rotated

power spectra via the computation of the rotated correlation function. This method has been used to calculate
the lensing effect of CMB on all scales [14, 18], and it was shown that it is more accurate than the approach of
Taylor expansion. The correlation function only depends on the separation of the two points and is invariant under
displacements. In the spherical coordinate system with the origin was set to the position of the observer, we need
only evaluate the following three rotated correlation functions for the polarization field by taking n̂ along the z−axis
and n̂

′ in the x− z plane at angle β to the z−axis

ξ̃+ ≡ 〈(Q̃ + iŨ)∗(n̂)(Q̃ + iŨ)(n̂′)〉

ξ̃− ≡ 〈(Q̃ + iŨ)(n̂)(Q̃ + iŨ)(n̂′)〉

ξ̃X ≡ 〈T (n̂)(Q̃ + iŨ)(n̂′)〉 . (12)

They are related to the power spectra as

ξ̃+(β) =
∑

lm,l′m′

〈(ã∗E,lm − iã∗B,lm)(ãE,l′m′ + iãB,l′m′)〉2Y
∗
lm(n̂)2Yl′m′(n̂′)

=
∑

lm

(C̃EE
l + C̃BB

l )2Y
∗
lm(n̂)2Ylm(n̂′)

=
∑

l

2l+ 1

4π
(C̃EE

l + C̃BB
l )dl22(β) , (13)

3
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They are related to the power spectra as

ξ̃+(β) =
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lm,l′m′

〈(ã∗E,lm − iã∗B,lm)(ãE,l′m′ + iãB,l′m′)〉2Y
∗
lm(n̂)2Yl′m′(n̂′)

=
∑

lm

(C̃EE
l + C̃BB

l )2Y
∗
lm(n̂)2Ylm(n̂′)

=
∑

l

2l+ 1

4π
(C̃EE

l + C̃BB
l )dl22(β) , (13)

Two-point correlations

4

and

ξ̃−(β) =
∑

l

2l+ 1

4π
(C̃EE

l − C̃BB
l + 2iC̃EB

l )dl−22(β) , (14)

ξ̃X(β) = −
∑

l

2l + 1

4π
(C̃TE

l + iC̃TB
l )dl02(β) , (15)

where dlmk(β) is the Wigner small d function and cosβ = n̂·n̂′. We have included the rotated TB and EB correlations.
The reversals of the formulae (13), (14) and (15) give rise to

C̃EE
l + C̃BB

l = 2π

∫ 1

−1
ξ̃+(β)d

l
22(β)d cos β

C̃EE
l − C̃BB

l = 2π

∫ 1

−1
Re[ξ̃−(β)]d

l
−22(β)d cos β

C̃EB
l = π

∫ 1

−1
Im[ξ̃−(β)]d

l
−22(β)d cos β

C̃TE
l = −2π

∫ 1

−1
Re[ξ̃X(β)]dl02(β)d cos β

C̃TB
l = −2π

∫ 1

−1
Im[ξ̃X(β)]dl02(β)d cos β . (16)

Furthermore, according to the Eq. (3), the rotated correlation function is related to the unrotated correlation
function as

ξ̃+(β) = 〈exp [2i(χ(n̂′)− χ(n̂))](Q+ iU)∗(n̂)(Q + iU)(n̂′)〉

= 〈exp [2i(χ(n̂′)− χ(n̂))]〉ξ+(β)

= exp [−2〈[δχ(n̂′)− δχ(n̂)]2〉]ξ+(β)

= exp [−4Cχ(0) + 4Cχ(β)]ξ+(β)

= exp [−4Cχ(0) + 4Cχ(β)]
∑

l

2l+ 1

4π
(CEE

l + CBB
l )dl22(β) , (17)

where we have neglected the small effect of the correlation between the rotation angle and the unrotated polarization
field and in the third step we used the formula that

〈eix〉 = e−〈x2〉/2 (18)

for a Gaussian variable x (here it is δχ) with zero mean. The notation Cχ(β) represents the two point correlation
function of the perturbed rotation angle, i.e.,

Cχ(β) = 〈δχ(n̂)δχ(n̂′)〉 =
∑

l

2l + 1

4π
Cχ

l Pl(cosβ) , (19)

and Cχ(0) =
∑

l
2l+1
4π Cχ

l is its variance. Substitute Eq.(17) into the first equation of (16), we have

C̃EE
l + C̃BB

l = e−4Cχ(0)
∑

l′

2l′ + 1

2
(CEE

l′ + CBB
l′ )

∫ 1

−1
dl

′

22(β)d
l
22(β)e

4Cχ(β)d cosβ . (20)

Straightforwardly one may obtain that

C̃EE
l − C̃BB

l = cos(4χ̄)e−4Cχ(0)
∑

l′

2l′ + 1

2
(CEE

l′ − CBB
l′ )

∫ 1

−1
dl

′

−22(β)d
l
−22(β)e

−4Cχ(β)d cosβ

C̃EB
l = sin(4χ̄)e−4Cχ(0)

∑

l′

2l′ + 1

4
(CEE

l′ − CBB
l′ )

∫ 1

−1
dl

′

−22(β)d
l
−22(β)e

−4Cχ(β)d cos β

Li & Yu, arXiv:1303.1881
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4Cχ(β)d cosβ . (20)

Straightforwardly one may obtain that
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l sin(2χ̄)e−2Cχ(0) . (21)

Now we can use these formulae to compute the rotated power spectra and use the observational data together with
the MCMC package to search for or put the constraints on χ̄ and Cχ

l .
Before that we note the spectra C̃EE

l , C̃BB
l and C̃EB

l may be decomposed into the sums,

C̃EE
l = C̃EE

l,0 +∆C̃EE
l , C̃BB

l = C̃BB
l,0 +∆C̃BB

l , C̃EB
l = C̃EB

l,0 +∆C̃EB
l , (22)

where

C̃EE
l,0 = [CEE

l cos2(2χ̄) + CBB
l sin2(2χ̄)]e−4Cχ(0)

C̃BB
l,0 = [CEE

l sin2(2χ̄) + CBB
l cos2(2χ̄)]e−4Cχ(0)

C̃EB
l,0 =

1

2
sin(4χ̄)(CEE

l − CBB
l )e−4Cχ(0) (23)

together with C̃TE
l and C̃TB

l they depend on the power spectrum of the rotation angle Cχ
l only through the variance

Cχ(0). Other parts rely on the correlation function of nonzero angular separation,

∆C̃EE
l +∆C̃BB

l = 2π

∫ 1

−1
∆ξ̃+(β)d

l
22(β)d cos β

∆C̃EE
l −∆C̃BB

l = 2π

∫ 1

−1
Re[∆ξ̃−(β)]d

l
22(β)d cos β

∆C̃EB
l = π

∫ 1

−1
Im[∆ξ̃−(β)]d

l
22(β)d cos β , (24)

where

∆ξ̃+(β) = e−4Cχ(0)(e4C
χ(β) − 1)

∑

l

2l+ 1

4π
(CEE

l + CBB
l )dl22(β)

∆ξ̃−(β) = e4(iχ̄−Cχ(0))(e−4Cχ(β) − 1)
∑

l

2l + 1

4π
(CEE

l − CBB
l )dl−22(β) . (25)

III. RESULTS

To constrain the anisotropic rotation of CMB polarization, we perform a global fit to the CMB data using a
modified version of the publicly available MCMC package CosmoMC [19]. In the computation, besides the WMAP
9yr temperature and polarization data [20] (including the low-l TB, low-l EB and high-l TB data), we also adopt
the QUaD data [22] and the BICEP data [21]. As for the cosmological model, we use a flat ΛCDM Universe with a
cosmological constant. The free cosmological parameters are (ωb,ωc,Θs, τ, ns, r, As), where ωb ≡ Ωbh2 and ωc ≡ Ωch2

are the baryon density and cold dark matter density respectively, Θs is the ratio of the sound horizon to the angular
diameter distance at decoupling, τ is the optical depth to reionization, ns is scalar spectral index, r is the tensor to
scalar ratio of the primordial spectrum and As defines the amplitude of the primordial scalar spectrum.
Compared with the choice for the cosmological parameters, it is difficult to choose the parameters for the anisotropic

rotation angle. From Eqs. (21, 22, 23, 24) we note that the distortion to the CMB power spectra brought by the
anisotropies of the rotation angle can be divided into two parts. The first part appears in C̃EE

l,0 , C̃BB
l,0 , C̃EB

l,0 , C̃TE
l and

C̃TB
l , in which the anisotropies of the rotation angle suppress the CMB angular power spectrum through the variance

Cχ(0) via the factors exp(−4Cχ(0)) and exp(−2Cχ(0)). The second one is ∆C̃EE
l , ∆C̃BB

l and ∆C̃EB
l , which depends

on the detailed shape of Cχ
l . As we will see, generically the first one dominates the CMB power spectra distortion.

Therefore, the data will give a strong constraint on
∑

l
2l+1
4π Cχ

l but is not sensitive to the shape of Cχ
l . Hence, it

is difficult to obtain a precise constraint on the shape of Cχ
l , even we can obtain some certain values, they are not

physical but depend on how we choose the parameters for the anisotropic rotation angle.
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and

ξ̃−(β) =
∑

l

2l+ 1

4π
(C̃EE

l − C̃BB
l + 2iC̃EB

l )dl−22(β) , (14)

ξ̃X(β) = −
∑

l

2l + 1

4π
(C̃TE

l + iC̃TB
l )dl02(β) , (15)

where dlmk(β) is the Wigner small d function and cosβ = n̂·n̂′. We have included the rotated TB and EB correlations.
The reversals of the formulae (13), (14) and (15) give rise to
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Furthermore, according to the Eq. (3), the rotated correlation function is related to the unrotated correlation
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= exp [−2〈[δχ(n̂′)− δχ(n̂)]2〉]ξ+(β)
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where we have neglected the small effect of the correlation between the rotation angle and the unrotated polarization
field and in the third step we used the formula that

〈eix〉 = e−〈x2〉/2 (18)

for a Gaussian variable x (here it is δχ) with zero mean. The notation Cχ(β) represents the two point correlation
function of the perturbed rotation angle, i.e.,
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for a Gaussian variable x (here it is δχ) with zero mean. The notation Cχ(β) represents the two point correlation
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and Cχ(0) =
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l
2l+1
4π Cχ

l is its variance. Substitute Eq.(17) into the first equation of (16), we have
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l = e−4Cχ(0)
∑
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l′ )

∫ 1

−1
dl
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22(β)d
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22(β)e
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Straightforwardly one may obtain that
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C̃TE
l = cos(2χ̄)e−2Cχ(0)

∑

l′

2l′ + 1

2
CTE

l′

∫ 1

−1
dl

′

02(β)d
l
20(β)d cos β = CTE

l cos(2χ̄)e−2Cχ(0)

C̃TB
l = sin(2χ̄)e−2Cχ(0)

∑

l′

2l′ + 1

2
CTE

l′

∫ 1

−1
dl

′

02(β)d
l
20(β)d cos β = CTE

l sin(2χ̄)e−2Cχ(0) . (21)

Now we can use these formulae to compute the rotated power spectra and use the observational data together with
the MCMC package to search for or put the constraints on χ̄ and Cχ

l .
Before that we note the spectra C̃EE

l , C̃BB
l and C̃EB

l may be decomposed into the sums,

C̃EE
l = C̃EE

l,0 +∆C̃EE
l , C̃BB

l = C̃BB
l,0 +∆C̃BB

l , C̃EB
l = C̃EB

l,0 +∆C̃EB
l , (22)

where

C̃EE
l,0 = [CEE

l cos2(2χ̄) + CBB
l sin2(2χ̄)]e−4Cχ(0)

C̃BB
l,0 = [CEE

l sin2(2χ̄) + CBB
l cos2(2χ̄)]e−4Cχ(0)

C̃EB
l,0 =

1

2
sin(4χ̄)(CEE

l − CBB
l )e−4Cχ(0) (23)

together with C̃TE
l and C̃TB

l they depend on the power spectrum of the rotation angle Cχ
l only through the variance

Cχ(0). Other parts rely on the correlation function of nonzero angular separation,

∆C̃EE
l +∆C̃BB

l = 2π

∫ 1

−1
∆ξ̃+(β)d

l
22(β)d cos β

∆C̃EE
l −∆C̃BB

l = 2π

∫ 1

−1
Re[∆ξ̃−(β)]d

l
22(β)d cos β

∆C̃EB
l = π

∫ 1

−1
Im[∆ξ̃−(β)]d

l
22(β)d cos β , (24)

where

∆ξ̃+(β) = e−4Cχ(0)(e4C
χ(β) − 1)

∑

l

2l+ 1

4π
(CEE

l + CBB
l )dl22(β)

∆ξ̃−(β) = e4(iχ̄−Cχ(0))(e−4Cχ(β) − 1)
∑

l

2l + 1

4π
(CEE

l − CBB
l )dl−22(β) . (25)

III. RESULTS

To constrain the anisotropic rotation of CMB polarization, we perform a global fit to the CMB data using a
modified version of the publicly available MCMC package CosmoMC [19]. In the computation, besides the WMAP
9yr temperature and polarization data [20] (including the low-l TB, low-l EB and high-l TB data), we also adopt
the QUaD data [22] and the BICEP data [21]. As for the cosmological model, we use a flat ΛCDM Universe with a
cosmological constant. The free cosmological parameters are (ωb,ωc,Θs, τ, ns, r, As), where ωb ≡ Ωbh2 and ωc ≡ Ωch2

are the baryon density and cold dark matter density respectively, Θs is the ratio of the sound horizon to the angular
diameter distance at decoupling, τ is the optical depth to reionization, ns is scalar spectral index, r is the tensor to
scalar ratio of the primordial spectrum and As defines the amplitude of the primordial scalar spectrum.
Compared with the choice for the cosmological parameters, it is difficult to choose the parameters for the anisotropic

rotation angle. From Eqs. (21, 22, 23, 24) we note that the distortion to the CMB power spectra brought by the
anisotropies of the rotation angle can be divided into two parts. The first part appears in C̃EE

l,0 , C̃BB
l,0 , C̃EB

l,0 , C̃TE
l and

C̃TB
l , in which the anisotropies of the rotation angle suppress the CMB angular power spectrum through the variance

Cχ(0) via the factors exp(−4Cχ(0)) and exp(−2Cχ(0)). The second one is ∆C̃EE
l , ∆C̃BB

l and ∆C̃EB
l , which depends

on the detailed shape of Cχ
l . As we will see, generically the first one dominates the CMB power spectra distortion.

Therefore, the data will give a strong constraint on
∑

l
2l+1
4π Cχ

l but is not sensitive to the shape of Cχ
l . Hence, it

is difficult to obtain a precise constraint on the shape of Cχ
l , even we can obtain some certain values, they are not

physical but depend on how we choose the parameters for the anisotropic rotation angle.
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scalar ratio of the primordial spectrum and As defines the amplitude of the primordial scalar spectrum.
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FIG. 2: One-dimensional constraints on the isotropic rotation angle χ̄ and the variance of the anisotropies of the rotation angle
Cχ(0). In obtaining this result, we ignored ∆C̃EE

l , ∆C̃BB
l and ∆C̃EB

l which depend on the detailed shape of Cχ
l .
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SUMMARY (II)

DE has natural derivative couplings to SM particles

Chern-Simons coupling induces anisotropic rotation angle 
which distorts CMB polarization spectra similar to weak 
lensing effect

Current data showed no evidence for the non-zero spectra of 
rotation angle

It predicts non-Gaussianities in CMB polarization field
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