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Leading power logs
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Structure of NLP logs
• the method of region approach, Bonocore et al 2014, Anastasiou et al 

2014, Bahjat-Abbas et al 2018

• diagrammatic factorization techniques, Bonocore et al 
2015, Bonocore et al 2016, Del Duca et al:2017
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Tricky point: no collinear function at LP
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Hard function
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Soft function at NLP
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RG eq. of soft fun.
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Kinematic corrections
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Kinematic corrections
In the partonic c.o.m frame, the energy of the soft 
hadronic final state is expanded as

[x1p1 + x2p2 � q]0 = p
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ŝ�

p
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S0(⌦, ~x)|~x=0
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1

Q
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The soft function expands

�ab(z) =
�̂ab(z)

z

SK3(⌦) = ⌦S0(⌦, ~x)|~x=0

3X

i=1

SKi(⌦) = 2
↵sCF

⇡ No kine.cor.
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Summary and outlook

Leading power resummation has been known for 
thirty years

Threshold logarithms appear in a double scale process 

The next-to-leading power resummation has only 
been obtained recently

New structures appear in the soft function 
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will reveal the full complexity of the next-to-leading 
power structure, as indicated in the anomalous 
dimension of the relevant operators M.Beneke, M.Garny, R.Szafron, JW ’17,’18  
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Subleading power operators

LSCET =
N∑
i=1

Li (ψi , ψs) + Ls(ψs) (6)

The general structure of subleading operators

J =

∫
dt C ({tik}) Js(0)

N∏
i=1

Ji (ti1 , ti2 , . . . ) (7)

where

Ji (ti1 , ti2 , . . . ) =

ni∏
k=1

ψik (tikni+) , (8)

with gauge-invariant collinear “building blocks”

ψi (tini+) ∈

{
χi (tini+) ≡W †

i ξi collinear quark

Aµ⊥i (tini+) ≡W †
i [iDµ

⊥iWi ] collinear gluon
(9)
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Subleading power operators

LP:
JA0
i (ti ) = ψi (tini+) . (10)

NLP [O(λ),O(λ2)]:

i∂⊥ → JA1 = i∂⊥J
A0

in−Ds ≡ in−∂ + gsn−As → eliminated by E.o.M

more building blocks → JB1 = ψi1(ti1ni+)ψi2(ti2ni+)

new building blocks, e.g., n−A → eliminated by E.o.M

pure soft sector Js , e.g., q ∼ O(λ3),Fµνs ∼ O(λ4), not needed
at NLP

time-ordered product operators

JT1
i (ti ) = i

∫
d4x T

{
JA0
i (ti ),L

(1)
i (x)

}
(11)
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Anomalous dimensions

With the definition Γ ≡ −
(

d
d lnµ

Z
)

Z−1 ,

ΓPQ(x , y) =

δPQδ(x − y)

−γcusp(αs)
∑
i<j

∑
k,l

Tik · Tjl ln

(
−sijxik xjl

µ2

)
+
∑
i

∑
k

γik (αs)


+ 2

∑
i

δ[i ](x − y)γ i
PQ(x , y) + 2

∑
i<j

δ(x − y)γ ij
PQ(y) , (12)

In the calculation, we have used offshellness to regularize the IR poles, and
found that they cancel between the soft and collinear contributions.

Γ =

(
ΓPQ ΓPT (Q′)

ΓT (P′)Q ΓT (P′)T (Q′)

)
=

(
ΓPQ 0

ΓT (P′)Q ΓP′Q′

)
(13)

γcusp(αs) =
αs

π
and γik (αs) =

 −3αsCF

4π
(q)

0 (g)

(14)

γ i =

(
γ i
PQ 0
0 γ i

P′Q′

)
, γ ij =

(
0 0

γ ij
T (P′)Q 0

)
. (15)
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Collinear anomalous dimensions, B1 to B1 with F=2

γ i
χαχβ ,χγχδ

(x , y) =
αsTi1 · Ti2

2π

{
δαγδβδ

(
θ(x − y)

[
1

x − y

]
+

+ θ(y − x)

[
1

y − x

]
+

− θ(x − y)
1 − x̄

2

ȳ
− θ(y − x)

1 − x
2

y

)

−1

4
(σνµ⊥ )

αγ
(σ⊥νµ)βδ

(
θ(x − y)

x̄

ȳ
+ θ(y − x)

x

y

)}
. (16)
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B1 to B1 with F=1

γ i
Aµχα,Aνχβ

(x , y) =
αsTi1 · Ti2

2π

{
gµν⊥ δαβ

(
θ(x − y)

[
1

x − y

]
+

+ θ(y − x)

[
1

y − x

]
+

− θ(x − y)

ȳ

(
1 +

x̄(x̄ + ȳ)

2x

)
− θ(y − x)

2y
(x̄ + ȳ)

)

+
1

4
([γµ⊥, γ

ν
⊥])αβ(x + y)x̄

(
θ(x − y)

ȳ x
+
θ(y − x)

y x̄

)}

− αs(CF + Ti1 · Ti2 )

4π

{
gµν⊥ δαβ

(
θ(x − ȳ)x̄

yx
(x̄ + ȳ) +

θ(ȳ − x)

ȳ
(x̄ − y)

)

+
1

2
([γµ⊥, γ

ν
⊥])αβ

(
θ(x − ȳ)x̄

yx
(x̄ − y − 1) +

θ(ȳ − x)

ȳ
(x̄ − y)

)}

+
αsCF

4π
x̄ (γµ⊥γ

ν
⊥)αβ , (17)

consistent with previous results [hep-ph/0404217, hep-ph/0508250] and recent
work [1806.01278].
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Soft anomalous dimensions

γ ij
(JT1
χ,ξ)i(J

T1
χ,ξ)j ,

(
JA1
∂µχ

)
i

(
JA1
∂νχ

)
j

=
2αs

π
Ti · Tj G

µν
ij , (20)

Gµν
ij ≡

(
gµν −

nνi−n
µ
j−

ni−nj−

)
1

(ni−nj−)PiPj
. (21)

The single insertions with L(1) never contribute to the
one-loop anomalous dimension matrix to O(λ2).

The soft one-loop diagrams within a single collinear direction
do not contribute to the anomalous dimension at any power
of λ.
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Two L(1) insertions in two directions

γ ij

(JT1
χα,ξ

)
i

(
JT1
χβ,ξ

)
j

,

(
JB1
Aµ
b
χγ

)
i

(
JA1
∂νχδ

)
j

(yi1)

= −αs

π
Tb

i (Ti · Tj)G
λν
ij

(
γλ⊥iγ

µ
⊥i +

γµ⊥iγλ⊥i
ȳ

)
αγ

δβδ , (23)

γ ij

(JT1
χα,ξ

)
i

(
JT1
χβ,ξ

)
j

,

(
JB1
Aµ
b
χγ

)
i

(
JB1
Aνc χδ

)
j

(yi1 , yj1)

=
αs

2π
Tb

i Tc
j (Ti · Tj)G

ij
λκ

(
γλ⊥iγ

µ
⊥i +

γµ⊥iγ
λ
⊥i

ȳi1

)
αγ

(
γκ⊥jγ

ν
⊥j +

γν⊥jγ
κ
⊥j

ȳj1

)
βδ

,(24)
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Feynman rules in SCET up to next-to-next-to leadng power



More can be found in JHEP 1811 (2018) 112


