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Outline

• Quantum algebra approach to amplitudes

• Kinematic algebra, Vertex operators

- Algebraic calculations of YM amplitudes

- A very brief Introduction to quantum algebras
• Hopf algebra, quantum group & Yangian

- Relation to quantum groups and integrability

- N=4 SYM, super conformal symmetry, Y(gl_N)



Yangian (Янгиан) Symmetry

Vladimir Drinfeld
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Hopf Algebra 
= Bialgebra + Antipode

...

[Jx, Jy] = i Jz
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↵
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J
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� : H ! H⌦H
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R12R13R23 = R23R13R12

satisfies RTT and 

Yang-Baxter eqn

RT1T2 = T2T1 R

T (u) =

2
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t11(u) t12(u) . . .

t21(u)
. . .

... tNN (u)

3

775= I + u�1
NX
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ei j ⌦ ej i

R(u) = I + u�1P12

(Yang) universal R-matrix
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[ti j(u), tk `(u)] ⇠ 0 +O(u�1) (FRT construction)

Quantum Groups



R12R13R23 = R23R13R12

satisfies RTT and 

Yang-Baxter eqn

RT1T2 = T2T1 R

[Faddeev, Reshetikhin, Takhtadzhyan 90]
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R12R13R23 = R23R13R12

satisfies RTT and 

Yang-Baxter eqn

RT1T2 = T2T1 R

[Faddeev, Reshetikhin, Takhtadzhyan 90]
(FRT construction)

Quantum Groups

Ex2. quantum enveloping algebra
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R12R13R23 = R23R13R12

satisfies RTT and 

Yang-Baxter eqn

RT1T2 = T2T1 R

[Faddeev, Reshetikhin, Takhtadzhyan 90]
(FRT construction)
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Ex2. quantum enveloping algebra Uq(sl(2))
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sl(2) Lie algebra



R12R13R23 = R23R13R12

satisfies RTT and 

Yang-Baxter eqn

RT1T2 = T2T1 R

[Faddeev, Reshetikhin, Takhtadzhyan 90]
(FRT construction)
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N=4 SYM & Yangian 

Lab(u) = �ab +
1

u
xapb

[Chicherin, Derkachov, Kirschner 14]

M(u) = L1(u)L2(u) . . . Ln(u)

Mab(u) =
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ab
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Yang-Baxter
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Monodromy matrix

Yangian for gl(N), Y (glN )



Lab(u) = �ab +
1

u
xapb

[Chicherin, Derkachov, Kirschner 14]

M(u) = L1(u)L2(u) . . . Ln(u)

RL1L2 = L2L1R

R12R13R23 = R23R13R12

satisfies RLL and 

Yang-Baxter

Monodromy matrix

Mab(u)An = 0

N=4 SYM & Yangian 

An(u) =

Z
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= R1nLn�1 . . . Li+1 (Li . . . L2L1AL)LnAR

[Britto, Cachazo, Feng, Witten 05]



BCJ duality

1

2 3

4
5

Bern, Carrasco, Johansson: 
“What is the simplest QFT?”

Z. Bern J. J. M. Carrasco H. Johansson“What is the next simplest QFT?”
�3 theoryAns:

L ⇠ �a@2�a + fabc�a�b�c

fabca

b

c

�ab

p2
a b

A(12345) =

1

2
3

4

5
+ + …

f12�f�3⇢f⇢45
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Ex. 5 points

[Bern, Carrasco, Johansson 08]

Ans: Klein-Gordon (trivial)
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BCJ amplitude relationskernel



[Bjerrum-Bohr, Damgaard, Vanhove 11]

=

String KLT & monodromy

N.E.J.Bjerrum-Bohr
P.H.Damgaard P.Vanhove

close string open string  x  open string
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Z 1
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�
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Ãn(1,�(2, . . . n� 2), n� 1, n)⇥ S↵0 [�T |�] ⇥A(n� 1, n, �(2, . . . , n� 2), 1)
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y1
y20 1y1 y2 10

scenario 1 scenario 2

V (y1)
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0
dy2

V (y2)
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1
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⇣
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(y2 � y1)
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[CF, Wang, Vanhove 18]
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[CF, Wang, Vanhove 18]



Screening Vertex Operators & Nichols Algebra 

[Feigin, Fuks 82]

Coulomb gas

e1(z) = V1(z)

e{i1, i2, ...,, ir}(z) =

Z

C1

dt1Si1(t1) . . .

Z

Cr

dtrSir (tr)V1(z)

Si(z1)Sj(z2) = q⌦i jSj(z2)Si(z1)

Si(z1)Va(z2) = q⌦i aVa(z2)Si(z1)

Fi =

Z

C
dt Si(t)

...

Fi e{i1, i2, ...,, ir}(z)

z

screened vertex operator screening

[Hi, Fj ] = �⌦i jFj

charge (momentum)

Hi =

I
@Xi

= Fi1 . . . Fire1(z)

Ki = qHi

⌦i j = (↵i, ↵j)

KiFj = q�⌦i jFjKi

KiKj = KjKi



Screening Vertex Operators & Nichols Algebra 
Coulomb gas

z1

z2

z1

z2

z1

z2
= +

�Fi = Fi ⌦ I +K�1
i ⌦ Fi

= Fi

h
ei1...ir (z1)

i
ej1...js(z2)

+q⌦i,{i1,...,ir}ei1...ir (z1)Fi

h
ej1...js(z2)

i
�Fi

h
ei1...ir (z1) ej1...js(z2)

i
2-particle representation
coproduct

�Ki = Ki ⌦Ki



Screening Vertex Operators & Nichols Algebra 

[Hi, Hj ] = 0

[Hi, X
±
j ] = ±(↵i, ↵j)X

±
j

[X+
i
, X�

j
] = �i j

qHi � q�Hi
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mX

k=0

(�1)k
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m
k

◆

q
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�
X±

i

�k
X±

j

�
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i
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i
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S(X±
i
) = q�

P
i HiX±

i
q
P

i Hi
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i
qHi/2
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i
q�Hi/2

Ki = qHi

If only 1 tachyon screening
Uq(sl(2))



R12R13R23 = R23R13R12

satisfies RTT and 

Yang-Baxter eqn

RT1T2 = T2T1 R

[Faddeev, Reshetikhin, Takhtadzhyan 90]
(FRT construction)

Quantum Groups

Ex2. quantum enveloping algebra Uq(sl(2))

L+ =


K�1 q

�1
2 (q � q�1)X+

K

�

L� =


K

�q
1
2 (q � q�1)X� K�1

�

T

L

q-Lie group

q-Lie algebra
[H, X

±] = ±2X±

[X+, X�] =
K �K�1

q � q�1

K = qH

[H, X
±] = ±2X±

[X+
, X

�] = H

q ! 1

“classical” limit

sl(2) Lie algebra



Monodromy relations
Why are they zero?

z2 z1

z2

z1=1
2
3

1
2
3

�F3

⇣
F2F1V (z1)⌦ V (z2)

⌘���
ED��� = 0

standard trick in QM:D���J+J+ . . .
���
E
= 0?

D���J+J+ . . .
���
E
=

⇣D
J�vac

���
⌘
J+ . . .

���
E
= 0



Monodromy relations
Why are they zero?

z1

z2

z1

z2

D����Fk

⇣
Fi . . . V (z1)⌦ Fj . . . V (z2)

⌘���
E

! S[| . . . ]S[| . . . ]A(. . . )D���V (z2) . . . Ej Fi . . . V (z1)
���
E

generically:

YM amplitudes

Algebraic approach to amplitudes

Harmonic oscillator/Hydrogen atom problem

[Ei, Ej ] = fi j
k Ek Hypergeometry functions

[Bjerrum-Bohr, Damgaard, Feng, Sondergaard 10]

[Lentner 17]

1. 2.



Monodromy relations & Yangian
quantum determinant

center:

Ex. 

known to generate the center of full Yangian

world sheet symmetries

(perhaps no filed theory interpretation)

momentum kernel

= ✏q�1�2...�n
T�1,1T�2,2 . . . T�n,n

qdet T (u) =
z }| {
Rn�1,n . . . (R2n . . . R23R23) (R1n . . . R13R12)T1T2 . . . Tn

qdet T ! ZY (g)

= d(0) + u�1d(1) + u�2d(2) . . .

L+ =


K�1 q

�1
2 (q � q�1)X+

K

�

L� =


K

�q
1
2 (q � q�1)X� K�1

�
L̃+(u) = L+ � u�1L�

L̃�(u) = L� + uL+

Uq(sl2) (1 tachyon only)

d(1) =
qH�1 � q�H�1

q � q�1
+X+X�

d(0) = d(2) = I

z1

z2

X+X�
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Vocabulary translated

(highest weight module)
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Summary & open problems

root system, Cartan matrix
- alpha prime (q undeformed) limit

- Yangian symmetry

- algebraic construction of YM amplitudes 

(Hopf algebra satisfying RTT, generators  
of multiple levels)

(QM-like techniques: SHO/Hydrogen atom,  
angular momentum algebra…)

- screening vertex algebra



Thank you!
спасибо









A 5=

5 gluon scattering amplitude



Gravity 3-vertex



According to standard calculation:
171 terms (at least) / vertex

3 terms / internal line

The result: very often just one or two terms



BCJ duality - the settings

A(1234) =
ns

s
� nt

t

A(1324) = � nu

u
+

nt

t

1

3 2

4

1

2 3

4 1

2 3

4

1

3 2

4

1

2 3

4

1

3 2

4

t/t

s/s

t/t

u/u

Defining numerators by absorbing contact terms
Z. Bern J. J. M. Carrasco H. Johansson



Z. Bern J. J. M. Carrasco H. Johansson

BCJ duality - the settings

ns + nt + nu = 0

1

2 3

4

+

2

3 1

4

+

3

2 3

4

Jacobi identity

Tri-valent description of YM

A(1234) =
ns

s
� nt

t

A(1324) = � nu

u
+

nt

t

1

3 2

4

1

2 3

4 1

2 3

4

1

3 2

4

= 0

f12efe34 + f23efe14 + f31efe24 = 0

[Bern, Carrasco, Johansson 08]

(& anti-symmetry)



• Jacobi identity

• A basis for all cubic graphs

=

anti-symmetry

• Generically any cubic graph can be spanned by (n-2)! half-ladders

(Legs 1 & 5 at two ends)
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- =1 4
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1

2 3

4 1

2 3

4

+

=
1

2 3

4 1

2 3

4
+

= 1 4
2 3

A(1234)

A(1324)
[Del Duca, Dixon, Maltoni 00]

1

s

1

t

1

3 2

41

3 2

41

u
[Bern, Carrasco, Johansson 08]

1 4
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+

= 1 4
2 3

1 4
3 2

+ Ã(1324)

Ã(1234)

Mfull

[Kawai, Lewellen, Tye 86]

=
X

�,�2perm

Ãn(�)S[�|�]An(�)



understanding the kinematic algebra

M

Lie group manifold

group multiplication diffeo

vector field

[Bjerrum-Bohr, Damgaard, Monteiro, O’Connell 13]
[Monteiro, O’Connell 11]

SDYM diffeomorphism algebra

[CF, Krasnov 16]
[Du, Feng, CF 12]

[He, Schlotterer, Zhang 18]

[A1, A2] = (Aµ
1@µA

⌫
2 �Aµ

2@µA
⌫
1)@⌫

vYM
3 (A1, A2, A3) = [A1, A2]A3 + cyclic

f123

A1

A2



understanding the kinematic algebra

M

Lie group manifold

group multiplication diffeo

vector field

[Bjerrum-Bohr, Damgaard, Monteiro, O’Connell 13]
[Monteiro, O’Connell 11]

SDYM diffeomorphism algebra

[CF, Krasnov 16]
[Du, Feng, CF 12]

[He, Schlotterer, Zhang 18]

H
i =

1

2⇡i

I

0
dz h

i(z)

Ei
± =

1

2⇡i

I

0
dz : Qi

±(z)e
i
±(z) :

Qi
± = q±�±

R z0
z dw hi(w)

CFT Hopf algebra (⇥, ⌘,�, ✏, �)



=
X

�,�2perm

Ãn(�)S[�|�]An(�)

1 4
2 3

1 4
3 2

+ Ã(1324)

Ã(1234)

=
X

�,�2perm

Ãn(�)S 0
↵[�|�]An(�)

Mn =
X

�2perm

Ãn(�)⇥ I(�) Mn =

String Field theory

10
v�2

v�3

v�4

I =

Z 1

�1

n�2Y

i=2

dv�i (v
�
i )

↵0ki·k1(1� v�i )
↵0kn�1·ki

Y

j>i

(v�j � v�i )
↵0kj ·kif(v�)



=
D
n
���[[[T1, T2]↵0 , T3]↵0 . . . , Tn�1]↵0

���vac
E

n

n-132

1

4 …
Ti =

Z 1

0

dyi
yi

V (yi)

X

�2perm

Tr(�1��(2) . . .��(n))A(1�(2, . . . , n))

X

⇢2perm

Tr([[�1,�⇢(2)]↵0 . . . ,�⇢(n�1)]↵0�n)A(1⇢(2, . . . , n� 1), n)=

[�1,�2]↵0 = �1�2 � e�i⇡↵0k1·k2�2�1

[Ma, Du, Chen 11]
[Carrasco, Mafra, Schlotterer 16]

[T1, T2]↵0 = T1T2 � e�i⇡↵0k1·k2T2T1



vertex operator algebra

CFT Hopf algebra

(cf. Green, Schwarz, Witten Sec. 6)

0

z2

C1
C3

0

z2 C1 C3-

ki · kj = �1 or � 2

Ak =

I
dz

2⇡i z
V (k, z)

lattice

1 2 3 4 5 6 7

8
universal enveloping algebra U(g)

(whole string spectrum)



identifying the diffeos

y2

10

10

y1

y1

: eik1·X+✏1·Ẋ : : eik2·X+✏2·Ẋ :

=
⇣
1 + ↵0✏2 · k1

y2
y1 � y2

+ ↵0✏1 · k2
y1

y1 � y2
� ↵0(✏1 · ✏2)

y1y2
(y1 � y2)2

+ . . .
⌘

: eik1·X+✏1·Ẋeik2·X+✏2·Ẋ :

standard OPE. vector vector vector scalar tensor ⇥ ! + +

Z

�̃±
2

dy2 (y2 � y1)
ne↵

0k1·k2 ln(y2�y1)

=
1

n+ ↵0k1 · k2 + 1
e↵

0k1·k2

h
0� e⌥i⇡↵0k1·k2e↵

0k1·k2 ln y1

i

⇠ 2i sin(⇡↵0k1 · k2)
| {z }

�̃+
2

�̃�
2



identifying the diffeos

standard OPE. vector vector vector scalar⇥ ! + +

[[V1, V2]↵0 , V3]↵0

Z

�̃+
3 ��̃�

3

dy3

Z

�̃+
2 ��̃�

2

dy2
1

(y2 � y3)2

e↵
0k2·k3ln(y2�y3)e↵

0k1·k3ln(y1�y3)e↵
0k1·k2ln(y1�y2)

�!

tensor 

= sin(⇡↵0k2 · k1)sin(⇡↵0k3 · k1)I(1324)
+sin(⇡↵0k2 · k1)sin(⇡↵0k3 · (k1 + k2))I(1234)

I(1234) =

Z 1

0
dy3

Z y3

0
dy2

1

(y2 � y3)2
e↵

0k2·k3ln(y2�y3)e↵
0k1·k3ln(y1�y3)e↵

0k1·k2ln(y1�y2)

generically: hypergeometric functions



Summary & open problems

- a family of KLT equivalent relation?

- vertex operator algebra

- conflict between monodromy  
  & algebraic setting 

 (string analogue)

- identified the diffeos



Summary & open problems
- CHY (dual model obtained by changing 
integration measure)

U4(1234) = g2YM

Z
Pf0( ) z2↵

0k1·k2�1
2 (1� z2)

2↵0k2·k3�1�(S2) dz2

[Bjerrum-Bohr, Damgaard, Toukine, Vanhove 14]

UN AN

AQFT
NACHY

N

↵0 ! 0

↵0 ! 1↵0 ! 1

↵0 ! 0

AGross-Mende
N

=
Alexander Ochirov Piotr Tourkine



Summary & open problems
- BCJ at 1-loop 

[He, Schlotterer 17]1-loop KLT relations

`

`+ k1

1 2

`

`+ k1

1 2

Z
dD`

1

`2(`+ k1)2
=

Z
dD`

1

`2
1

2` · k1
+

1

(`+ k1)2
1

2` · k1

=

Z
dD`

1

`2
1

2` · k1
+

1

`2
1

2` · k2

1 4

2 3

Oliver SchlottererSong He



off-shell continuation

string analogue of current

J (123 . . . n) := ↵0n�3gn�2 1

k̂2n

D
f̂
���Vn�1(1)

1

L0 � I
Vn�2(1) . . .

1

L0 � I
V2(1)

���̂i
E

= ↵0n�3gn�2
D
f̂
���

1

L0 � I
Vn�1(1)

1

L0 � I
Vn�2(1) . . .

1

L0 � I
V2(1)

���̂i
E

D
f̃
���
⇣
zL0�I
n�1 Vn�1(1)z

�(L0�I)
n�1

⌘⇣
(zn�1zn�2)

L0�IVn�2(1)(zn�1zn�2)
�(L0�I)

⌘
. . .

. . .
⇣
(z2z3 . . . zn�1)

L0�IV2(1)(z2z3 . . . zn�1)
�(L0�I)

⌘ ���i
E

⇠

⇠
Z

0<y2<y3<···<yn�1<1

n�1Y

i=2

dyi
D
f̂
���
Vn�1(yn�1)

yn�1
. . .

V3(y3)

y3

V2(y2)

y2

���̂i
E



explicit generators

n(123) = lim
k2
3,↵

0!0
sin(⇡↵0k2 · k1)

D
f̃
��� :

Z 1

0

dy2
y2

✏2 · Ẋ(y2)e
ik2·X :

���i
E

V YM
3

Z 1

0
dy2

1

y2
e↵

0k1·k2 ln y2⇠

Z 1

0
dy2(y2)

↵0k1·k2�1 =
1

↵0k1 · k2



V (y) =
1X

n=�1
eik·xane

`k·p ln y

Z 1

0

dy

y
V (y) =

1X

n=�1
eik·xan

1

k · ↵o + n

a0 = · · ·+ ✏ · ↵1

⇣
`k · ↵�1 � `2

1X

n=1

✓
k · ↵�(n+1)

n+ 1

◆✓
k · ↵n

n

◆
+O(`3)

⌘

+✏ · ↵0

⇣
1� `2

1X

n=1

✓
k · ↵�n

n

◆✓
k · ↵n

n

◆
+O(`3)

⌘

+✏ · ↵�1

⇣
�`k · ↵1 � `2

1X

n=1

✓
k · ↵�n

n

◆✓
k · ↵n+1

n+ 1

◆
+O(`3)

⌘
+ . . .

explicit generators



[Bjerrum-Bohr, Damgaard, Vanhove 11]

=

String KLT & monodromy

N.E.J.Bjerrum-Bohr
P.H.Damgaard P.Vanhove

close string open string  x  open string

I =

Z 1

�1

n�2Y

i=2

dv�i (v
�
i )

↵0ki·k1(1� v�i )
↵0kn�1·ki

Y

j>i

(v�j � v�i )
↵0kj ·kif(v�)

v�2

v�3

v�4

10

Mn =
X

�

Ãn(1,�(2, . . . , n� 2), n� 1, n)⇥ I(1,�(2, . . . , n� 2), n� 1, n)



10 10
v�2

v�3

v�4

Z

C2

dv�2 (v
�
2 )

↵0k1·k2(1� v�2 )
↵0kn�1·k2

Y

j>2

(v�j � v�2 )
↵0kj ·k2f(v�)

= 2i sin(⇡↵0k1 · k2)
Z 0

�1
dv�2 (�v�2 )

↵0k1·k2(1� v�2 )
↵0kn�1·k2

Y

j>2

(v�j � v�2 )
↵0kj ·k2f(v�)

10v�2v�3v�4
Z

C3

dv�3 (v
�
3 )

↵0k1·k3(v�3 � v�2 )
↵0k3·k2 . . .

= 2i sin(⇡↵0k1 · k3)
Z

v�
2 <v�

3 <0
dv�2 (�v�3 )

↵0k1·k3(v�3 � v�2 )
↵0k3·k2 . . .

+2i sin(⇡↵0(k1 + k2) · k3)
Z

v�
3 <v�

2

dv�2 (�v�3 )
↵0k1·k3(v�2 � v�3 )

↵0k3·k2 . . .



[Bjerrum-Bohr, Damgaard, Vanhove 11]

=

String KLT & monodromy

N.E.J.Bjerrum-Bohr
P.H.Damgaard P.Vanhove

close string open string  x  open string

Mn =
X

�

Ãn(1,�(2, . . . , n� 2), n� 1, n)⇥ I(1,�(2, . . . , n� 2), n� 1, n)

=
X

�,�2Sn�3

Ãn(1,�(2, . . . n� 2), n� 1, n)⇥ S↵0 [�T |�] ⇥A(n� 1, n, �(2, . . . , n� 2), 1)



y1
y20 1y1 y2 10

scenario 1 scenario 2

V (y1)

y1

⇣Z 1

0
dy2

V (y2)

y2

⌘⇣Z 1

0
dy2

V (y2)

y2

⌘ V (y1)

y1

⇠ e↵
0k1·k2 ln y1e

�↵0 P1
1

1
n

⇣
y2
y1

⌘n

: V (y1)V (y2) :⇠ e↵
0k1·k2 ln y2e

�↵0 P1
1

1
n

⇣
y1
y2

⌘n

: V (y1)V (y2) :

⇠ e↵
0k1·k2 ln(y2�y1) ⇠ e↵

0k1·k2 ln(y1�y2)

(y2 � y1)
↵0k1·k2 (y1 � y2)

↵0k1·k2



= tree+

+

+ …

+ …

+ …+

1-loop

2-loop

scattering amplitude

+ …

p1 p2

p3
p4

p5

1 2

345

A 5



J. C. Maxwell

r · E = 0 r⇥ E = �@B
@t

r · B = 0 r⇥ B = 1
c2

@E
@t

dF = 0

differential geometry

vector analysis


