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Precision Physics

To interpret the high energy experimental results, to find new physics,

next-to-next-to-leading-order (NNLLOJ cross section computation 1s needed.
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Goals

One bottleneck of NNLO precision physics

1s the two-loop scattering amplitude.

To calculate complete two-loop five-point amplitudes

in pQCD/Standard model analytically

2g -> 3 jets
quark pair -> quark pair + jet
2g -> Higgs + 2 jets



Status: 2-loop 5-point massless amplitudes (no SUSY)

“Gettysburg” for multi-loop scattering amplitude ...

Numerie Integrand Analytic integrand

Analytic amplitude

planar +++++ pure-YM

Badger, Hjalte, YZ 2013

Gehrmann, Henn, Presti

2015

planar all-helicity pure-YM

Badger, Bronnum-Hansen, Hartanto,

Peraro 2017 Boels, Jin, LLuo 2018

Abreu, Cordero, Dormans, lta,

Abreu, Cordero, Ita, Page, Zeng 2017 Page 2018
.. Badger, Bronnum-Hansen, Hartanto,
planar all-hehclty Peraro 2018 Abreu, Cordero, Dormans, Ita, Page, Sotnikov
massless quarks Abreu, Cordero, Ita, Page, Sotnikov 2019
2018

nonplanar +++++ pure-YM

Badger, Mogull, Ochirov, O’Connell 2015

Badger, Gehrmann, Peraro
Wasser, Heinrich, Henn,

Chicherin, YZ., Zoi1a 2019

2-loop 5-point planar integrals

Gehrmann, Henn, Lo Presti, 2015 (Full result)

2-loop S5-point nonplanar integrals

Abreu, Dixon, Herrmann, Page, Zeng 2018 (symbol only)
Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia 2018 (FFull result)




Difficulty

Two-loop nonplanar

5> Mandelstam variables

31 Symbol letters

Weight 4 functions

sqquare root of Gram determinant



Our techniques

Baikov representation

dlog integral construction

Algebraic geometry methods

Finite field reconstruction

Boundary value consistency

Petr1 nets

Symbol builder



Workflow 1

Analyt |
UT hasie I sla y 1cd Anelllytblc I.BP |
dlog/Baikoo | | e8! aigebraic Ul basts - Numeric
Uﬂl[éll“l[)f geomeltry CZIZOg/BCllkO() Integrand
l l Unitarity
Symbol
. ml = Symbols
Analytic Analytic \ ll ,
Integrals Coefficients nalynic
Integrals
boundary
boundary
Interpolation
Analytic
AmplltUde Both are
implemented Analytic
and used Amplitude

Workftlow 2

Numeric IBP
Laporta

Numeric

Finite-Field



Workflow 3 (obvious)

Numeric IBP

algebraic
geometry

Ul basis Numeric

dlog/Baikoy Integrand

l Unitarity
Symbols
Analytic
Integrals
boundary

Interpolation
Analytic

Amplitude

Under test

only ~ secs
for reducing
one numeric [BP !



Feynman Integral
Analytic Evaluation

Differential equation with
uniform transcendental weights,
Symbols

Boundary value determimation

U'T basis
dlog/Baikoy

l

Symbols

l

Analytic

Integrals
boundary

Analytic

Unuitarity

Integrand

Analytic IBP

algebraic
geomelry

Analytic
Coefhicients

Analytic
Amplitude




Differential equation for traditional integral basis

3 6]:141]

- - 0XZ
kq ko
D> Mandelstam \

108 master integrals variables 14 GB]

o
O

It took 3 months on Univ. ot Zurich cluster,
to compute the five (108,103) matrices



Uniformly transcendental (U'T) basis

T(log)=1,T(w) =1,7(¢,) =n,T(Li,) =n,....T(fif2) =T() +T(f2)

Henn 2013 [ = (overall normalization) X Z &, Th) =k building blocks (LEGO)

k=0 for Feynman integrals

><>< (s12)' 7 < 416 | 183 E 418 (345 —27°) € + 9% (—256¢(3) +2595 — 267%) € + O (8)) not UT
><:>< (s12) 717 (— 612 | 7: | 32%(3)6 | 1917;)62 | 0(63)) UT but not dlog

1 2 8C(3 1974 i

Ul basis 1s also good for numeric computations




Unif()rmly transcendental (Ul) basis

T(og) =1,T(m) =1,7(G) =n,T(Liy) =n,....T(if2) =T{) + T(L)

building blocks (LLEGO)

for analytic amplitude

I = (overall normalization) x Z e, T =k
k=0

) 9 .
[ =T1(e)l. —1= A[
(), Ox; ‘

Differential equation in U'l" basis 1s extremely simple
Feynman integrals become an iterated itegration of rational functions

I(x) = Pexp (e /C dA)j(xo)
I

Chen’s (BRE ) iterated integrals

polylogarithms



To find Ul basis: “dlog™ approach

Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010

F F F F

|
= [ dlog(—) A dlog(—) Adlog(—) A dlog(—
St/d4[1D1D2D3D4 / og(Dl)/\ og(Dl) og(D3) og(D4)

“Usually”, a dlog integrand is a a U'T" integral.

Wasser algorithm for dlog (2017)

Consider the partial fraction n xy,

dx
A ) = dl —a;) N )
> A0 = Y ot —a)

l

A long ansatz 1s necessary;
Sometimes this algorithm does not find all dlogs ...

Algebraic geometry approach ...



dlog algorithm from algebraic geometry viewpoint

2 ) YZ 2018

N = Z fa(s;) x (scalar product)®

k‘1 ké
1 5)

Require that I. Nhas 1or04D leading singularity

2. fmust be z(ynomlal of SU>
“lLaft” problem

ZfaxLS (Scalar Product)®] = (1,0,...1,0,...)

in Module theory

casily solvable by Singular (computational algebraic geometry software)

Find missing dlog integral in Pascal’s algorithm



dlog’s are not always Ul

dlog form analysis ignore the 4D vanishing terms, which are sometimes crucial

4

Bern, Herrmann, Litsey, Stankowicz, Irnka 2015 8 dlogs on the top

From IBP, there should 9 master integrals

1 5}

[45] - \2 23] . ~\2
B[1] = (13)(24) ([241[13] (— kot yede) (ki —pr = )

+ [14][23] ( — ko + %)\5):1)2(761 — P2 — %A1X2)2>, NOT UT

for differential equation!
13[2] ::_Z3[1] P1<?P2, P4<2D5 ? (1
k1——k1+p1+p2, ko——ko—ps—ps

P1<7P5, P2<7?P4 )
k1—>—]€2, kz—)—kl

P1<7P5, P2<7>P4 )

k1—>—k2,k2—>—k¢1 P

g Bottleneck




Irom 4D leading singularity to D-dim singularity

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041603

(B[1] + B|5]) 452 12« (—S12515 + 512823 + 25128534 + $23534 + 515545 — S34®

€

“Additives” terms to make a UT

k y M1y P25 P35
G =G 1,P1,P2,P3,P4
k17p17p27p37p4

45 512 §12 — 845
Gy = G | P11 P2 P3P —(G11 — G2), —(Gxn — Gp), Gio
k27p17p27p37p4 € 65 65

]{: 9 9 9 9
Goy = G 2, P1,P2,P3, P4
k2,1, P2, D3, D4

4D vanishing terms, UT

Determined by Baikov representation, D-dimensional cuts

E4+1—D L4+E4+1—D 1

Gpy...pg) ? /dzl...dzm G(ki,ko,p1...pg) 2

(@7 (84
AR




All UT basis found

2

[ = A;l

@ = Ox; |
) 9. .

[ = T(€)l, [ = €A,

Now it 1s possible to solve differential equation



Further decomposition

Wi= v, W= v3+uy,
Wy = vy, Wr= v4+uvs,
Ws=wv3, Wsg= v5+w1,
Wy = vy, Wy = vy +va,
Ws= v5, Wip= v2+uv3,

~

~

dl(s;j;€) = €

— U1 — V4,
— U2 — Vs,
3 = U3 — U1,
— Uyq — VU2,
= U5 — V3,

*
.
.
.
.
.
A
.
.
*
.

31
E aid log
*=1

= V1 + V2 — V4,

= V2 + U3 — V5,

/U3+,U4_U17

= V4 + U5 — V2,

— U5+U1_U37

Vi = 812, V2 = 823, V3 = 834, V4 = §45, V5 = §15

Symbol: Goncharov, Spradlin, Vergu and Volovich

dI(sy; €) = edA(sy)I(sy5 €)

~S

I(s;5; €)

symbol letters

Wo1 = v3 +v4 —v1 — g,

Woo = v4 + v5 — v9 — v3,

W23: U5-|—1)1—U3—’U4,

Woy = vy +v9 —vg4 — 05,

W25= U2+U3—’U5—’Ul,

| VU2 — VU3 + V3Vg — VU5 — V45 — VA

W26 — 9
V1V — VU3 + V3V4 — V1V5 — V4U5 + VA
—V1V9 + VU3 — V34 — V1VU5 + VU5 — VA
W27 — )
—V1V9 + VU3 — V34 — V1VU5 + V4U5 + VA
—V1V2 — VU3 + v3Vg + V15 — V4U5 — VA
W28 — ’
—V1V9 — VU3 + V3V4 + V1V5 — V4U5 + VA
V1V9 — VU3 — V3V4 — V1V5 + V405 — V A
W29 — 9
V1V — VU3 — V3V4 — V1V5 + v4U5 + VA
W — V1V + VU3 — V3V4 + V1V5 — V4U5 — VA
30 =

?
—V1V9 + VU3 — V3V4 + V1V5 — VU5 + VA

Wi = VA,



Solving canonical differential equation

@)

~ _4 ~ . ®

[(s;,€) =€ g "1™ (s;) leading terms are rational numbers
m

e*1(s;, €) = B + e(B(l) + / dA(S,-j)B(O)) + € (B(Z) + / dA(s;) (B(l) +/ dA(S,-j)B(O)>> + ...
gl gl Y’

/ b()undary Value
M p(m)

e4j(e,-j, €) = Z

m=0
boundary /

point we choose the boundary point for a physical region

{6127623763476457615} — {3, —1,1,1, —1}



Boundary value

® Many integrals (from sub-diagrams) are known analytically
® “dlog” integral with £<0,1s FINITE even if a symbol letter vanishes

These two conditions usually determine a boundary value analytically.

All 2-loop 5-point massless integrals are analytically evaluated
Goncharov polylogarithms

1 Zdt
G(0,...,0;2) = —(logz)k, Glai,...,a;z) = / G(as,...,a;t)
k

implemented 1in Ginac

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041603



Why analytic integrals!

numeric evaluation with pySecDec

® Must be evaluated in 6-2& dim, then converted back to 4-2€ dim by IBPs
® GPU is necessary

NVIDIA Tesla V100 GPUs

I week to get one numeric pont
error estimated to be ~0.5%

Analytic with our result

~ minutes with one CPU to get 50 digits, for one point



Assembly of Amplitudes

IBP with algebraic geometry

Finite field reconstruction

U'T basis
dlog/Baikoy

l

Symbols

l

Analytic
Integrals
boundary

Analytic

Unutarity

Integrand

Analytic IBP

algebraic
geomelry

Analytic
Coefficients

Analytic
Amplitude




Integral reduction

d”1 dPl, 0 vl 5 Chetyrkin, Tkachoy 1981
iwP/2 - | ixP/2 0l DY .. Dy* - Laporta 2001

Integration-by-Parts (I1BP) reduction

Laporta Non-derivative approach
FIRE (Smirnov) 1 expansion for Feynman integrals, L.iu Ma 2013
Reduze2 (von Manteuffel, Studerus) Intersection theory, Mastrolia et al. 2013

LiteRed (l.ee)
Kira (Maierhofer, Usovitsch, Uwer)

IBP with algebraic geometry

syzygy (Gluza,Kajda, Kosower 2010
module intersection (Larsen, YZ 2016)



Module Intersection module intersection (Larsen, YZ 2016)

IBPs in Baikov Rep.
k
O D—L—E—1 |
(1) 5 & s 1)
. Polynomials!
Require
. OF
I. no shifted exponent: Z a;(z) oz -B8(z)F =0  These (ai(z),...ax(z)) form a module@: R

2. no doubled propagator: a;(z) € (z;), 1<i<m These (al(z), . .ak(z)) form a module@: Rk

My N M, Intersection of two modules

Solvable by Singular with the localization trick
Dramatically reduce the number of IBP relations



Module Intersection 1BP

J scales + spacetime dim

\;.7/ |
P

up to degree 4

\> 2
=Q

3

IBP

Boehm, Schoenemann, Georgoudis, Larsen, YZ.

JHEP 1809 (2018) 024

Z11,12,13  Z14,15

3 3 5
N3, N B |5 3 :53 N
17 15 1 1 4 1

118,19  Zop,21 Z99 23 Ty, L9596

could not be done with FIRE or Kira




Module Intersection + Petr: Net

Automated with the framework GPl-space

init

if I.trace exists R

trace //
? if not [I.trace existsl// ? ProceSS|ng
L? Modules in

degrees reference
any Language

-
7
/
/
/

/

!
!
1 =~
|

Seismic Development and Processing Architecture

GPI-Space Framework

o Legacy -

points reduce *@— nomalize Binaries
) if m.valid
; replace failure . . .
if not m.valid Vlsuallzathﬂ
replace invalidj COmpOnentS -

if not n.valid

 [store normalized Provided by the User Generic Part Domain Specific Part
7 if n.valid
% in er¢ola e l discard . . .
P H e O m RO Fraunhofer Institute for Industrial Mathematics

Q / Kaiserslautern

store interpolated

Petri Net: a graphic rep. of Bendle, Boehm, Decker, Georgoudis, Pfreundt, Rahn, Wasser, YZ

discrete event dynamic system 2019

(Carl Adam Petri)



Color structure for five-gluon amphitudes
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Nonplanar N=4 amplitude (symbols]

Integrand: Carrasco-Johansson, 2011

Park-Taylor factor \ / welight-w function
2,k k %
ATY = 5 Z Z PT /N + O(e

“Most” terms 1 this amphtude are determined by the infrared structure
(GCatani’s formula), only the weight-4 double trace term 1s non-trivial.

/ only 500 KB
hard function =) PTTi3g,

eed PhysRevlett.122.121602
Ss Gehrmann, Henn, Chicherin

Wasser, YZ., Z.01a



Nonplanar N=8 Supergravity amplitude (symbol

Bern-Carrasco-Johansson relation 2008 Carrasco-Johansson, 2011

1 (d)
(w) 4 (9( 6)
key formula
ispired by
After infrared subtraction HéQ) — Z Pseed lzéQ) , my Ph.D. thesis
S- supervised by Henry 'lye

I'seed — 812823834845PT(12345)PT(21435) )



2-loop 5-point

£y
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pure-YM amplitude

Badger, Irellesvig, YZ, 2013

Badger, Mogull, Ochirov, O’Connell 2015
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2-loop S5-pomt +++++ pure-YM amphitude

numerator degree-5 1BP needed (impossible by current analytic IBP method)
indirect finite-field fitting for the amplitude (atter IBP) 1s applicable

All weight-3, weight-4 part of the amplitude cancels out

\

\

—K

HP) = Z T1H§2)+ Z T13H%)

Ss /St Ss/513
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5923 tr_ (1345)

s34 (12)(23)(34)(45)(51)
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\

3
2

Lo

(34)(45) (53)

/

I35 = Liy (1 = s12/545) 4 Liy (1 — 593 /s45) + log® (s12/523) + 72/6.



Summary

® Systematic way of finding Ul basis
® \ovel approach of determining integral boundary condition
® \ovel practical IBP reduction methods
® New amplitudes calculated
2-loop S-point N=4 Super-Yang-Mills amplitude
2-loop S-point N=8 Supergravity amplitude
2-loop S-point +++++ YM amplitude

Towards a revolution of
2-loop, 2 to 3 scattering amphtude computation



Infrared structure
(Catani’s dipole formula 98

D
A(sy€) = Z(sy, €)4 (sy, €) Z(sj€) = expg’ ( 2e>

:Z’f‘i.’f‘j, D:Z’f‘i.’f‘jlog( Sg),

i) i) H

T, 1s the adjoint action of su(N,) Lie algebra.
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Boundary value
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for Feynman integrals
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