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Too many diagrams...
Redundancy...
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Feynman Diagrams and on-shell methods

momentum

polarization
mass

Lagrangian
Path Integral
BCFW&3-pt amp
CHY

amplitude
Cross section




EFT & Amplitude Workshop @ USTC Rijun Huang



NOT THE REALITY
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NOT THE REALITY

Cubic Diagram
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CHY-Formulation



[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude Measure  x CHY-Integrand
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[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude = Measure x CHY-Integrand
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[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude = Measure x CHY-Integrand

dzldzz Sab o 1—[ 5
Vol SL(2, C) gk .

U‘
pa
‘H-
Q
N
Q
oy
Q
I
[UY
Q
hu
-
x‘

Scattering Equation
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CHY-Formulation

[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

X  CHY-Integrand

Amplitude =  Measure
! n \
de1dzz o dzy, l_[ 5 z Sq )
vol SL(Z' C) a=1 b=1,b+#a Zab
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[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude Measure  x CHY-Integrand

Bi-Scalar Yang-Mills Gravity
1 1

1
X X PP Pf'¥ x Pf'WY
Z1272723 """ Zn1  Z12423 """ Zpnq Z12223 """ Zn1
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CHY-Formulation

[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude = Measure x CHY-Integrand
Bi-Scalar Yang-Mills Gravity
1 1 1 ,
X X Pf'§ Pf'Y x Pf'W
Z12423 """ Zn1  Z£12423 """ Zn1 Z12Z23 " Zn1

Reduced Pfaffian
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Pfaffian of anti-symmetric matrix




CHY-Formulation

Amplitude =  Measure
Bi-Scalar Yang-Millg ¢ |
1
X (Sab — X1k
Z12Z23 ***Zn1  Z12Z3 A = - Z ,aFb |zy,
a — a
_0,a= b
Reduced Pfaffian
(-t ij A) C
Pf' Y = 2 PE(Wi P =(
Zi]' ( ij/ 2nX2n C B

Pfaffian of anti-symmetric matrix
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CHY-Formulation

[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude = Measure x CHY-Integrand
Bi-Scalar Yang-Mills Gravity
1 1 1 ,
X X Pf'WY Pf'Y x Pf'W
Z12423 """ Zn1  Z£12423 """ Zn1 Z12Z23 " Zn1

A typical term of CHY-integrand

(€4 k3)(€x - ky)(€q - €3)

2 2
Z12234223Z412132Z24




CHY-Formulation

[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude = Measure x CHY-Integrand
Bi-Scalar Yang-Mills Gravity
1 1 1 ,
X X Pf'WY Pf'Y x Pf'W
212223 """ Zn1 £12423 " Zn1 212223 """ Zn1
A typical term of CHY-integrand 4-regular graph

(€4 k3)(€2 - ky)(€q - €3) N
Z1222324223Z41Z13224 A




CHY-Formulation

[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

CHY-Integrand

Gravity Einstein-Maxwell(photon with flavor)

Einstein-Yang-Mills

Pure Yang-Mills Non-linear sigma model Extended Dirac-Born-Infeld

Einstein-Maxwell
Born-Infeld Yang-Mills-scalar

Dirac-Born-Infeld

Bi-adjoint cubic scalar , ,
Yang-Mills-scalar (special)

Phi-4 scalar Special Galileon




[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude Measure  x CHY-Integrand
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CHY-Formulation

[ F. Cachazo, S. He, E. Y. Yuan, 1306.6575; 1307.2199; 1309.0885; 1409.8256; 1412.3479 ]

Amplitude = Measure x CHY-Integrand
(ZiiZikZki) ZpgZarZrp)
JCHY _ z ij4) ]a;Obgqn arrel o [CHY (¢, k) z)

{z4,...Z} € solutions

(n — 3) equations of (n — 3) complex variables after Mobius invariance

n

z —O for a=1,2,..,n
Zab

b=1b+a




Solutions



Scattering Equations

n
Sab
Eq = E —=0 for a=12..,n
Z
b=1b=a @b
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Scattering Equations

n
Sab
Eq = Z —=0 for a=12,..,n {n=4 ]
Zab
b=1b*a |
c = 512 n 513 n 514 0
! Z{ —Zy Z1—Z3 Z1— Z4
c = 521 + 523 + S24 0
, = —
Zp T 21 2y T Z3 1y T Zy
c. — 531 + 532 N 534 0
3 Z3— 71 Z3—Zy Z3—Z4
c - 541 + 542 N 543 0
4= —
Zy — 24 Zy — Z9p Zy — Z3
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Scattering Equations

n

Sab
Eq = 2 —=0 for a=12,..,n {n=4 ]
Zab
b=1b#a |
S31 S32 S34
((':3= + + =O
Zz —Z1 Zz —Zy Z3z — Z4
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Scattering Equations

n
Sab
Eq = Z —=0 for a=12,..,n {n=4]
p= Zab
=1,b#a |
Let Zl_OO,Zzzl,Z4=O
c. — 531 N 532 + 534 —0
3 = —
S31 S32 S34 zZz—o zz3—1 2z3—0
83= + + =O
Z3 —Z1 Z3 —Zy Z3— Z4 l
S34
Z3:
S23 1 S34
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Scattering Equations

n [ L. Dolan, P. Goddard, 1402.7374 ]
Sab . P )
Eq = Z —=0 for a=12..,n Polynomial form of scattering equations
p=Thwa D
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Solutions

Scattering Equations

n [ L. Dolan, P. Goddard, 1402.7374 ]

S
Eq = 2 -0 for a= 1,2,..,n Polynomial form of scattering equations

Z
b=1bza P
Tl=4‘: h12512+51323=0
n = 5: h1 — 512 + 513Z3 + 51424 == O
hy = S123Z3 + S124Z4 + S1342324 = 0

n=6: hy =51, + 51323+ S14Z4 + 5152 =0
hy = S123Z3 + S124Z4 + S125Z5 + S13423Z4 + S13523Z5 + S145Z42Z5 = 0
h3 = S1234Z3Z4 + S123523Z5+S134523Z4Z5 = 0

Equivalent to univariate polynomial equation of (n — 3)! order




Solutions

Scattering Equations

n
Sab
Eq = 2 ZL =0 for a=12,..,n Polynomial form of scattering equations
b=1b+a ab

n=4: h12512+51323=0

S
|
I
Ny
[

|

512 + 513Z3 + 51424 — O
S12323 + S124Z4 + S134232Z4 = 0

=
N
|

_ _ _ _ 2_
+  S145123 — S13S124 — 51251324 T \/(5145123 $135124 — $125134)° —451251245135134
3

25135134

_ _ T _ _ 2__
5135124 — 5125134 — 5145123 +\/(5145123 S13S124 — 5125134)°—451251245135134

25145134
Equivalent to univariate polynomial equation of (n — 3)! order




Solutions

Scattering Equations

n
S
Eq = 2 ;Lb =0 for a=12,..,n Polynomial form of scattering equations
b=1b+a ab

n = 4: h12512+51323=0
n = 5: h1 — 512 ~+ 513Z3 + 51424 — O

hy = S12323 + S124Z4 + S1342324 = 0

* Analytic solution is impossible
* Exact numerical solution is impossible

* Approximate numerical solution is not enough

Equivalent to univariate polynomial equation of (n — 3)! order




Solutions

Problem: Let I = (h;) be a zero-dimensional ideal in R = C|zy, ..., z,] generated by
h;(z4,..,z,) €ER,i=1,..,k andletr(zy, ..., z,) be an arbitrary rational function

in the fraction field of R. Because dim¢l = 0,1 =U}., {z;}is a discrete set of N

points. We wish to compute
N

ZT(Zl, iy Zp)

j=1




Solutions

Problem: Let I = (h;) be a zero-dimensional ideal in R = C|z, ..., z,] generated by
h;(z4,..,z,) €ER,i=1,..,k andletr(zy, ..., z,) be an arbitrary rational function

in the fraction field of R. Because dim¢l = 0,1 =U}., {z;}is a discrete set of N

points. We wish to compute
N

ZT(Zl, s Zp) companion matrix
j=1




Solutions

Problem: Let I = (h;) be a zero-dimensional ideal in R = C|z, ..., z,] generated by
h;(z4,..,z,) €ER,i=1,..,k andletr(zy, ..., z,) be an arbitrary rational function

in the fraction field of R. Because dim¢l = 0,1 =U}., {z;}is a discrete set of N

points. We wish to compute
N

z (21, or) Zy) companion matrix
j=1
Stickelberger’s Theorem: The complex roots {z;} of [ are the vectors of simultaneous

eigenvalues of the companion matrices {T};}, i.e., the corresponding zero dimensional
variety consists of the points

V(I) = {(/11, ...,}{n) e C" Vi: Tl-v == Aiv}




Solutions

Problem: Let I = (h;) be a zero-dimensional ideal in R = C|z, ..., z,] generated by
h;(z4,..,z,) €ER,i=1,..,k andletr(zy, ..., z,) be an arbitrary rational function

in the fraction field of R. Because dim¢l = 0,1 =U}., {z;}is a discrete set of N

points. We wish to compute
N

z (21, or) Zy) companion matrix
j=1
Stickelberger’s Theorem: The complex roots {z;} of [ are the vectors of simultaneous

eigenvalues of the companion matrices {T};}, i.e., the corresponding zero dimensional
variety consists of the points

V(I) = {(/11, ...,}{n) e C" Vi: Tl-v == Aiv}

Corollary:
N

z r(zy, ., Zy) = Tr[r(Ty, ..., T,,)]

j=1




Solutions

companion matrix

Theideal I .= (xy —z,yz—x,zx —y) € R = C[x, y, Z]

The Grobner basis GB(I) = (z3 — z,yz? — y,y? — z%,x — yz )
The Monomial basis B = {1,y, yz, z, z*}

In the quotientring R/I
x.B={yz,z2z%y,yz} vy.B={y,z%2zvyzy} z.B={zyz7y,2%2)

00 1 0 0\ /1 yz
000 1 0|[y z
B T, x.B 000 0 1]||lyz|=]2z22
0100 0]z u
0 0 1 0 0/ \z* vz




Solutions

ACHY — z (ZijZjrZ1i) (ZpqZqrZrp) 9 ICHY(E- ki, z))
| Jacobian et
{z4,...Zn} € solutions
. . . . . (241, v, Zy)
Solutions: the zeros of|scattering equations (in polynomial form)
I =(hy)

[ RH, J. Rao, B. Feng, YH. He, 1509,04483 ]

e Generate the Grobner basis and Monomial basis from [
e Compute the Companion matrix of variable z;

e Replace z; - T; inr(zy, ..., z,) to get matrix r (T4, ..., T;,)
e Compute the trace of matrix r (T4, ..., T;;)




Solutions

A 5-point example
Ideal I = (hy = $12 + 51323 + 51424, hy = S12373 + S12424 + S1347374 )
Grobner basis GB(/) = (512545 + (S12S25 — S13S35 + S14545)Z4 + S145052Z2%,
S12 + S13Z3 + S14Z4 , Sa5Z3 + S35Z4 + S252374)
Monomial basis B = {1, z,}

Companion matrix T, .B = z3B , T, B = z,B

_ 512 _ 514 0 1
513 513 _
Ty = S12Sac  S14Sa5 — S13S3c Iz, = 512545 513535 — 514545 — 512525

S13S25 S13S35 514525 514525




Solutions

A 5-point example

A z 212222252!%1 1 _ z P(z3,24)
N 12512 .2 .2 .2 .2 -
solutions Det[q)125] 212423434%45%51 solutions Q( 3/ 4)
_ S12 . S14 0 1
T —_ 513 513 T _
Zz 512545 514545 - 513535 Z4 512545 513535 —_ 514545 — 512525

513525 513535 514525 S14S25




Solutions

A 5-point example

A= z Z{2735751 1 _ Z P(z3,24)
Det[d122] 22, 22,22, 22 22 Q(z3,24)

solutions 125 212%423%34245%51 solutions

P = z5(z, — 1)°

Q = (s35(23 — 1) + 52325) (23 — 24)°(S45(24 — 1)* + 52425)
1534 [545 (z; —1)°z5 (24 — 1)*
+25 (25 (524(25 — 1)% + 533(24 — 1)%) + 535 (23 — 1)* (24 — 1)?)]

B S12 _ S14 0 1
513 513
T — T — — —
Z3 312545 31434_5 — 513535 Zy . 512545 513535 51454-5 512525

S13S75 S13S35 514525 514525




Solutions

A 5-point example

A = z Z{2735751 1 _ Z P(z3,24)
solutions Det[®175] 212253734745 781  soibgions @ (73 74)
= Tr[P(Ty,, T;,)Q " (Ty,, Ty,)]
t ., 1

S15523  S12534  S15534  S12545 523545

_ 512 _ 514 0 1
513 513 _
Ty = S12Sac  S14Sa5 — S13S3c Iz, = 512545 513535 — 514545 — 512525

S13S25 S13S35 514525 514525




Solutions

A 5-point example

4 = z 212735751 1 _ z P(z3,24)
— 1251 .2 .2 .2 .2 .2 7o 7
SOlutiOnS Det[q)].ZS] Z12Z23ZB4‘Z45251 Solutions Q( 37 4)
_ —1
_ Tr[P(Tz3» TZ4)Q (Tz3: TZ4)]
1 1 1 1 1
+ + + —4+ —-
S15523 512534 515534  S12545  S$23545
B S12 _ S14 0 1
T = 513 513 T =
z3 — | S12S45 S14Sa5 — S13S3% Z4 _ 512545 513535 T 514545 T 512525
513525 513535 314325 314325

(n — 3)! X (n — 3)! matrix




Integration Rules



[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 |

1°%Y(z,, ...,2,) © 4-regular graph

A 6-point example 9 3

1

<> 1 1

2 .2 2 .2
Z19Z33234256245261246Z15
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[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 |

1°%Y(z,, ...,2,) © 4-regular graph

A 6-point example 9 3

1

<> 1

2 .2 2 .2
Z19Zy3Z34256245261246215

N

The pole index

x|A] = L[A] = 2(]A] = 1)

— x[4] < 0 nosuchpole
(A1 = ' 1
y[A] = 0 single pole /SA

— x[A] > 0 higher-order pole 1/S)(+1
A
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[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 ]

1°%Y(z,, ...,2,) © 4-regular graph

A 6-point example

2 3
1
2 2 2 €« 1 .
Z122232342562452%261246%15
6 5
The pole index £1,23=2-2(2-1)=0
XA] — I[‘[A] T 2(|A| _ 1) {1,3}=0_2(2_1)=_2
— y[A] <0 nosuchpole {1,5,6}=3-2(3-1)=-1
T XA =0 Single pOIe 1/SA {1,2,3}:4-2(3-1):0
— x[A] > 0 higher-order pole GXH

EFT & Amplitude Workshop @ USTC
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Integration Rules

[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 ]
IMY(z,, ..., z,) © 4regular graph

A 6-point example

2 3
1
2 2 .2 .2 <> 1 4
Z19Z93234256245261246215
§) 4

Integration Rules, only valid for CHY-integrand with single poles

e Find all possible single poles: {1,2} {2,3} {3,4} {5,6} {1,2,3} {2,3,4}
e Construct all compatible combinations:

{{1?2}) {3)4}’ {5’6}} {{1’2’3}) {1?2}) {576}} {{17273}) {273}) {5)6}}
{{2,3,4} {23} 15,65  {{2,3,4}, 13,4}, {5,6}}

e Sum over all compatible combinations.




Integration Rules

[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 ]
IMY(z,, ..., z,) © 4regular graph

A 6-point example

2 3
1
2 2 .2 .2 <> 1 4
Z19Z93234256245261246215
§) 4

Integration Rules, For n-point amplitude, select (n—3) Joles
. . subsets which are compatible
e Find all possible ggrer T — e —r=} 12,3,4}

e Construct all compatible combinations:

{{1?2}) {3)4}’ {5’6}} {{1’2’3}) {1?2}) {576}} {{17273}) {273}) {5)6}}
{{2,3,4} {23} 15,65  {{2,3,4}, 13,4}, {5,6}}

e Sum over all compatible combinations.




Integration Rules

[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 ]
IMY(z,, ..., z,) © 4regular graph

A 6-point example

2 3
1 .
2 2 .2 .2 <> 1 4
Z1923323425624526124462415
6 5
Integration Rules
& 1 1 1 1 1
+ + + +

e Find all possible
P 512534556  S123512556  S123523S556 5234523556 5234534556

e Construct all cori_

{{1?2}) {3)4}’ {5’6}} {{1’2’3}) {1?2}) {576}} {{17273}) {273}) {5)6}}
{{2,3,4} {23} 15,65  {{2,3,4}, 13,4}, {5,6}}

e Sum over all compatible combinations.




[ C. Baadsgaard, N.E.J. Bjerrum-Bohr, J.L. Bourjaily, P.H. Damgaard, 1506.06137; 1507.00997 |

1°%Y (74, ...,2,) © 4-regular graph

A 6- -point example

1 >
212Z23234ZS6Z4SZ61246215

2 3 1 2 1 ) 2 3 2 3 3 4
| 4 ¥ 5 L 9
5 4 4 1 1

. . 4 3 § 5 § 5 § D § 5
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Integration rules for higher-order poles?
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Integration rules for higher-order poles?

y=2-202-1)=0 X=3-22-1D=1 x=4-22-1)=2
[ ) .2 [ .2
MT~— T N —
4° "3 4¢ °3 4¢ *3
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Integration rules for higher-order poles?

x=2-22-1=0 X=372@2-D=1 x=4-22-1)=2
[ ) .2 [ .2
~‘~~.._______—“ ~S~~—————
4. '3 4‘ .3 4. .3
1 + 1 513 513514

S S
12 14 S12 S12
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Integration rules for higher-order poles?

EFT & Amplitude Workshop @ USTC Rijun Huang



Integration rules for higher-order poles?

x=5-2B3-1)=1

x=7-24-1)=1
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Integration rules for higher-order poles?
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[ RH, B. Feng, M.X. Luo, C.J. Zhu, 1604.07314 ]

Integration rules for higher-order poles?

A B Py Py A B Py Pp
@ » ¢ »
[ ® @& )
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Integration rules for higher-order poles?

A B Py
¢ ®
D. DC P

R

1
ule

[PA'PB'PC'PD] —

[ RH, B. Feng, M.X. Luo, C.J. Zhu, 1604.07314 ]

A B P, B
@ 8
[ > o

D C Pp FPe

ZPA‘Pc‘I‘ZPB'PD

2
SAB
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Integration Rules

' ‘ : X. .J. Zhu, 1604.07314
Integration rules for higher-order poles? [ RH, B. Feng, M.X. Luo, C.J. Zhu, 1 ]

A‘ ’B PA PB A B PA PB
@ ® / \ & @ / \
D C Py P D C Pp Pc
R%1e[Pa, Py, Pc, Pp)
_ (2P4 - Pc)(2Py - Pp) + (2Pg - Pc)(2Pg - Pp) + (2P¢ - Py)(2P¢ - Pg) + (2Pp - Py)(2Pp - Pp)
B 4535

(3 — PR + (P2 = P3)? 2 (P} + PR)(P2 + P)

4535 9 4535




Integration rules for higher-order poles?

P1 P2 D5
1 2
6 3 p3
P4
5) 4
Pe Ps P4

EFT & Amplitude Workshop @ USTC

Pe

P1
P2

P3

Rijun Huang

P3

P2

P4

P5
P6

P1

[ RH, B. Feng, M.X. Luo, C.J. Zhu, 1604.07314 ]

P1 P2

D6 D3

Ps P4



Integration rules for higher-order poles?

P1 P2 D5
1 2
6 3 p3
P4
5) 4
Pe Ps P4

EFT & Amplitude Workshop @ USTC

Pe

P1
P2

P3

Rijun Huang

P3

P2

P4

P5
P6

P1

[ RH, B. Feng, M.X. Luo, C.J. Zhu, 1604.07314 ]

P1 P2 Py Pp

D6 D3 P

P5 P4 .ljkﬂ th)



Integration rules for higher-order poles?

[ RH, B. Feng, M.X. Luo, C.J. Zhu, 1604.07314 ]

P P2 Ps Pe  P3 D4 D1 D2 Py Pp
1 2
6 3 p3 P1 P5
P4 p2 Pé
De b3 P Po
5 4
D6 ps Pi ps  p3 P1 e 4 Pg Pp
IX
Rule[PA7PB7P07PD7PE7PF]
Ri1 Ri2 Ris3 Ra1 Rao Ra3
- 55 Tea 2 Te2 2 ) T\5z 53 Th 3
8sABSecp  SSepSEr  SSErsSan 284 pSCDSEF  2SGpSEFSAB 28 pSABSCD
LR R32 Ra33 R4 1
+ 2 2 R R o3 2 toz =3 a2 T
2894 BSeDSEF  2S0pSERSAB 28SHpSApSCD 289 BSepSEF  SABSCDSEF

1

4@+%+%+%+%+%( :

Rijun Huang

EFT & Amplitude Workshop @ USTC

_+_
D)
4s4BScD

1 1 )
r ;
45,24332151? 43%11)5%[«‘



Integration rules for higher-order poles?

o [PA’PB7PCaPD7PE7PF]

ule

[ RH, B. Feng, M.X. Luo, C.J. Zhu, 1604.07314 ]

Ra2 n Ras3 ) J2 s PB

_( Ri1 Ri2 n Ris )+< R n
8% pstp 8sipshp  85Lpsip 252 pSCDSEF  255pSEFSAB 2S5 pSABSCD

Rs1 Rz Rss
T\ 52 2 T 5.2 2 T 92 2 +
254pScpSEF  2S0pSEFSAB  2SpRSApSCD

1

Ra 1

28,2438%’D32EF SABSCDSEF

—(PIL P2 4-PE P PLY PE) —
484 pScp

: )

+
3 2 ) )
4s4pSEr  4SCDSEF

Ri1 = 2(5pc +5rB — 5B — 5rc) — (5aBc +3BcD +5cDE + SpEF + SEFA +5FAB) P Pe

Ri2 = 2(Sag +SBp — Sap — SBE) — (SaBc + SBCcD + ScpE + SDEF + SEFA + SFAB)

Riz = 2(Sca +Spr — Scr — Spa) — (SaBc + Spep + ScpE + SpEF + SEFA + SFAB), Pg P

Ro1 = Sar +5c + Sac +5gr — (Sace + SBDF)
Ro2 = Sc + Spe + Sce +Sps — (Sace + SBDF) »

Ros = SEp +5ra + Sga + Srp — (SaceE + SBDF) ,

EFT & Amplitude Workshop @ USTC

R31 = $pc(5eDp + 8FA — SEC — SFB)

+ (ScASDE + SBDSAF — $BFScA — ScESBD) + (5cA — 5BD)(SCE — SBF),
R32 = $pre(SAF +3Bc — SAE — SBD)

+ (5ec8ra +3prScB — SpBSEC — SEASDF) + (SEC — SDF)(SEA — 5DB)
Rs3 = 5ra(ScB +5pE —5cA — SDF)

+ (5aESBC + SFBSED — SFDSAE — 5405FB) + (5AE — 5FB)(SAC — SFD)
R4 = spc(SceSea +5Br5rp) +5pE(SEASAC + SDBSBF) + SFA(SACSCE + SFDSDB)

+5pcSpE(SEA+SBF)+SDESFA(SAc+SDB)+SFASBC(ScE+SFD)+2SBCSDESFA
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Cross-ratio Identities g »’ | 2 l ¢ o2

Q@ [ [ ® @& ®
4 3 4 3 4 3
1 n 1 S13 513514
S12 S14 s, S35

Z12 S12 . S13 . S14
—= + =+ =0
S12 Z12 213 Z14

EFT & Amplitude Workshop @ USTC Rijun Huang



Cross-ratio Identities g »’ | 2 l ¢ o2

Q@ [ [ ® @& ®
4 3 4 3 4 3
1 n 1 S13 513514
S12 S14 s, S35

1= 514 212243
S12 Z14Z73

EFT & Amplitude Workshop @ USTC Rijun Huang
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Cross-ratio Identities [ C. Cardona, B. Feng, H. Gomez, RH, 1606.00670 |

The n-point amplitude, two-particle pole

n

1= _ Z Sab ZaqZbp
Saq ZabZqp

b=1,b#a,q,p
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Cross-ratio Identities [ C. Cardona, B. Feng, H. Gomez, RH, 1606.00670 |

The n-point amplitude, two-particle pole Cross-ratio, Mobius invariant

n
1= _ Z Saf ZaqZbp

b=1,b#a,q,p
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Cross-ratio Ildentities [ C. Cardona, B. Feng, H. Gomez, RH, 1606.00670 |

The n-point amplitude, two-particle pole Cross-ratio, Mobius invariant
n
1= _ Z Satf ZaqZbp
SqhZanZ
b=1,b#a,q,p ag~ab<qp

The n-point amplitude, generic pole

SA ZijZap

ieA\{a} jeA\{b}
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Cross-ratio Ildentities [ C. Cardona, B. Feng, H. Gomez, RH, 1606.00670 |

11[::::::::::::::.)2
3 4
X =2 {1,2}
8 5
x=1  {3,8},{4,5},16,7},{1,2,3,8}, {1,2,4,5}, {1,2,6,7}
7 6
| Round1 | Round2 | Round3 | Round 4 | Rounds | Round 6 | Round 7 | Round 8
#[ALL] 5 25 121 613 2779 7543 9914 9922
#[H] 5 25 121 464 615 301 2 0

EFT & Amplitude Workshop @ USTC Rijun Huang



to the PT factor

212223 " Zn1

[ RH, Y.J. Du, B. Feng, 1702.05840 ]
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to the PT factor The cross-ratio identity

The open-up relation

1 \

Z1,Z 1
Z12Z23 oo an [ 1 Tl] _ (—)n:8+1z [
[ |

<Zl' a, ZTU:B ) B Zl’a.ﬁT'Zn]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]
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to the PT factor The cross-ratio identity

The open-up relation

1 \

Z1,Z 1
Z12Z23 oo an [ 1 Tl] _ (—)nB-I_lz [
[ |

<Zl' a, ZTU:B ) B Zl’a.ﬁT'Zn]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]
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to the PT factor The cross-ratio identity

The open-up relation

1 \

Z1,Z 1
Z12Z23 oo an [ 1 Tl] _ (—)n:8+1z [
[ |

<Zl' a, ZTU:B ) B Zl’a.BT'Zn]

1 [Zi, Zj] |z, Z; ]
(21,23, , Z) |z;, Z; ] [Z-, Zl]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Z1,Z 1
Z12Z73 *** Znq [ 1 Tl] — (_)nB+1Z [

<Zl! a, ZTU:B ) Zl'a.:BT' Zn]

1 [Zi'Zj] [Zk'Zl] . < [Zi'Zj] ) [ZkJZl]

(Z1,Z,**, Zp) |2, z ] [Zu Zl] (z1,Z,**, Zp) |z;, z) ] [Zj, Zl]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Z1,Z 1
Z12Z73 *** Znq [ 1 Tl] — (_)nB+1Z [

<Zl! a, ZTU:B ) Zl'a.:BT' Zn]

1 [Zi'Zj] [Zk'Zl] . ( [Zi'Zj] > [ZkJZl]

(Z1,Z,**, Zp) |2, z ] [Zu Zl] (21,2, Zp) |z;, z) ] [Zj, Zl]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Z1,Z 1
Z12Z73 *** Znq [ 1 Tl] — (_)’nB+1Z [

<Zl! a, ZTU:B ) Zl'a.:BT' Zn]

1 [Zi'Zj] [Zk'Zl] . ( [Zi'Zj] ) [ZkJZl]

(Z1,Z,**, Zp) |2, z ] [Zu Zl] (21,2, Zp) |z;, z) ] [Zj, Zl]

ZiO—O—O—O—O—O—O—O—O—O—‘Zj

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Z1,Z 1
Z12Z73 *** Znq [ 1 Tl] — (_)’nB+1Z [

<Zl! a, ZTU:B ) Zl'a.:BT' Zn]

1 [Zi'Zj] [Zk'Zl] . ( [Zi'Zj] ) [ZkJZl]

(Z1,Z,**, Zp) |2, z ] [Zu Zl] (21,2, Zp) |z;, z) ] [Zj, Zl]

Zj #—0—0—0-8-0—0—0-¢-0—0—0—9 7;
Z] Zy

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Z1,Z 1
Z12Z73 *** Znq [ 1 Tl] — (_)’nB+1Z [

<Zl! a, ZTU:B ) Zl'a.:BT' Zn]

- |2, 7] 12k, 2]
(Zl, Zy, ", Zn> [Zi' Zk] [Zj' Zl]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Z1,Z 1
Z12Z73 *** Znq [ 1 Tl] — (_)’nB+1Z [

<Zl! a, ZTU:B ) Zl'a.:BT' Zn]

12, 2]

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity

The open-up relation

212423 "' Zn1

[ RH, Y.J. Du, B. Feng, 1702.05840 ]
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 1

212423 "' Zn1

[ RH, Y.J. Du, B. Feng, 1702.05840 ]
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to the PT factor The cross-ratio identity
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Situation 1
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 1
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2
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Integration Rules

to the PT factor The cross-ratio identity
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Situation 2
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2
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Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2

Z12Z23 """ Znq i :

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2

Z12Z23 """ Znq i :

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2

212423 "' Zn1

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




Integration Rules

to the PT factor The cross-ratio identity
The open-up relation

Situation 2

212423 "' Zn1

Q
J

[ RH, Y.J. Du, B. Feng, 1702.05840 ]




1 1
X
(PT Factor) (PT Factor)

CHY-integrand = 2 Coefficient X
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Integration Rules

1 1

CHY-integrand :zC fficient X X
& DTN (PT Factor) (PT Factor)

Amplitude

Field Theory = z Coefficient X (Cubic Scalar Theory)




Network of Field Theories



[ K. Zhou, B. Feng, 1808.06835; K. Zhou, 1908.10272 ]
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Scattering Amplitude in CHY-Formulation
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