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• LHC is undergoing a major update to HL-LHC in the 2020s


• Precision experimental measurements v.s. theoretical predictions 
Physics Signal = Precision Exp. - Precision Theo. 


• Maybe significant anomalies and insights to physics effects from 
higher energy scales


• Focus on perturbative computations of amplitudes in massless 
QCD, expand w.r.t. the coupling constant 
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Theoretical Precision Calculations 



Interesting and Useful Objects

High multiplicity multi-loop amplitudes ( CP even ), eg.
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[Badger et al., 13’, 15’, 16’, 17’, 18’;    
Abreu et al., 17’*2, 18’ *2, 19’*2 ; 

Gehrmann et al., 15’, 18’;  
Dunbar et al. 16;   

Papadopoulos et al. 15’;  
Boels et al., 18’;       

Chawdhry et al., 18’ ]

[Vogt et al., 04’;  
Gehrmann et al., 10’;   

Almeid et al., 15’;   
Henn et al., 13’, 16’;  

Jin and HL, 19’ ]

[Badger et al., 15’,19’;    
Abreu et al., 18’, 19’ ; 

Chicherin et al., 18’*3, 19’*2 ]



Difficulties in High-loop & -multiplicity  
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• Eg. Pure Yang-Mills ( main examples in this talk ) 
 
 
 
 
 
 
 

• Higher-multiplicity and higher-loop:  
- Independent scales ( only high multiplicity) 
- Color structures                      - Integrand topologies                  
- Higher numerator power         - Kinematic tensor structures 
- Integrand reductions               - Integral reductions                
- Evaluate master integrals        - etc. 

Di = (✓(l1)l1 + · · ·+ ✓(lL)lL + pm + · · ·+ pn)
2, ✓(li) = 0 or 1

<latexit sha1_base64="mG2JA5RT0O1fLYomrShPIt9VSgg="></latexit>

IL({⇠1, p1}, · · · , {⇠N , pN}) =
Z

dDl1 · · · dDlL
N (⇠ · ⇠, ⇠ · p, ⇠ · l, p · l, l2)

D1D2 · · ·DM
<latexit sha1_base64="GH/yG2/7HHtoD8T9Wg6dtUxQn3k="></latexit>

Spin info., momentum, internal group info.

AL({⇠, p, a}) =
X

C({a1, · · · , cN})f({pi · pj}) IL({⇠1, p1}, · · · , {⇠N , pN})
<latexit sha1_base64="0yDtwyijnF7xtpbYuvzpbb4DWPc="></latexit>

color structures

Rational func. of scales

Integration of tensor integrands
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Cut integrands 
D-dim Unitarity cut

Tensor Structures  
Gauge inv. bases

IBP reductions 
With cut conditions

Cut scalar integrands 
Projection

MIs and coeffs 
Cut matching

MIs solutions 
Diff. Eq.

Bare Amplitudes
UV divergence 

 
IR Divergence

Finite Functions
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Physical Properties of Amplitudes

 A color stripped scattering amplitude


• A Lorentz scalar and multilinear of spin variables, satisfying


‣ Momentum conservation 


‣ Dirac eq.  

‣  Transversality of polarization vector


‣  On-shell gauge invariance


‣  Branch cuts and poles 
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X

i

pµi = 0
<latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="hjLhKjmVbdX1VdRQ2Qc2TuLV57w=">AAACtHicjVLLTsMwEJyGVwkFyplLRIXEqUq4ADckOHAsEqGVSoUS1y2mecl2kKqKH+DKxyH+AP6CtUkloELgKMl4dmfs9TouEqG077/WnKXlldW1+rq70XA3t7abjWuVl5LxkOVJLntxpHgiMh5qoRPeKySP0jjh3XhyZuLdBy6VyLMrPS34II3GmRgJFmmiOrfNlt/27fAWQVCBFqqRN19wgyFyMJRIwZFBE04QQdHTRwAfBXEDzIiThISNczzCJW1JWZwyImIn9B3TrF+xGc2Np7JqRqsk9EpSetgnTU55krBZzbPx0job9jfvmfU0e5vSP668UmI17oj9SzfP/K/O1KIxwrGtQVBNhWVMdaxyKe2pmJ17X6rS5FAQZ/CQ4pIws8r5OXtWo2zt5mwjG3+zmYY1c1bllng3u6T+Bj+7uQjCw/ZJO7j0Uccu9nBAXTzCKS7QQUiOQzzh2Tl37p3i8xo4teo+7ODbcOQHT8mMsQ==</latexit><latexit sha1_base64="6p2nu4uuP9AJL9w9Z309htc5myE="></latexit><latexit sha1_base64="6p2nu4uuP9AJL9w9Z309htc5myE="></latexit><latexit sha1_base64="EBrM/FMX32lPFHCK9R7Jd14jgFo="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit>

pµi ⇠i,µ = 0
<latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit><latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit><latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit><latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit>

( 6p�m)u(p) = ū(p)( 6p�m) = ( 6k +m)v(k) = v̄(k)( 6k +m) = 0
<latexit sha1_base64="RbAy/Ogs0vp9HecSHLtlXwOj+cc="></latexit>

An(⇠i ! pi) = 0
<latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit><latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit><latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit><latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit>

An({pi,�i}) = vȧ1(pf1)ua1(pfM+1) · · · vȧM (pfM )uaM (pf2M ) ⇠µ1
1 · · · ⇠µN

N Â({⌘µ⌫ , �⇢, pk,µ})
<latexit sha1_base64="M2/Cy6HOtmQQ/l717/foewuRfVg="></latexit>



Amplitude Decomposition 

Color stripped amplitude decomposes into


‣ A linear combination of a group of kinematic basis 


‣ Kinematic basis: external particle informations, multilinear of spins 
satisfying all physical properties except unitarity, but with locality   
 
 

‣ Coefficients of kinematic basis:
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[Glover et al. , 03’, 04’, 12’; Boels et al., 16’; Arkarni-Hamed et al., 16’; Bern et al., 17’]

Bi({p,�}) = vȧ1(pf1)ua1(pfM+1) · · · vȧM (pfM )uaM (pf2M ) ⇠µ1
1 · · · ⇠µN

N fB({⌘µ⌫ , �⇢, pk})
<latexit sha1_base64="jNrpVkzW5g6mQmClk5yrTqeMEug="></latexit>

↵i({p, l}) =
X

f↵({pj · pk})
Z

(dDl)L I({l · l, p · l})
<latexit sha1_base64="QpCGNzCSnGnWQ4wmFftMN6smpI0="></latexit>

Bi
<latexit sha1_base64="pDEc+cTMryw/Yecr91CyB3OQEXU="></latexit>

An =
X

↵i({p, l})Bi({p,�})
<latexit sha1_base64="Ff6Vm93iiktmaYQlqwiQ8n1WhTc="></latexit>



Kinematic Basis Construction

 Brute-force construction by solving physical constraints 


‣  Application: up to 6-pt tree and 4-pt 2-loop pure-YM amplitudes


‣  Shortcomings: complicated for (>=) 5-pt,  ie.   
 
 
 
 
 
 
 eg. 5 gluons {142, 142} 
       2 fermions + 3 gluons {144, 144} 
       6 gluon {2364, 2364} full matrix, impossible to inverse 


‣ This construction way is kind of arbitrary, linear combinations of bases 
are still on-shell gauge invariant kinematic bases
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[ R. Boels & R. Medina, 16’; R. Boels & HL, 17’ ]

X

helicities

⇠µ⇠⌫ = ⌘µ⌫ �
✓
pµq⌫ + p⌫qµ

q · p

◆

<latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit>

X

helicities

⇠ · ⇠ = d� 2
<latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit>

X

s

u(p)ū(p) = 6p+m,
X

s

v(k)v̄(k) = 6k �m
<latexit sha1_base64="76Ss8yuzaOicnFYeN+Mo1xRJSgY="></latexit>

An =
X

↵iBi
<latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit><latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit><latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit><latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit>

Pij =
X

spin

BiBj

<latexit sha1_base64="c5o7f22qt5qnYv9J3BpbvDCR60g="></latexit>

Projector
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“Canonical” kinematic basis construction


‣ A-type building block:  
 

•  Solutions for 1 gluon (n-1) scalar scattering 


•  For n-gluon scattering, n copies A form a basis


‣ C-type building block:


•  One solution for 2-gluon (n-2)-scalar ( Another from 2-copies of A-type 
building blocks) 


•  Proportional to two contracted linearized field strength tensor  
  

[ R. Boels, Q. Jin and HL,18’ ]

Ai(j, k) = (pk · pi) pj · ⇠i � (pj · pi) pk · ⇠i
<latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit>

{Ai(j) = Ai(i+ j, i+ j + 1)|j 2 {1, . . . , n� 3}}
<latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit><latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit><latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit><latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit>

Ci,j = (⇠i · ⇠j)(pi · pj)� (pi · ⇠j)(pj · ⇠i)
<latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit>

[ R. Boels and HL,17’ ]

[ R. Boels and HL,17’ ]

Fµ⌫(⇠1)F
µ⌫(⇠2)

<latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit><latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit><latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit><latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit>

A &C-type building blocks: on-shell gauge invariant

Kinematic Basis Construction for Pure-YM
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 “Canonical” kinematic basis construction


‣ D-type building block:    
 
 
Require orthogonality  
 
Fix the constructions with  
 
 
 
  

[ R. Boels, Q. Jin and HL,18’ ]

Di,j = Ci,j �
n�3X

k,l=1

Xij(k, l)Ai(k)Aj(l)

<latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit><latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit><latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit><latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit>

X

hi

Ai(k)Di,j = 0 =
X

hj

Aj(k)Di,j , 8k
<latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit>

PA
i (k, l) =

X

hi

Ai(k)Ai(l)
<latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit><latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit><latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit><latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit>

Ai(k) ⌘
X

l

(PA
i )�1(k, l)Ai(l)

<latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit><latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit><latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit><latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit>

Di,j = Ci,j �
n�3X

k,l=1

Ai(k)Aj(l) (A
m(k)An(l)Cm,n)

<latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit>

Ai(k)Ai(l) ⌘
X

helicities,i

Ai(k)Ai(l) = �(k, l)

<latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit><latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit><latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit><latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit>

X

helicities

Di,jDi,j = (pi · pj)2(d� n+ 1)
<latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit>

X

helicities,i

Di,jDi,k =
(pi · pj)(pi · pk)

(pj · pk)
Dj,k

<latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit>

Kinematic Basis Construction for Pure-YM



Four gluon kinematic basis    

“Canonical” kinematic basis: 10 in total  


‣  Expressed in terms of A and C:


‣  Under cyclic permutation:


‣  Inner product with rank 10 in D-dim and rank 8 in 4-dim, eg.
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[ Used in Q. Jin and HL, 19’]

B1 = A1A2A3A4,

B3 = C13A2A4,

B5 = C12C34,

B7 = C12A3A4,

B9 = C34A1A2,
<latexit sha1_base64="DXxK0EKsaotDhz82Fmzd0bSlkSE="></latexit>

B2 = C13C24,

B4 = C24A1A3,

B6 = C23C14,

B8 = C23A4A1,

B10 = C41A2A3,
<latexit sha1_base64="SHoNMvGIehcw2dfeGbnIF2gff+c="></latexit>

pi ! pi+1
<latexit sha1_base64="v7YvjamKJYywBhkllMvlMwGueNI="></latexit>

B1 ! B1, B2 ! B2,

B3 $ B4, B5 $ B6,

B7 ! B8, B8 ! B9, B9 ! B10, B10 ! B7
<latexit sha1_base64="dQGKTpNkO2C9sOVXLtxUUG5Brik="></latexit>

Ai(j, k) = (pk · pi) pj · ⇠i � (pj · pi) pk · ⇠i
<latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit>

Ci,j = (⇠i · ⇠j)(pi · pj)� (pi · ⇠j)(pj · ⇠i)
<latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit>

{Ai(j) = Ai(i+ j, i+ j + 1)|j = 1}
<latexit sha1_base64="VPYHcvOACBBA/ffKJSrBozI3VHE="></latexit>



Five gluon kinematic basis    

• “Canonical” kinematic basis: 142 in total  


‣  1 A + 2 D s: in total                                ,  eg.  


‣  3 A s + 1 D: in total                        ,   eg. 


‣  5 A s:  in total               , eg. 


• Inner product matrix


• Could be used for 5 gluon any loop planar/non-planar amplitude decomposition
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[ R. Boels, Q. Jin and HL,18’ ]

5⇥ 2⇥ C2
4/2! = 30

<latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit><latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit><latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit><latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit>

23 ⇥ C2
5 = 80

<latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit><latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit><latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit><latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit>

25 = 32
<latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit><latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit><latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit><latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit>

Di,j = Ci,j �
n�3X

k,l=1

Ai(k)Aj(l) (A
m(k)An(l)Cm,n)

<latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit>

A1(1)A2(1)A3(1)D4,5
<latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit><latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit><latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit><latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit>

A1(1)A2(1)A3(1)A4(1)A5(1)
<latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit><latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit><latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit><latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit>

A1(1)D2,3D4,5
<latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UeXNRez42zARalccKWPvnll9VMc="></latexit><latexit sha1_base64="UeXNRez42zARalccKWPvnll9VMc="></latexit><latexit sha1_base64="V0eDVjn54J7IXwuvHCFP1w/zqWk="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit>

X

hi

Ai(k)Di,j = 0 =
X

hj

Aj(k)Di,j , 8k
<latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit>

X

helicities

Di,jDi,j = (pi · pj)2(d� n+ 1)
<latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit>

X

helicities,i

Di,jDi,k =
(pi · pj)(pi · pk)

(pj · pk)
Dj,k

<latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit>
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{d = 4, n = 5} )
X

helicities

Di,jDi,j = 0
<latexit sha1_base64="Gt7r81yDnVAJfqB5D93kYX9FOZg="></latexit><latexit sha1_base64="Er9xY3pgp2JWtgJT0r9ofHgDZVw="></latexit><latexit sha1_base64="Er9xY3pgp2JWtgJT0r9ofHgDZVw="></latexit><latexit sha1_base64="hZCfpdoM8nYCG8smUAZ88WES/mQ="></latexit>



!14

Cut integrands 
D-dim Unitarity cut

Tensor Structures  
Gauge inv. bases

IBP reductions 
With cut conditions

Cut scalar integrands 
Projection

MIs and coeffs 
Cut matching

MIs solutions 
Diff. Eq.

Bare Amplitudes
UV divergence 

 
IR Divergence

Finite Functions
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Traditional Methods: Feynman diagrams

✓Start from Lagrangian 
    Reflect the interactions intuitively✓Automation by Programs: 

    e.g. FeynTools, Qgraf, etc

X  Huge number of diagrams
X  Each diagram is NOT gauge invariant

X Significant cancellations while summing all diagrams  

X Results gauge invariant and often very simple

✓Already quite successful: 
 eg. g-2 up to 4 loops

[ Laporta, 17’] 
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• Improve the efficiency of calculation compared to Feyn. Diag.


• Key ideas:


✦ Chops problem into on-shell gauge invariant smaller pieces,  
   and (recursively) constructing scattering process.


✦ Unitarity               & physical singularities   
 
 
 
 
 

• BCFW recursion relations;  
 
(generalized) unitarity cuts, etc.

[ Britto et al., 03’; Britto et al., 04’, etc.]  

[ Bern et al., 92’; Bern et al., 93’,07’;  
  Bern et al., 94’; Britto et al., 04;   
  Anastasiou et al., 06’, Britto et al., 07’]

Birth of Modern Methods 



•  S-matrix (                   ) obeys               : 
 
 
 
 

•  Amplitudes in terms of master integrals 

•  Determine coefficients of MIs:


• Compare cuts of amplitudes with 
cuts of master integrals  

!17

S = 1 + iT
<latexit sha1_base64="kIMBVqR1RvmC/3AnxYZWiJdqQjI="></latexit><latexit sha1_base64="k+s9nAxH6sW/gCkeVnyY7O9CC18="></latexit><latexit sha1_base64="k+s9nAxH6sW/gCkeVnyY7O9CC18="></latexit><latexit sha1_base64="NyYN/qshTvvW+TAkvjznfojCORg="></latexit>

S†S = 1
<latexit sha1_base64="ISgRKF0WbFg5zpgOuO4qC33zWkk="></latexit><latexit sha1_base64="nU5rXykBpDUkeJXsLpZEC7tmhqw="></latexit><latexit sha1_base64="nU5rXykBpDUkeJXsLpZEC7tmhqw="></latexit><latexit sha1_base64="K7DTMjvxcHQa56bask6NGE42RVk="></latexit> DiscT = 2 ImT = T †T

<latexit sha1_base64="8eyzbkU8XvBlJiP484tw1Jfp4js="></latexit><latexit sha1_base64="Hz+NndWSTQXU65d7I8RgKLtJTMI="></latexit><latexit sha1_base64="Hz+NndWSTQXU65d7I8RgKLtJTMI="></latexit><latexit sha1_base64="MpHKVahIVxmUQ0TxYrSczfMyC1U="></latexit>

A =
X

i

ci MIi
<latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cU PMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="M+uRAbp8Wq0EhLn58L9fe6XNWws=">AAAC4HicjVLLSsUwFBzr+3116yYoigu5tG50IyhudCEoeFWwUtIYNdgXaSpeLv6BO3fiV7jV/xD/QP/Ck1jBB6IpbSdzzkxychIXiSqN7z93ed09vX39A4NDwyOjY+ONiZG9Mq+0kC2RJ7k+iHkpE5XJllEmkQeFljyNE7kfn6/b+P6F1KXKs13TLuRRyk8zdaIEN0RFjbkw5eZM8IStsRUWllUaKSYiFS6ERl4anXa2Nq8iFT Vm/KbvBvsJghrMoB7beeMJIY6RQ6BCCokMhnACjpKeQwTwURB3hA5xmpBycYkrDJG2oixJGZzYc/qe0uywZjOaW8/SqQWtktCrSckwS5qc8jRhuxpz8co5W/Y3747ztHtr0z+uvVJiDc6I/Uv3kflfna3F4ATLrgZFNRWOsdWJ2qVyp2J3zj5VZcihIM7iY4prwsIpP86ZOU3pardny138xWVa1s5FnVvh1e6SGhx8b+dPsLfYDPxmsONjAFOYxjy1cQmr2MA2WmR5jXs84NFLvRvv9v0qeF31nZjEl+HdvQEQS50H</latexit><latexit sha1_base64="M+uRAbp8Wq0EhLn58L9fe6XNWws=">AAAC4HicjVLLSsUwFBzr+3116yYoigu5tG50IyhudCEoeFWwUtIYNdgXaSpeLv6BO3fiV7jV/xD/QP/Ck1jBB6IpbSdzzkxychIXiSqN7z93ed09vX39A4NDwyOjY+ONiZG9Mq+0kC2RJ7k+iHkpE5XJllEmkQeFljyNE7kfn6/b+P6F1KXKs13TLuRRyk8zdaIEN0RFjbkw5eZM8IStsRUWllUaKSYiFS6ERl4anXa2Nq8iFT Vm/KbvBvsJghrMoB7beeMJIY6RQ6BCCokMhnACjpKeQwTwURB3hA5xmpBycYkrDJG2oixJGZzYc/qe0uywZjOaW8/SqQWtktCrSckwS5qc8jRhuxpz8co5W/Y3747ztHtr0z+uvVJiDc6I/Uv3kflfna3F4ATLrgZFNRWOsdWJ2qVyp2J3zj5VZcihIM7iY4prwsIpP86ZOU3pardny138xWVa1s5FnVvh1e6SGhx8b+dPsLfYDPxmsONjAFOYxjy1cQmr2MA2WmR5jXs84NFLvRvv9v0qeF31nZjEl+HdvQEQS50H</latexit><latexit sha1_base64="JpV/xLnAf/iyMGRwIEh3fu74k/o=">AAAC63icjVHLTtwwFD0TaMurZQpLNhYjEItqlLCBTaUpbGCBBFIHkAiKHGPAIi85DmI0mj9gxw6x5QfYwn8g/gD+gms3I7VFVXGU5Pjce459742LRJXG958a3sjoh4+fxsYnJqc+f5lufp3ZLfNKC9kVeZLr/ZiXMlGZ7BplErlfaMnTOJF78dm6je+dS12qPPtpeoU8TPlJpo6V4IaoqLkYptycCp6wH+w7C8sqjRQTkQq/hU ZeGJ32tzYHkYqaLb/tu8XegqAGLdRrO28+IsQRcghUSCGRwRBOwFHSc4AAPgriDtEnThNSLi4xwARpK8qSlMGJPaPvCe0OajajvfUsnVrQKQm9mpQMC6TJKU8TtqcxF6+cs2X/5d13nvZuPfrHtVdKrMEpsf/TDTPfq7O1GBxj1dWgqKbCMbY6UbtUriv25uy3qgw5FMRZfERxTVg45bDPzGlKV7vtLXfxZ5dpWbsXdW6FF3tLGnDw9zjfgt3lduC3gx2/1VmrRz2GOcxjiea5gg42sI0ueV/iDvd48FLvyrv2bn6leo1aM4s/lnf7CuM+nlo=</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit><latexit sha1_base64="GmJR81XR5uymRPvLADJeUVnfQas=">AAAC63icjVHLThRBFD3TIowjYiNLNxUmEhZm0k1MdEMy6EYWJmPCAAlNOtU1NTOV6Veqq41kwh+4Y0fc+gNs8T+Mf6B/4a2iSRRioDrdferce07VvTcpU1WZIPjZ8h4sPFxcaj/qPF5+svLUX322XxW1FnIoirTQhwmvZKpyOTTKpPKw1JJnSSoPktk7Gz/4JHWlinzPnJTyOOOTXI2V4Iao2N+IMm6mgqdsh22zqKqzWDERq+ hlZORno7P5h93TWMV+N+gFbrHbIGxAF80aFP4PRBihgECNDBI5DOEUHBU9RwgRoCTuGHPiNCHl4hKn6JC2pixJGZzYGX0ntDtq2Jz21rNyakGnpPRqUjK8IE1BeZqwPY25eO2cLfs/77nztHc7oX/SeGXEGkyJvUt3nXlfna3FYIw3rgZFNZWOsdWJxqV2XbE3Z39VZcihJM7iEcU1YeGU131mTlO52m1vuYv/cpmWtXvR5Nb4bW9JAw5vjvM22N/qhUEv/Piq23/bjLqN51jHJs3zNfp4jwGG5P0FF7jEdy/zzrxz7+tVqtdqNGv4Z3nf/gDkfp5e</latexit>

dµ = ddl1 d
dl2 �

(d)(l1 + l2 � PL) �(l
2
1) �(l

2
2)

<latexit sha1_base64="Ee6BlkAFzHepmoSmJ3khgiuw3XE="></latexit><latexit sha1_base64="Ee6BlkAFzHepmoSmJ3khgiuw3XE="></latexit><latexit sha1_base64="Ee6BlkAFzHepmoSmJ3khgiuw3XE="></latexit><latexit sha1_base64="Ee6BlkAFzHepmoSmJ3khgiuw3XE="></latexit>

DiscA =
X

i

ci DiscMIi
<latexit sha1_base64="HcZLf0M+eCRXYZOqXO1hOXWRD90="></latexit><latexit sha1_base64="HcZLf0M+eCRXYZOqXO1hOXWRD90="></latexit><latexit sha1_base64="HcZLf0M+eCRXYZOqXO1hOXWRD90="></latexit><latexit sha1_base64="HcZLf0M+eCRXYZOqXO1hOXWRD90="></latexit>

DiscA =
X

PL

Z
dµAL AR

<latexit sha1_base64="kJsxKKKHRrb4VeQCOZ0kX0JrgSo="></latexit><latexit sha1_base64="kJsxKKKHRrb4VeQCOZ0kX0JrgSo="></latexit><latexit sha1_base64="kJsxKKKHRrb4VeQCOZ0kX0JrgSo="></latexit><latexit sha1_base64="kJsxKKKHRrb4VeQCOZ0kX0JrgSo="></latexit>



Cuts for 4 gluon 3 loop planar    
[ Q. Jin and H,19’]

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Number of cuts is reduced by Z4 rotational symmetry 
!18



An example of quadruple cuts  

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Propagators = { l21, l
2
2, l

2
3, (l1 + p1)

2, (l2 + p1)
2, (l3 + p1)

2, (l1 + p12)
2, (l2 + p12)

2, (l3 + p12)
2,

(l1 + p123)
2, (l2 + p123)

2, (l3 + p123)
2, (l2 � l3)

2, (l1 � l3)
2, (l1 � l2)

2 }
<latexit sha1_base64="6FHA+g2F+T8byqPKaz1Ej2ru/H8="></latexit>

p1
<latexit sha1_base64="TJu5vmzAS/V0n4z/g9a3cVvzWU4="></latexit>

p2
<latexit sha1_base64="k8rVMhYGaOtxOchxj8+2QgiRbp0="></latexit>

p3
<latexit sha1_base64="OcnRvn3MDcZXFrmsMYyHm/GF6ZY="></latexit>

p4
<latexit sha1_base64="Pjflala5/u+eOiXvHUPdqX6oGAM="></latexit>

Ansatz of cut amplitude for this particular cut

Acut =

Z
ddl1 d

dl2 d
dl3

1

l21 (l1 � l2)2 (l2 � l3)2, (l3 + p123)2

⇥
X

⇠Ii

✓
Atree

L ({⇠1, p1}, {⇠I1 , l1}, {⇠I2 ,�l1 + l2}, {⇠I3 ,�l2 + l3}, {⇠I4 ,�l3 � p12}, {⇠2, p2})

⇥Atree
R ({⇠3, p3}, {⇠I4 , l3 + p12}, {⇠I3 , l2 � l3}, {⇠I2 , l1 � l2}, {⇠I1 ,�l1}, {⇠4, p4})

◆

<latexit sha1_base64="bMDCjRnhzN6DNrNKThYQcWVPHiw="></latexit>
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Permutations of  

X

helicities

⇠µ⇠⌫ = ⌘µ⌫ �
✓
pµq⌫ + p⌫qµ

q · p

◆

<latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit>

X

helicities

⇠ · ⇠ = d� 2
<latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit>

{l1, l2, l3}
<latexit sha1_base64="AhXmaOwIgWdRUAIUWDkNJ7Wxpao="></latexit>
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Cut integrands 
D-dim Unitarity cut

Tensor Structures  
Gauge inv. bases

IBP reductions 
With cut conditions

Cut scalar integrands 
Projection

MIs and coeffs 
Cut matching

MIs solutions 
Diff. Eq.

Bare Amplitudes
UV divergence 

 
IR Divergence

Finite Functions



Derivation of scalar cut integrands 

• Amplitude from each unitarity cut           involves terms of 


• Projecting         (                       ) onto gauge invariant basis   
 
 
 
 
 

• The cut coefficients 

!21

X

helicities

⇠µ⇠⌫ = ⌘µ⌫ �
✓
pµq⌫ + p⌫qµ

q · p

◆

<latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit>

X

helicities

⇠ · ⇠ = d� 2
<latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit>

⇠ · l
<latexit sha1_base64="dvIi98cXkjW9r2KgjkEal89PM5o="></latexit>

X

helicities

BjAcut
n =

X

i

↵cut
i

 
X

helicities

BjBi

!
=
X

i

Pji↵
cut
i

<latexit sha1_base64="QP1tovCJtmmbpj8ZHvYGLb01H40="></latexit>

Acut
n

<latexit sha1_base64="7ElDW/R1HsA4fznA8Mna0ABqHtw="></latexit>

Acut
n

<latexit sha1_base64="7ElDW/R1HsA4fznA8Mna0ABqHtw="></latexit>

↵cut
i =

�
P�1

�
ij

X

helicities

BjAcut
n

<latexit sha1_base64="HgnnrEZ3p+WyGRvFFm21mpkLje0="></latexit>

Bi
<latexit sha1_base64="pDEc+cTMryw/Yecr91CyB3OQEXU="></latexit>

↵cut
i ({p, l}) =

X
f↵({pj · pk})

Z
(dDl)L

1

Da1
1 · · · bDcut

m · · ·DaM
M

Q
m Dcut

m
<latexit sha1_base64="xxbJ6gPQhtvG0qWdQk4uHjxos5c="></latexit>

Cut integrals

=
X

↵cut
i Bi

<latexit sha1_base64="Jq2IZ0dJlvdtaBZzTApD0qbpl84="></latexit>



Run IBP reductions with cut conditions 

!22

Integration by parts identities 


 

   


 
 

[  Chetyrkin, Tkachov 81’; Laporta 01’ ]

  FIRE5/6 (Smirnov).         
  Reduze2 (von Manteuffel, Studerus)  
  LiteRed (Lee) 
  Kira (Maierhofer, Usovitsch, Uwer) 

FIRE6 ( no LiteRed rules ) with restrictions of cut conditions 

Public Programs: 

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

p1
<latexit sha1_base64="TJu5vmzAS/V0n4z/g9a3cVvzWU4="></latexit>

p2
<latexit sha1_base64="k8rVMhYGaOtxOchxj8+2QgiRbp0="></latexit>

p3
<latexit sha1_base64="OcnRvn3MDcZXFrmsMYyHm/GF6ZY="></latexit>

p4
<latexit sha1_base64="Pjflala5/u+eOiXvHUPdqX6oGAM="></latexit>

Z
ddl1

(i⇡d/2)
· · ·

Z
ddlL

(i⇡d/2)

@

@lµi

vµi
Da1

1 · · ·Dak
k

= 0
<latexit sha1_base64="416eJrsDysqOjQZJytdUfJ4scHA="></latexit>
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…  …
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…  …
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 10 days to finish all cut IBP reductions


The highest memory usage is about 30% of 256 GB

…  …



!26

342.2 M 137.6 M 137.5 M

37.5 M

462 K

17 M

2 M11.4 M

2.3 M
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Cut integrands 
D-dim Unitarity cut

Tensor Structures  
Gauge inv. bases

IBP reductions 
With cut conditions

Cut scalar integrands 
Projection

MIs and coeffs 
Cut matching

MIs solutions 
Diff. Eq.

Bare Amplitudes
UV divergence 

 
IR Divergence

Finite Functions



Substitute cut IBPs results into cut scalar integrals 


Cyclic permutation


 
 
Subtleties of double counting 


• Amplitude at MI level:

!28

An =
X

i

✓X

j

cij MIj

◆
Bi

<latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit><latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit><latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit><latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit>

↵cut
i =

X
ccutij MIcutj

<latexit sha1_base64="vR8XEfxdHnv7EWM/4MZWDsESf1g="></latexit>

r : s $ t,

B1 ! B1, B2 ! B2, B3 $ B4, B5 $ B6,

B7 ! B8, B8 ! B9, B9 ! B10, B10 ! B7 .
<latexit sha1_base64="uvVpn4D3eFOBDDX/dwX/b43a1hw="></latexit>



81 MIs in total if including cyclic permutations for 4pt 3 loop 

!29

+

+ cyc. (                    ) = full MIs 

[ J. Henn, A.V. Smirnov and V. A. Smirnov,13’ ]

fi = ✏3(�s)3✏
e3✏�E

(i⇡D/2)3
gi

<latexit sha1_base64="sRcEKKR11cyixP2JX4N3qIKSdzk="></latexit>

@xf(x, ✏) = ✏


a

x
+

b

1 + x

�
f(x, ✏)

<latexit sha1_base64="wshhRzGAgyjs6j1BM66oMIv4FcA="></latexit>

gi =
X

cj(✏, s, t)Ij
a1,a2,··· ,a15

<latexit sha1_base64="9AJhV9v/DpR0XfKyxF16q/FWt+U="></latexit>

x =
t

s
<latexit sha1_base64="t9ce9gy8vozOsSwQLOAm+Sfm8/U="></latexit>

s $ t, x ! 1

x
<latexit sha1_base64="BA6jzd7wDrLBmveTROSjhyMxfGQ="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p2
<latexit sha1_base64="Zp2K14nkIGKhr+H1Bw+13TNpDAk="></latexit>

p3
<latexit sha1_base64="aWOjiLiTbvRGpGTnan67ROCA9Rk="></latexit>

p4
<latexit sha1_base64="Mc41tlEsOBD9lZlLXNTwJxaAfTA="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p2
<latexit sha1_base64="Zp2K14nkIGKhr+H1Bw+13TNpDAk="></latexit>

p3
<latexit sha1_base64="aWOjiLiTbvRGpGTnan67ROCA9Rk="></latexit>

p4
<latexit sha1_base64="Mc41tlEsOBD9lZlLXNTwJxaAfTA="></latexit>

UT MIs with transcendental degree 6 



Substitute analytical solutions of MIs into amplitudes


 
 
 

 

Solve UT MIs of 4-gluon one- and two-loop amplitude up to 
transcendental 6 
 
Bare amplitudes up to three loop   


!30

[ J. Henn, 13’ & 14’; R. Boels and HL, 17’ ]

A(L)
n =

X

i

✓X

j

c(L)
ij MI(L)

j

◆
Bi

<latexit sha1_base64="+VJN6UvptRlZl4nvSWDgHrkp/aM="></latexit>

A = g20
X

L=0,1,2,3

(
↵0

4⇡
)LCL

AA(L)

<latexit sha1_base64="JrPCaFeFyfMg8aCxkv42k6rG7bs="></latexit>

( - - - - ) ( - - - + ) ( + + - -  ) ( + - + - )

Most divergent part of 3 loop bare amplitudes
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Cut integrands 
D-dim Unitarity cut

Tensor Structures  
Gauge inv. bases

IBP reductions 
With cut conditions

Cut scalar integrands 
Projection

MIs and coeffs 
Cut matching

MIs solutions 
Diff. Eq.

Bare Amplitudes
UV divergence 

 
IR Divergence

Finite Functions



Renormalized amplitudes via                                                      in           

!32

Z↵(↵, ✏) =1� ↵s

4⇡

�0

✏
+
⇣↵s

4⇡

⌘2
(
�2
0

✏2
� �1

2✏
) +

⇣↵s

4⇡

⌘3
(��3

0

✏3
+

7�0�1

6✏2
� �2

3✏
),

<latexit sha1_base64="1kSKIGeNcQ/CHlfLcmWkk6zRzik="></latexit>

↵0 = (4⇡)�✏e✏�E↵sµ
2✏Z↵(↵, ✏)

<latexit sha1_base64="aULMaWxrOMLae7xMBTV6yIcd6fw="></latexit>

MS
<latexit sha1_base64="4Jc4c96kuBiltIMgCZR8G4yudkg="></latexit>

• Ultraviolet divergence 

• Infrared divergence

�0 =
11

3
CA,

�1 =
34

3
C2

A,

�2 =
2857

54
C3

A.
<latexit sha1_base64="IwSltX8WM+si7MTXJl9pHWQsT0k="></latexit>

Z({pi}, ✏, µ) = P exp

Z 1

µ

dµ0

µ0 �({pi}, µ
0)

<latexit sha1_base64="pUJQCNjlNqJx8uHRqZdFS6qTtfk="></latexit>

�(s, t;µ) = �cusp(↵s)
⇣
ln

µ2

�s
+ ln

µ2

�t

⌘
CA + 4�g(↵s).

<latexit sha1_base64="ceiiUh5GrrfqbYPNTaDgJDUO7gk="></latexit>

AR = g2s
X

L=0,1,2,3

(
↵s

4⇡
)LCL

AA
(L)
R

<latexit sha1_base64="fHUxaEqwvGjXlZHBnF2r1ANTNks="></latexit>

H = lim
✏!0

Z�1
AR

<latexit sha1_base64="kHNt1F07ATYdYGFqX4EcFTpHkjA="></latexit>

[ Becher, 09’*2 & 14’]



Hard Functions expressions in ancillary files 1910.05889  

‣ Euclidean Region ( s<0, t<0 ) < Physical Region ( s>0, t<0)  


‣ ( - - - - ) < ( - - - + ) < ( + - + - ) < ( + + - - )
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eg.  Hard functions of ( - - - - ) in Euclidean region at three loop

weight 4

weight 3

weight 2

weight 1

weight 0 x= t/s
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Cut integrands 
D-dim Unitarity cut

Tensor Structures  
Gauge inv. bases

IBP reductions 
With cut conditions

Cut scalar integrands 
Projection

MIs and coeffs 
Cut matching

MIs solutions 
Diff. Eq.

Bare Amplitudes
UV divergence 

 
IR Divergence

Finite Functions
Future work:  
Complete QCD leading color ! 



Thank you for your attention !
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 “Canonical” kinematic basis construction  


‣  Given >=3 gluon particles in the process, kinematic basis B can be 
constructed from multi-copies of all possible A and C/D types 
 
 Linearly independent and complete in general dimensions  


‣  The total number of basis elements with n gluons and no scalars is 
 
 
 
 
 
 Compare with brute-force derivation up to seven gluons 

!37

[R. Boels, Q. Jin and HL,18’]

Nn =

bn/2cX

k=0

n!(n� 2)(n�2k)

2kk!(n� 2k)!
<latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit><latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit><latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit><latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit>

Kinematic Basis Construction for Pure-YM



• Calculations in HV scheme: D-dim for internal particles and 4-dim for 
external particles 


‣ Number of kinematic basis reduces from 142 to 32  
  
 Only kinematic basis from 5 As (eg.                                           ) remains


‣ No 
 
   Only establish in 5pt case !


‣ Relatively straight forward for HV scheme


‣ Cross checked with numerical results
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A1(2)A2(3)A3(4)A4(5)A5(1)
<latexit sha1_base64="ITrkGujpz+czMbX4rA5JUo/Kd48="></latexit><latexit sha1_base64="ITrkGujpz+czMbX4rA5JUo/Kd48="></latexit><latexit sha1_base64="ITrkGujpz+czMbX4rA5JUo/Kd48="></latexit><latexit sha1_base64="ITrkGujpz+czMbX4rA5JUo/Kd48="></latexit>

X

hels i,j

(⇠EX
i · ⇠EX

j )(⇠EX
i · la)(⇠EX

j · lb) ⇠ l[4]a · l[4]b

<latexit sha1_base64="9xg9GDd6x1+mZmAi8D0AMUplqkU="></latexit><latexit sha1_base64="9xg9GDd6x1+mZmAi8D0AMUplqkU="></latexit><latexit sha1_base64="9xg9GDd6x1+mZmAi8D0AMUplqkU="></latexit><latexit sha1_base64="9xg9GDd6x1+mZmAi8D0AMUplqkU="></latexit>

[ Badger et al., 17’; Abreu et al., 17’ ]

Example: 5 gluon 2 loop planar    


