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1. Motivation

3

[Z.Z.Xing, 1909.09610]

Mass hierarchy

Mixing

Flavor puzzle



2023中科大彭中心 EFGs——黎才昌 4

NO or IO?

http://www.google.com.hk/url?q=http://kamland.stanford.edu/&sa=U&ei=RFZTVPTHOo6D8gWw_oDoBg&ved=0CDMQ9QEwDw&usg=AFQjCNEk0dsZahWgi2aPjy-ZlK6TO4y7rA
http://www.google.com.hk/url?q=http://kamland.stanford.edu/&sa=U&ei=RFZTVPTHOo6D8gWw_oDoBg&ved=0CDMQ9QEwDw&usg=AFQjCNEk0dsZahWgi2aPjy-ZlK6TO4y7rA
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Unkonw: 

① θ23 >45° or θ23 <45° ?

② CP :  δCP ,  α21,  α31 ?

③neutrino mass ordering and absolute masses

5
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[A. Datta, F.-S. Ling, P. 

Ramond, Nucl.Phys.B 671 

(2003) 383-400]
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A 2-3 rotation to TB mixing
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[X.G. He, A. Zee, Phys.Rev.D 84 (2011) 053004]
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[Bin Wang, Jian Tang, Xue-Qian Li,  Phys.Rev.D 88 (2013) 073003]

The correlations corresponding to the mixings 

Is there an organizing principle  behind 

the flavor structure of SM?

8



2023中科大彭中心 EFGs——黎才昌 9

Flavor symmetries
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Flavor symmetries

lU U

†

PMNS l UU U 

[Altarelli and Feruglio, Nucl.Phys.B 741 (2006) 215-235; 

C.S. Lam, Phys.Lett.B 656 (2007) 193-198;

Feruglio, Romanino, Rev.Mod.Phys.93(2021);

Altarelli and Feruglio, Rev. Mod. Phys. 82, 2701 (2010)…]

Non Abelian discrete 

flavor symmetry
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PMNS TBU U

matter fields & Higgs
flavons driving fields

[Altarelli and Feruglio, Nucl.Phys.B 741 (2006) 215-235]

4A

neutrinocharged lepton

3

TZ 2

SZ

PMNSU

T S

 Vacuum alignment：

 Mixing matrix：

10
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f CPG H

neutrinocharged lepton

l

l CPG H CPG H



PMNSU

[Feruglio, Hagedorn, Ziegler , JHEP 07 (2013) 027; 

Holthausen, Lindner, Schmidt, JHEP 04 (2013) 122;

Ding,  King, Luhn, Stuart, JHEP 05 (2013) 084;

Chen, Fallbacher, Mahanthappa, Ratz, Trautner, Nucl.Phys.B 883 

(2014) 267-305…]

Constrain mixing angles, Dirac phase and Majorana phase

Flavor symmetries + gCP

11
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4 CPS H

2 P

SU

CZ H

neutrinocharged lepton

3

T l

CPZ H

[C. C. Li and G. J. Ding, Nucl.Phys.B 881 (2014) 206-232]
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[C. C. Li and G. J. Ding, Nucl.Phys.B 881 (2014) 206-232]
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• Mixing matrix：

• Mixing parameters：

13
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Correlations between and the effective mass
2 2

12 23sin ,sin 

[C. C. Li and G. J. Ding, Nucl.Phys.B 881 (2014) 206-232]
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Tri-Direct CP approach

G.J.Ding, S.F.K. and C.C.Li, 

JHEP 12 (2018) 003

Constrain mixing angles, Dirac phase, 

Majorana phase and neutrino masses

15
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J.T. Penedo

FLASY 2019

Problems with the traditional approach
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J.T. Penedo

FLASY 2019
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Modular symmetry
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Quotient behaves like a flavor group

Modular symmetry

 ( )N

N


 ( )N

N

[Feruglio, 

1706.08749…]

[Liu,Ding,1907.0

1488]
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Modular symmetry

Quotient behaves like a flavor group

19

 ( )N

N


 ( )N

N

[Feruglio, 

1706.08749…]

[Liu,Ding,1907.0

1488]
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Modular invariant theory [Ferrara et al, 1989; Feruglio, 1706.08749]

20

 Modular invariance requires Yukawa couplings are Modular Forms!

𝒮 = න𝑑4 𝑥𝑑2𝜃𝑑2 ሜ𝜃𝒦(𝜓𝐼 , ሜ𝜓𝐼; 𝜏, ǉ𝜏) + න𝑑4 𝑥𝑑2𝜃𝒲(𝜓𝐼 , 𝜏) + h. c.

𝒦 = −ℎ ln( − 𝑖𝜏 + 𝑖 ǉ𝜏) +

𝑛

(−𝑖𝜏 + 𝑖 ǉ𝜏)−𝑘𝑛 |𝜓𝑛|
2

• Minimal Kahler potential：

𝒲 =

𝑛

𝑌𝐼1𝐼2...𝐼𝑛 (𝜏)𝜓𝐼1𝜓𝐼2 . . . 𝜓𝐼𝑛• Superpotential：

𝑌𝐼1𝐼2...𝐼𝑛(𝜏) → 𝑌𝐼1𝐼2...𝐼𝑛(𝛾𝜏)

= (𝑐𝜏 + 𝑑)𝑘𝑌𝜌𝑌(𝛾)𝑌𝐼1𝐼2...𝐼𝑛(𝜏)

 𝓝=1 global supersymmetry theory with modular symmetry:
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N


2 3S

3 T 

4 4S 

5 5A 

[Kobayashi et al, 

1803.10391…]

[Liu,Ding,1907.0

1488…]

[Liu,Yao,Ding,20

06.10722]

[Yao,Liu,Ding,20

11.03501…]

[Li, Liu, Ding, 2108.02181(JHEP)]

N

7 (168)  

[Kobayashi et al, 

1803.10391…]

[Feruglio, 

1706.08749…]

[Novichkov et al, 

1811.04933…]

[Novichkov et al, 

11812.02158…]

[Ding, King, Li, Zhou, 2004.12662(JHEP)]

Finite modular groups

21
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 Remarks:

• Freedom of model building in this bottom-up approach: 𝑘𝐼 , 𝜌𝐼

Drawback: The Kahler potential is not under control!

𝒦 ⊃

Φ𝑛



𝑘≥1

(−𝑖𝜏 + 𝑖 ǉ𝜏)−𝑘+𝑘𝑛 

𝑎

𝜅𝑎
(𝑘)

𝑌(𝑘)(𝜏) ⊗ ሜ𝑌(𝑘)(𝜏) ⊗ 𝜓𝑛 ⊗ ሜ𝜓𝑛 1,𝑎

[Chen, Ramos-Sanchez, Ratz 1909.06910]

• For a given 𝑘𝑌 , 𝜌𝑌 , the modular forms space is finite-dimensional

Only finite possible Yukawa couplings! Highly predictive !

[Kobayashi, Tanaka, and Tatsuishi 2018; Feruglio 2017; Penedo and Petcov 2019; Novichkov et al. 2019; 

Ding, King, and Liu 2019b; Liu and Ding 2019; Liu, Yao, and Ding 2021; Novichkov, Penedo, and Petcov

2021; Wang, Yu, and Zhou 2021; Yao, Liu, and Ding 2021] 

22
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The Kahler potential under control

• In traditional flavor  symmetry the Kahler potential is under 

control [Chen M.C. et al, 1208.2947,…]

• Combine the advantages of both approaches traditional 

flavor  symmetry and modular symmetry

flavor traditional modularG G G 

0 01

2

1( ) and/or ./ /( )LL LL  

[Chen M.C. et al, 2108.02240]

eclectic traditional modularG G G 

23

[A. Baur et al, 1901.03251;

[A. Baur et al, 1908.00805]
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Eclectic flavor groups

24

[Hans Peter Nilles et al, 2001.01736;

Hans Peter Nilles et al, 2004.05200]
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MS:

2. Eclectic Flavor Groups

25

 Transformation properties

Combining MS with TFS

TFS:
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MS:

2. Eclectic Flavor Groups

25

 Transformation properties

1( ) ( ) ( ) ( ), , , .fg g g g G          

Combining MS with TFS

TFS:
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 ()

 The consistency condition

 It is sufficient to only discuss：

26

Finite modular group must 

be subgroup of the outer 

automorphism group of Gf . 
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 The finite modular group：

[Hans Peter Nilles et al, 2001.01736]

27
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EFG and GCP

 The consistency between the modular symmetry and gCP

[Novichkov et al, 1905.11970; 

Ding et al, 2102.06716]

 The consistency between the traditional symmetry and gCP

 The automorphisms of Gf satisfy

[Feruglio, Hagedorn, Ziegler , JHEP 07 (2013) 027; 

Holthausen, Lindner, Schmidt, JHEP 04 (2013) 122;

Ding,  King, Luhn, Stuart, JHEP 05 (2013) 084;

Chen, Fallbacher, Mahanthappa, Ratz, Trautner, Nucl.Phys.B 883 

(2014) 267-305…]

[Hans Peter Nilles et al, 2001.01736]

28



2023中科大彭中心 EFGs——黎才昌

 Advantages of EFG:

 There are very few candidates for self-consistently EFG 
groups 𝐺𝑒𝑐𝑙 when 𝑢𝛾 nontrival: 𝐺𝑓 = ℤ3 × ℤ3, Δ 27 , Δ(54)…

 The superpotential in EFG models is highly constrained because it 
satisfies both traditional flavor invariance and modular invariance.

 EFG has a natural UV completion——Heterotic string on orbifold

 Kahler potential is under control due to the traditional flavor 
symmetry! 

There is currently no bottom-up EFG model

We choose 𝐆𝐞𝐜𝐥= 𝛀(𝟏) ≅ 𝚫(𝟐𝟕) ⋊ 𝐓′

29
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3. The EFG  

30

 The multiplication rules of (27)

our working basis 2 /3ie  
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 The outer automorphism group of (27)

 The three outer automorphisms uS , uT and uK*

[Hans Peter Nilles et al, 

2001.01736]

         
4 3 2 23

1,S T S T S T T Su u u u u u u u      

31

3,         S Tu u T   
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 The outer automorphism group of (27)

 The three outer automorphisms uS , uT and uK*

EFG:

[Hans Peter Nilles et al, 

2001.01736]

.(1) (27) T W  

         
4 3 2 23

1,S T S T S T T Su u u u u u u u      

no 

GCP

31

3,         S Tu u T   
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 The outer automorphism group of (27)

 The three outer automorphisms uS , uT and uK*

EFG:

[Hans Peter Nilles et al, 

2001.01736]

.(1) (27) T W  

EFG: [1296, 2891]

         
4 3 2 23

1,S T S T S T T Su u u u u u u u      

no 

GCP

GCP

31

3,         S Tu u T   
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 Solving the following consistency conditions

22
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 uS and uT act on irreducible representations as

 and 80,01 , 3, 3

33



2023中科大彭中心 EFGs——黎才昌 34



2023中科大彭中心 EFGs——黎才昌

0 0 0 0 0 0 0 1 0 0 0 1 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0
( ) , ( ) ,

0 0 0 0 0 1 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0

kS T  

   
   
   
   
   
    
   
   
   
   
   
   

k k8 8

[ 1] [ 2] ,k k k

k

    8 1 2 2 3

35
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4. Effective action invariant under W(1)

Level 3 modular form multiplets

36

( ) ( ) ( )

1 2 3

10

4 6 8( ) ( ) ( ) ( )

11

5 7 9

12

( ) , ( ) , ( ) ,

( ) , ( ) , ( ) , ( ) .

Y Y Y

Y Y Y Y

k k k

k k k k

Y Y Y Y Y Y

Y
Y Y Y

Y Y Y Y Y
Y Y Y

Y

  

   

 

 

  

 
       

          
       

 

1 1 1

2 2 2 3

Superpotential：  
,

( )

, /
( , ),

,

1
,Yk c

D s u d
s

s

c Y H  



0 0
r r

1 1
r

1 2 3, ~ ( , ),       ( , , ) ~ ( , ).c T     
0 0

3 3 3 3

 The assignment

Superpotential
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( )

,1 1 ,2 2 ,3 3 ,

1
.( [ ])Yk

D u dY c c c H  

 r r r r 1

r

        
, ,

,, ,

1 2 3,     ,     .c c c          
S 1 S 2 A

0 00 0 0 0

3 3 3
11 1

 Invariance under the action of (27)

37
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( )

,1 1 ,2 2 ,3 3 ,

1
.( [ ])Yk

D u dY c c c H  

 r r r r 1

r

        
, ,

,, ,

1 2 3,     ,     .c c c          
S 1 S 2 A

0 00 0 0 0

3 3 3
11 1

 ( ) ( )

2 8 9,         ,Y Y
Tk k

Y Y Y Y Y  
1 2

 Invariance under the action of (27)

37
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( )

,1 1 ,2 2 ,3 3 ,

1
.( [ ])Yk

D u dY c c c H  

 r r r r 1

r

        
, ,

,, ,

1 2 3,     ,     .c c c          
S 1 S 2 A

0 00 0 0 0

3 3 3
11 1

 ( ) ( )

2 8 9,         ,Y Y
Tk k

Y Y Y Y Y  
1 2

1 2 3 2 8 1 2 9 2 ,

1
2 ,[ ]D u di Y Y Y H    



 Invariance under the action of (27)
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 The mass matrix of the fermion 

1 8 3 9 2 93 2

,

1 2 3 1 2 3 9 2 8 1 9

2 1 2 9 1 9 3 8

20

0 2 ,

0 2

u d

Y Y Y
v

M i Y Y Y Y

Y Y Y



   

      

    

   
   

               

GCP invariance

* *

1 1 2 2, .    
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Kahler potential

(27)

with

 Leading order

without off-diagonal element of the Kahler metric
40



2023中科大彭中心 EFGs——黎才昌

~ ( , )
k

8 8 off-diagonal elements of the Kahler metric

 Next-to-leading order：

 Next-to-next-to-leading order：

off-diagonal elements of the Kahler metric

41
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5. W(1) eclectic lepton model

42

∝ 1 Correction ~ 
Φ 2

Λ2

Ignore!

Kahler potential：
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5. W(1) eclectic lepton model

42

Superpotential：
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(1) (27) T W  

neutrinocharged lepton

2 2

3

A BAZ
completely 

broken

Symmetry breaking

VEVs of flavons

43



2023中科大彭中心 EFGs——黎才昌

 Lepton mass matrices：

 † † 2 2 2dia ,g , ,l l l l eU m mU m m m 
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 Lepton mass matrices：

 The charged lepton masses：
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 Best fit values of the free parameters

 The predictions for various observable quantities

2 2 2

13 12 23

21 31 1 2

3

3

1

sin 0.02251, sin 0.3284, sin 0.4954, 1.434 ,

0.961 , 0.926 , 15.13meV, 17.40meV,

52.31meV, 84.84meV, 5.619meV,

0.511MeV, 106.5MeV, 1.803GeV.

CP

i

i

e

m m

m m m

m m m



 

    

   



   

   

  

  



2 1 2 1

2 2 2

1

0.00177,       1.120,   

| / ( ) | 0.0480,     arg( / ( )) 1.04 ,

| / ( ) | 0.9787, arg( / ( )) 1.005 ,

/ 262.5MeV, / 5.401meV.d u

v v

g v g v g v g v

v v v g v v
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In the charged lepton diagonal basis：

GCP +                ： *

1 0 0

( ) , 0 0 1 .

0 1 0

TP m P m P    

 

 
 

 
 
 
 

— reflection symmetry

23 21 31// 4, , , 0, 2      CP     

46

[Xing, Zhao, 1512.04207]
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 Best fit values of the free parameters

 The predictions for various observable quantities

2 2 2

13 12 23

21 31 1 2

3

sin 0.02238, sin 0.3266, sin 0.5, 1.5 ,

, , 15.18meV, 17.44meV,

52.43meV, 85.05meV, 5.595meV,

0.511MeV, 106.5MeV, 1.807GeV.

CP

i

i

e

m m

m m m

m m m



 

    

   

   

   

  

  



2 1

2 2 2

1

1.120 , / ( ) 0.0484, / ( ) 0.981,

/ 263.0MeV, / 5.409meV.d u

i v g v g v

v v v g v v
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The correlations among mixing parameters 

48
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5. Conclusions

Kahler potential are suppressed by powers of 

Two concrete lepton models invariant under the EFG W(1)

A comprehensive analysis of the superpotential and Kahler

potential of models based on the EFG W(1)

49

2 2/ 

µ - τ reflection symmetry for neutrino mass matrices is 

preserved.



2023中科大彭中心 EFGs——黎才昌 24



2023中科大彭中心 EFGs——黎才昌

Backup

25
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Modular invariant theory [Ferrara et al, 1989; 

Feruglio, 1706.08749]

4 2 2 4 2( , ; , ) ( , ) h.c.I I Id xd d d xd           

2ln( ) ( ) | |Ik

I

I

h i i i i    
       

1 2 1 2... ( ) ...
n nI I I I I I

n

Y    

 N = 1 global supersymmetry

• The action ：

• Kahler potential：

• The superpotential：
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The Kahler potential is not under control

• Transformation properties：

( ) ( ) ( )

,

( ) ( ) , where 

( ) ( ) ( ) ( ) (

 

),k k k

k

k

c

Y Y

d

c d Y

a b

c d

a b
d

c






  



    

     








 
 



  

    
 

   

   

( ) ( ) (

1

) (

1

)

1

1

(

.

) ( )( ) ( )

( ,) ( )

,

( ) ( )

( )k k k

k k

k

k

k

k k k

i i c d c d i i

c d c dY Y Y Y

c d c d







     

 

  



 







     

 

    

[Chen M.C. et al, 1909.06910,…]

21



2023中科大彭中心 EFGs——黎才昌



2023中科大彭中心 EFGs——黎才昌

• As a consequence

( ) ( ) ( )

1,
0

( ) ( ) ( ) .
n

k k k k k

a a
k a

i i Y T Y T   

 

        

• The full Kahler potential includes additional terms, such as

       0 1 1,
1

L L Yk k k

k k
k

i i L L i i Y YL L     
  



      

• The additional terms will modify the Kahler metric

2
i j

L

i j

K
K

L L



 

• This metric has to be diagonalized, 

† 2

L L LK U D U

where UL is unitary and D is diagonal and positive.
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Therefore, the canonically normalized fields are 

† 1ˆ ˆor equivalently .L LL DU L L U D L 

After adding the i>0 contributions and transforming the fields 

back to canonical normalization, we need to diagonalize

We see that if D is proportional to the unit matrix, there would 

be no effect. 

However, D is generically not proportional to the unit matrix.

† † 2 2 2

1 2 3diag( , , ) and diag( , , ).T

e e e e eU m U m m m U Y Y U y y y     

1 * ? 1

1 2 3

† 1 * ? 1 2 2 2

ˆ ˆ diag( , , ) ,

ˆ ˆ diag( , , ).

T

L L

T

e L e e L e e

U D U m U D U m m m

U D U Y Y U D U y y y

  

 

 

 





23



2023中科大彭中心 EFGs——黎才昌 31



2023中科大彭中心 EFGs——黎才昌 32



2023中科大彭中心 EFGs——黎才昌 33



2023中科大彭中心 EFGs——黎才昌 34



2023中科大彭中心 EFGs——黎才昌 35



2023中科大彭中心 EFGs——黎才昌
80

If this is the case, … 

22

02

22

02
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81

1939: 02 decays
A 02 decay can happen if massive ’s have the Majorana 
nature (Wendell Furry 1939)   

Lepton number 
violation 

CP-conserving   
process 

background 

22

02
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