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Vocabulary translated

Phys. arXiv:[hep-th] Maths. arXiv:imath.QA]

/ [T dt:S1(t1)Ss(t2)S5(t3) ... V(x) amplitude (fundamental) reprsn.
Lt <ta<tg.. ! (highest weight module)

/ H dtisl (t1>52(t2>53(t3) ce V(CL’) .
Cy Oy numerator adj. reprsn.

_ ...[/52[/51,V(x>]a,]a,

line line

Ro-1n...(Rop...RosRa3) (Rin ... RisRyz) Momentum kernel — quantum symmetriser

kinematic algebra screening vertex algebra/

Nichols algebra
[Andruskiewitsch, Schneider 02]

double copy Yetter-Drinfeld bimodule
[Semikhatov, Tipunin 11]
T AV)=T*@V*°
: coaction
(single copy)

(coproduct on modules)



Outline

- Hopf algebra, quantum group & Yangian

- Kinematic algebra, Vertex operators

- Quantum algebra approach to amplitudes



Yangian (AHruaH) Symmetry

n

Level O: J(O) — J,(O) total mom/anglr mom
! 2; b = sum of mom/anglr mom
1=

of each particle

J0). JéO)} = f.°J0)  superconformal symmetry
SU(2,2/4)

Vladimir Drinfeld

Level 1: JSV =7f" > Ji(,?‘]j(,oc)

1<i<j<n Level O: T A(1234) = 0
(1) 7000y _ ¢ ¢ (1) mom/anglr mom g&—3  transltion/roation
o Ty = fab" e conservation invariance
Level 2: Level 1: JY A(1234) = 0

N =4 SYM

v
pure YM x

[Drummond, Henn, Plefka 09]



Hopf Algebra
= Bialgebra + Antipode

(7_[7 " Ia Aa 6) S
(91 92) |9) = g1 (92 |®)) multiplication (group representation)
(91 +92)|9) = g1|P) + 92 |®) superposition
e, J)] =1 J,
v algebra
ComultlpllcatlonAH%H@@Hb|a|gebra .........................
A(g1 - g2) = A(g1) - A(g2)
multiparticle representation Yangian
9) > |¢1)®|62) T BB eL+Led )= Zt(s) t
o107 i 071 & 1072
antipode S: H —H Hopf algebra
m(S ® id)A(g) = e(g) S(9) - g =1
S(9) =9~ (generalised inverse)



Quantum Groups

satisfies RTT and RT11> =151 R
Yang-Baxter eqn Ri2R13R23 = RozR13R12

R(’LL) =1 + u_1P12 i tll(U) tlg(U) |
N .
T(u)= 11
=I+u" Z ei; €5 () 21’(u)

(Yang) universal R-matrix
tij(u) = tgg) + u_lt;l?-) —+ U_Qt,gi-) + ...

—> [t;;(u), tye(u)] ~ 0+ O(u™") (FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]

Tido =e€;j Qerr @t jtre
€ij " Vj = Ui —t |

eij vk =0 (j#k)
1277 =€;; Qe Qg oty
€ij Cjk = Cik | L




Quantum Groups

satisfies RTT and RT11> =111 R
Yang-Baxter eqn Ri2R13R23 = RozR13R12

Ex1. quantum matrix group S ,(2)
11 12 21 22

11[ ¢ T(u):T:{i ?}
pab 12 1
e 21 q_q_l 1 b q—1 b
29 q Racdﬁ(sacé‘d

—> af=gqpfa By =b

ay =gy« ad —da = (qg—q By qge C
5o =qop
Y0 = q 97

(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Quantum Groups

satisfies RTT and RT11> =111 R
Yang-Baxter eqn Ri2R13R23 = RozR13R12

Ex2. quantum enveloping algebra U, (sl(2)) 1" g-Lie group
11 12 21 22 $
11] ¢ ] L g-Lie algebra
1
Ry =17 1 y_[ KU g7 (g—qHXT
21 q¢—q - 1 LT = [ e ]
22| q
7= |
| —etlg-gH)XT K
satisfies RLL and RLYLy = Ly LT R a—q)
Yang-Baxter egn RLTL; = L;LTR
(same R)

(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Quantum Groups

satisfies RTT and RT11> =111 R
Yang-Baxter eqn Ri2R13R23 = RozR13R12

Ex2. quantum enveloping algebra U, (sl(2)) 1" g-Lie group
H, XT] =4+2X7 $
K—-K1 L g-Lie algebra
_X+7 X_] — 1
o — oH 14 L+:[K‘1 q_Q(q—q‘l)X*]
~ - K
[
WV “classical” limit | —¢2(g-q¢g V)X~ K1

H, X*] = £2X% sl(2) Lie algebra
X +, X |=H
(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Quantum Groups

satisfies RTT and
Yang-Baxter egn

Ex2. quantum enveloping algebra U, (si(2))

H, XT] =4+2X7
K—K!

_X+7 X_] — 1

o q—q

RTyT5 =157 R
Ri2R13R23 = RozR13R12

T’ g-Lie group

{

L g-Lie algebra

1
o | K70 a=(g—¢ )Xt
K

b [ —qé(q—Kq‘l)X_ K~ ]

(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



N=4 SYM & Yangian

Lap(u) = da + u “allb satisfies RLLand R LiLo = Lol R
o0 dz B . Yang-Baxter RioR12R — RoaR:2R
Rio(u) = / Zl_ue z (p1-x2) 1211131123 2341131112
0

[Chicherin, Derkachov, Kirschner 14]

Yangian for gl(N), Y (gin)

2= (Aas 5,0 Oy 1tuTA@0 —uTAeA  —umiA®n
_ A L(u) — u—lc‘?;\ ® O 1 — u_la;\ ®_)\ —u_lf?; XN
p— (8>\a7 _)\O'm -7 ) | u_lan %Y 8)\ —U_lan R A 1 — U_lan XN ]

M (u) = Li(u) La(u) ... Ly,(u) Monodromy matrix

Mab(u) _ Z —m J(m) J(O) _ 7
m=0
(1) Z La iPb,i
1<:<n
Map(u) A, =0 Jé? = Z Za,iPi,cTec,jPb,j

1<i<y<n



N=4 SYM & Yangian

Lay(1) = dab + — TPt satisfies RLLand R Li1Lo = Lol R
Yang-Baxter Rio2R13R23 = RozR13R12

M(u) = Li(u) Lay(u) ... L,(u)  Monodromy matrix
Mab(u) An =0

BCFW recursion
_ 1
An(’U,) = / d477 e~ AnOxg AL (7717 )\17 )\17 7o, _PO) HQ(

ez )\135%4—2 nlann AR(nn’ )\na j\na Mo, P())

i (u)

= Rin(u) /d4770 d* Py 5(P3) AL(m1, A1y Asno, —Po) AR(Mn, Any A M0, Po)
[Britto, Cachazo, Feng, Witten 05] \

/

Ln_1...LoL1L,Ri, ALAR
= RinLn_1...Liv1(Li...LoL1AL) Ly Ag

[Chicherin, Derkachov, Kirschner 14]



BCJ duality

Bern, Carrasco, Johansson:
“What is the simplest QFT?”

Ans: Klein-Gordon (trivial)

“What is the next simplest QFT?” /. Bern J. J. M. Carrasco H. Johansson
Ans: ¢° theory
; , , Ex. 5 points
L~¢aa ¢a_|_fac¢a¢¢c 5
A(12345) = 1 .
énb f120f03pfp45
a b =) (p1 + p2)2(pa + ps5)?
2 3
c 1 9
+ +
a fabc
2
b 3 4

[Bern, Carrasco, Johansson 08]



Key Point:  MANY Theories are Double Copies

Bi-Adjoint Scalar: color ® color
Bern, de Freitas, Wong ('99); Bern, Dennen, Huang; Du, Feng, Fu; Bjerrum-Bohr, Damgaard, Monteiro, O’'Connell
(S)YM (...(S)QCD...). color ) spin-1

BCJ ('08) Bjerrum-Bohr, Damgaard, Vanhove; Steiberger; Feng et al; Mafra, Schlotterer, ('08-'11); Johansson, Ochirov

(S)Gr (...(S)Einstein-YM. ..): spin-1 @ spin-1

KLT('86); BCJ ('08); Chiodaroli, Gunaydin, Johansson, Roiban; Johansson, Ochirov; Johansson, Kalin, Mogull

NLSM / Chiral Lagrangian:  “color” (X) even-spin-0
Chen, Du '13 Cachazo, He, Yuan '14 Cheung, Shen 16
(S)Born-Infeld: spin-1 @ even-spin-0
Cachazo, He, Yuan '14
Special Galileon: even-spin-0 ® even-spin-0
Cachazo, He, Yuan '14 Cheung, Shen '16 )
Open String: Y ® spin-1
Broedel, Schlotterer, Stieberger
S~y , / .

Llosed String: spin-1 Q) (¢’ corrected spin-1

Z-theory: Cy’ ® “color”

Broedel, Schlotterer, Stieberger; JUMC, Mafra, Schlotterer



Ex: 4 pts 1 4 1
A(1234) = >_< ‘ I
2 3 2 3
1 4 4
A(1324) = >—< ‘ I
3 2 3 2
1 | | 4.
A 1T [+ L7 ) 2 3
(1234) S12 = S23 S23 11234
—1 1 1
L A(1324) | L g e I E B 11324 | 1 I I 4
3 2
nonsingular V "'u.‘
solve by taking inverse : ) ) L i
A's 0 n's
1 T -~
N1an = k_QS[O‘ B8] A(18n) L | L AL i
n

821A(1234) -+ (821 + 823)A(1324) =0

Momentum kernel _ _
kernel BCJ amplitude relations



String KLT & monodromy

N.E.J.Bjerrum-Bohr |
P.H.Damgaard P.Vanhove

close string open string X open string

M., :Zjn(l,a(Q,...,n—Q),n—1,n) xZ(1,0(2,...,n—2),n—1,n)

~

= Z An(l,a(Z,...n—Q),’n—l,n)XSO/[UTW] xA(n—l,n,fy(Q,...,n—Q),l)
o, YESH_3

oo N—2
7= [ T v (o)™ = o Ty =) p )

—00 ;=2 j>i

[Bjerrum-Bohr, Damgaard, Vanhove 11]



O—OO—QO—OI ........ . X
vy, Vg (> 0 1

[ des o g — gy
C3

= 2isin(ma’ky - kg)/ dv, (—

vy <Ug <0

71>2
vg )* S (g =y )
dvy (—v3 ) 18 (vy — v3)



~ €

scenario 1

~ €

Oé/kl-kg In Y2

a'ky-koln(yz—y1)

—> (y2—

Y1

)Oé/kl kQ

scenario 2

a'ky-ko ln(y1—y2)

—>

(y1 — yz)a/kl k2

[CF, Wang, Vanhove 18]



2i sin(a’'wky - ko) A(123)

.. / d
0 Y, VY, ] ~ 2isin(a’'wky - ko) / ﬂ(

Y1 <Y2 Y2

[CF, Wang, Vanhove 18]

._)_L‘ B /7;_/72

d2 / /
o ki-k —zwak -k ak -k
= /+ — (g1 —y2)" N T
Yo ’7

! dy2 1 —iﬁ&’krkg
~ ” V(y)V(y2) — € V(y2)V(y1)
0

11,15 =11 T — e~ imo Rk Ty



Screening Vertex Operators & Nichols Algebra

Coulomb gas

[Feigin, Fuks 82]
Fiegiy iy, .., i3 (2)

6{7;172'2’ ...,,z’r}(z) — /C dtlSil (tl) o /C dtrsir (tr) Vl (Z)

— Fil . Firel(z)
e1(2) = Vi(2) F= [ s H, — 7! 9,
screened vertex operator screening charge (momentum)
H;, Fj] = —Q;;F} K; = ¢'" K, F; = ¢ YiFK,

€);; = (0u, Oéj) KiK; = KjK;



Screening Vertex Operators & Nichols Algebra

Coulomb gas

coproduct
2-particle representation

AF; 611...7;r(21)63'1...3'8(22)} — Fz’[eil...ir(zl)] ejl---js(ZQ)

—> AL =F®I+K 'QF

AK; = K; ® K;



Screening Vertex Operators & Nichols Algebra

HZ, X:l:] = ::(Oéi, O{j)X;: > F; = er_q

q—q !

_ q
X3 X =i

Z(_l)k ( 7;; ) qq:_k(m_k)/2 (Xzi)k X]i (Xii)m_k =0 g-Serre relation
q

k=0 m = 1—142']'
AH,))=H;®1+1® H;
AXE)=XFT@q¢ /2420 XE If only 1 tachyon screening

—>  Uy(sl(2))

S(Xzi) =q D H”’Xziqzz H;



Quantum Groups

satisfies RTT and RV =151 R
Yang-Baxter eqn RiaR13Ro3 = Rog 13 ha2

Ex2. quantum enveloping algebra U, (sl(2)) T" q-Lie group
H, XT] =4+2X7 $
K—-K1 L g-Lie algebra
_X+7 X_] — 1
K = g™ 1= L+:[K‘1 qg(q—q_l))ﬁ]
- - K
[
WV “classical” limit | ¢ lg—¢HX~ K1

H, X*] = £2X% sl(2) Lie algebra
X +, X |=H
(FRT construction)
[Faddeev, Reshetikhin, Takhtadzhyan 90]



Monodromy relations

Why are they zero?
3
2

<| AF, <F2F1V(z1) % V(ZQ)) |> — 0

standard trick in QM:
< Tod, ... >:0?

<J+J+... >: (<J_vac|)J+...‘>:O




Monodromy relations

Why are they zero?

Ve (@=

|AFk

SII...18]...]A(...)
<‘V(22)...Ej Fi...V(zl)D ’

Algebraic approach to amplitudes

[Bjerrum-Bohr, Damgaard, Feng, Sondergaard 10]

YM amplitudes =2 Harmonic oscillator/Hydrogen atom problem

generically:

\E;, E;| = f; jk FEi. Hypergeometry functions
[Lentner 17]



Monodromy relations & Yangian

quantum determinant
momentum kernel

———
qdet T(U) — Rn—l,n c .. (RQn c e R23R23) (Rln c . R13R12) T]_T2 c . Tn

— 9
T 60‘10‘2...O'n T0171T0272 s Tanan

— 40 -+ uw1d) + w243

known to generate the center of full Yangian gdetT — ZY (g)

Ex. U,(sl2) (1 tachyon only) e [ K1 g3 (q—q DX+ ]

LT(w)=L" —u L™ K

L (u)=L +ulL" L™ = R
—qz(q—q )X~ K~

center:

0 gH—1 _ g~ H-1 .
a0V = XX X+X_ﬁ_%>
d0 =d®? =7 world sheet symmetries

e
(perhaps no filed theory interpretation) ’



Vocabulary translated

Phys. arXiv:[hep-th] Maths. arXiv:imath.QA]

/ [T dt:S1(t1)Ss(t2)S5(t3) ... V(x) amplitude (fundamental) reprsn.
Lt <ta<tg.. ! (highest weight module)

/ H dtisl (t1>52(t2>53(t3) ce V(CL’) .
Cy Oy numerator adj. reprsn.

_ ...[/52[/51,V(x>]a,]a,

line line

Ro-1n...(Rop...RosRa3) (Rin ... RisRyz) Momentum kernel — quantum symmetriser

kinematic algebra screening vertex algebra/

Nichols algebra
[Andruskiewitsch, Schneider 02]

double copy Yetter-Drinfeld bimodule
[Semikhatov, Tipunin 11]
T AV)=T*@V*°
: coaction
(single copy)

(coproduct on modules)



Summary & open problems

- Yangian symmetry

(Hopf algebra satlsfymg %TT, generators e

of multiple Ievels)
-'screening vertex algebra o

0N alpha orime (Q undeformed) ||m|t
root system, Cartan matrix

- algebraic construction of Y\/I amplitudes

(QM-like techniques: SHO/Hydrogen atom,
| angu ar momentum algebra S 1
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5 gluon scattering amplitude
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Gravity 3-vertex
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According to standard calculation:

171 terms (at least) / vertex

IoopAdiszlarcj:jgrlaem?f EEE: ~1020 3 terms / internal line
' TERMS
4 loop diagram: :@: ~1026
TERMS
S loop diagram: Eﬁ; ~1031
TERMS

The result: very often just one or two terms




BCJ duality - the settings

Z.Bern  J.J. M. Carrasco H. Johansson
Defining numerators by absorbing contact terms

H XX

A(1234) = = - ™
S t
Ty, Tt
A(1324) = — — —
(1324) e



BCJ duality - the settings

1 4 f * Jacobiidentity (& anti-symmetry)
Ne T+ Nt T My, = 0
2 3 2 3
A(23e) = = - Tt 2 3
% tnt + + =0
A1324) = —-—= +  — 3 3 12 3

1 4

1 4
> < I fl2e pedd | 23e peld 4 g3le pe2d _
3 2 3 2

[Bern, Carrasco, Johansson 08]



- A basis for all cubic graphs

' = 1 — | o
/5 °
6 anti-symmetry

(Legs 1 &5 at two ends)
- Jacobi identity

- Generically any cubic graph can be spanned by (n-2)! half-ladders

1 T = 9 7
T T [TTT]

5 2 [[3 4]15] 6



;1 4 1 4 41 4 1 4
b+ IR
5 9 3 2 3 U oo 3 2 3
11>_<41>_<4

L=
U 3 2 3 2

= 1T % 4239
2 3

[Bern, Carrasco, Johansson 08]

1774 431324) | |
3 2 [Del Duca, Dixon, Maltoni 00]

~

_ A(1234) 1 -1 1 4 5
2 3 — Z An(a) S[O-h/] Ay, (/7)

o, yeperm

A 1T T4
3 2
[Kawai, Lewellen, Tye 86]



understanding the kinematic algebra

SDYM =—» diffeomorphism algebra

C
[Bjerrum-Bohr, Damgaard, Monteiro, O’Connell 13]
[Monteiro, O’Connell 11]
[Du, Feng, CF 12]
[CF, Krasnov 16] A
[He, Schlotterer, Zhang 18]
Lie group manifold
group multiplication —% diffeo As
— nhoo
vector field P
ng (A17 A27 AS) — [A17 AQ]A3 + CYCHC o
A
[Ax, Ag] = (A1 0, A5 — A0, A7)0, ., 1

S f123




understanding the kinematic algebra

SDYM =—» diffeomorphism algebra

[Bjerrum-Bohr, Damgaard, Monteiro, O’Connell 13]

[Monteiro, O’Connell 11]
[Du, Feng, CF 12]
[CF, Krasnov 16]

[He, Schlotterer, Zhang 18]

Lie group manifold
group multiplication —% diffeo
S

vector field

CFT —» Hopfalgebra (x,n A, e ~v)

C
e
. 1 .
H'=— ¢ dzh'(2)
27'(-7/ 0
| 1 | |
F! =— ¢dz : Q! : :
== 5 ] z 1 Q4 (2)el(2)
Qit: +ty+ [70 dwh*(w)



Field theory




T = (n|[IT2, Boler, Tsla -, Tl [vac)
2 34 -1 :
" 1; = dy,zV(yz-)
0 Y

[Ma, Du, Chen 11]
—ima’kqi-k
AL Aolar = A1Ag —e P A\ [Carrasco, Mafra, Schlotterer 16]



vertex operator algebra

CFT =—» Hopf algebra

NNNNNN

lattice =—p ki -kj=—-1o0r —2

A, = 7{ def V(k,z) (cf. Green, Schwarz, Witten Sec. 6)
N4
8
universal enveloping algebra U(g) — oo I — o

(whole string spectrum) 1 2 3 4 5 6 7



identifying the diffeos

standard OPE. vectorX vector — scalar + vector + tensor

. 6il€1-X+€1°X .. e’ikz-X—|—€2~X .

— (1 -+ &/62 . 'l'/:l Y2 | Ck/el . ]{'2 Il &/(61 . 62) J192 5 - .. )
Yi — Y2 Yir — Y2 (yl — yz)

. eik1°X+€1°X€ik2°X+€2~X .

d o n_o'ky-ksin(ys—y1)
.0 TN 1 " Yo (Y2 —y1)"e
— 1 ea,kl-k}g
. n+o'ky ko +1
Y2
H,‘ |:O . 6:Fi7T()é/k1-k2 ea/kl-k‘g In y1:|
r-+--r--‘—1—l—|—>
o -’ N _
~ 1 —

0 7% 1 ~ 2i sin(ma'ky - ko)



identifying the diffeos

standard OPE. vectorX vector — scalar + vector + tensor

[[Vla VQ]O&’) VS]O/

ea’k2-k3ln(y2 —v3) ea/kl -k3ln(y1—y3) ea'kl ‘k2ln(y1—y2)

= sin(ma'ky - k1)sin(ma'ks - k1)1(1324)
+sin(ma'ky - ki)sin(ma'ks - (k1 + k2))1(1234)

1 Y3
1(1234) = dyg dy2 - 5 ea/k2°ksln(y2—y3)€a/k1°k3ln(y1—y3)€a/k1°k2ln(y1—yz)
0 0 Y2 — Y3
( )

generically: hypergeometric functions



Summary & open problems

_conflict between monodromy
& algebraic settmg ‘

s vertex operator algebra
- identified the diffeos

* - a family of KLT equivalent relation?
- (string analogue) | '



~.____Summary &Qpen problems A WY
- CHY (dua model obtamed by Changmg
mtegrahon ”n_easwe)

: u (1234) — gy Mf-* Pf’(\;[f) iy ‘f} o I(1 —z‘ )‘-’ﬂ b ‘“3 16(Sg)dz2

[Bjerrum Bohr Damgaard Toukme, Vanhove 14]__

AGrOSS-Mende




;-kl)z 32 2. k1 (f ki)? 2 el

dD€
/ 52 2@ kq 62 2@ kg

1 Ioop KLT relatlons [He Schlotterer17]




off-shell continuation

string analogue of current

L /4 1 1
123..n) = " g2 (fIV, (1 (1 i)
J( n) o g w2 f1Vi 1()LO—IV 2(1) LO—IVZ()Z
= a2l () V(1) )
Lo—1 Lo—1 Lo—1




explicit generators

_ d .
n(123) = lim sin(ma’ks - k1)<f : ﬂ@ X (yo)etkz X ‘z>
kg,a’—>0 0 2
Lo
~U V3YM dy2_€a k:l k:g In Y2
0 2




explicit generators

V(y) _ Z 6zk acan lk-plny

/1 @V( ) = i eF g !
0o Y 7 Nn—— 0o nk Qo + 1N

G = te-a (Zk oy — 1 iy ) (ko +O(€3)>
0 1 1 n + 1 n




String KLT & monodromy

N.E.J. Bjerrum Bohr

P. H.Damgaar/d P.Vanhove

close string open string X open string

M., :Zjn(l,a(Q,...,n—Q),n—1,n) xZ(1,0(2,...,n—2),n—1,n)

[Bjerrum-Bohr, Damgaard, Vanhove 11]



O—OO—QO—OI ........ . X
vy, Vg (> 0 1

[ des o g — gy
C3

= 2isin(ma’ky - kg)/ dv, (—

vy <Ug <0

71>2
vg )* S (g =y )
dvy (—v3 ) 18 (vy — v3)



String KLT & monodromy

N.E.J.Bjerrum-Bohr |
P.H.Damgaard P.Vanhove

close string open string X open string

M., :Zjn(l,a(Q,...,n—Q),n—1,n) xZ(1,0(2,...,n—2),n—1,n)

~

= Z An(l,a(Z,...n—Q),’n—l,n)XSQ/[UTW] xA(n—l,n,fy(Q,...,n—Q),l)
o, YESH_3

[Bjerrum-Bohr, Damgaard, Vanhove 11]



~ €

scenario 1

~ €

Oé/kl-kg In Y2

a'ky-koln(yz—y1)

—> (y2—

Y1

)Oé/kl kQ

scenario 2

a'ky-ko ln(y1—y2)

—>

(y1 — yz)a/kl k2



p4

\'/_ |< \/< -

/ \
scatterlng amplltude \ l /
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2-loop



A Dynamical Theory of the Electromagnetic Field

J. Clerk Maxwell
Phil. Trans. R. Soc. Lond. 1865 155, 459-512, published 1 January 1865

486 PROFESSOR CLERK MAXWELL ON THE ELECTROMAGNETIC FIELD.

quantities, namely,

For Electromagnetic Momentum . F G H
» Magnetic Intensity e B oy
,, Flectromotive Force . . P QR
,» Current due to true conduction . .p q 7
,»» Electric Displacement . . .o . f o9 R
,» Total Current (including variation of dlsplacement) p ¢ 7
,, Quantity of free Electricity . . e
J. C Maxwe” ,, Electric Potential N o -‘F
Between these twenty quantities we have found twenty equations, viz.
Three equations of Magnetic Force . . . . . . . . . (B)
. Electric Currents . . . . . . . . . (C)
” Electromotive Force. . . . . . . . (D)
. » Electric Elasticity . . . . . . . . (E)
vector analysis T Dlootric Resitance - . . . . . . . (T)
’ Total Currents . . . . . . . . . (A)
8B One equation of Free Electricity . . . . . . . . . . (G)

V-E
V- B

O VX]E:—E o Continuwity . . . . . . . . . . . (H)

These equations are therefore sufficient to determine all the quantities which occur
in them, provided we know the conditions of the problem. In many questions, how-

O v >< B — i aE ever, only a few of the equations are required.
c? Ot |

Intrinsic Enerqy of the Electromagnetic Field.

(71) We have seen (33) that the intrinsic energy of any system of currents is found
by multiplying half the current in each circuit into its electromagnetic momentum.
This is equivalent to finding the integral

=33(Fp'+Gq +H7’)dV N G 1))
over all the space occupied by currents, where p, ¢, r are the components of currents,

and F, G, H the components of electromagnetic momentum.
Substituting the values of p/, ¢/, #' from the equations of Currents (C), this becomes

differential geometry (=) +o(E-a)+H(e5) v

Integrating by parts, and remembering that «, 3, ¥ vanish at an infinite distance, the

dF — O expression becomes { 1 dG>+ - dH) +7((ZG = }

where the integration is to be extended over all space. Referring to the equations of
Magnetic Force (B), p. 482, this becomes

B=g- 3o pat B bty prddV, . . . . . . (39)




