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ADS5 x S? string and integrability

@ The hybrid superstring in an AdS, x S? background
@ The twisted duality and Lax connection
@ TsT transformation on AdS, x S?

@ Integrability in y-deformed backgrounds
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Superstring AdS; x S? can be considered as the non-linear sigma model with a Wess-

Zumino-Witten (WZW) term :
CES |
PSU(1,1/2) pogenges
U) x U(L)’ oe |
The element of psu(1,1]2) | » |

4 4
G — A X strM =trA—trB=0 H— o5 0 (1) _l_l
~\Yy B’ HG+GH =0 ! - 0o —I |- ¥4ﬁ#24ﬁ|
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The hybrid superstring . ..
The twisted duality . ..
The Z, automorphism §2: TsT transformation on...
The hybrid superstring.. . .

J AT J — ]YT J 0 —1 Integrability in ~-. ..
(@) (JXTJ JBTJ ) ’ <1 0 ) 2)

i [E £ 5 |

G=H'oH & H:® Q(HP) = " HP, 3)
Here H° = u(1) x u(1), H? even, H', H? odd. « | »
[HP, H) € HP*4 (mod 4) . 4) ||
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The action
Saas = Sas+ / Pz (doJ® + dgJE — %daciBFo‘B) + Seom + Sghost 5)
= / 2z [%Ued«fijd _ iéd(]ﬁ]@ — Jegb)
+ / d?2(dg T + daJE — %dadBFOf@) +
+Scom + Sghost- (6)
where J& = (g71019)4, g € %1,{}2122), A= (cd,c,a, )

B is constant RR flux F®% = —2§08, d, and d; are auxiliary fields.
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Integrated out the auxiliary fields

_ S . 3 7. o
do= 8,575, dy=—0,57%

&w::/dzﬁmfj—E%Aﬂﬂ+&ﬂﬂﬂ+&m+%mh

1 1 3
:l/quwupa+ngﬁﬁy+?wuiﬂ)+&m+%m¢(n
Where the currents J7, (p = 0, 1,2, 3) is given by

JY = IS8Ty, Ji=J¢
Ji=JT,, J3=J0T;,, (8)

Considering the variation of the group element g as §g 'g = 6X = 6X©O+5 XM 45X 4
5 X @), the variation of the current J = ¢~ 'dg reads

0J3 = 0:6X° + [J2,0X°) + [JL, 6X°] + [J, 6 X7 + [JL, 06X 1],
0Jx = 020X + [JL, 0X'] + [J4, 06X + [J£,6X°] + [JL, 6X7,
0J3 = 000X + [JL, 6X2) + [JL,6X1) + [J3,0X°) + [J2,6X7),
83 = 0:6X3 + [J2,6X%] + [J1,6X%] + [J1,6X"] + [, 6X7). ®)
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The equations of motion

1 3 1 1
5D+JE + 5D_Jf’; = ——[Ji, JH] — —[Ji, J2],
3 1

§D+Ji+§D_J}F = [Ji,J3]+ [JE’;,JE]
DoJ2 + DJd = — [0t [Ji,Ji],

where D = 05 + [JY, |.
The Maurer-Cartan equations 0, J_ — 0_J + [J4, J_] = 0 can be rewritten as

0.J0 — 0_J) =
D,J?—-D_J3
D.J! —D_J!
DyJ? —D_J; =

- [
=[5 2] = U5,

- [

- [

JO, I - [J3, B - [J2, 0% — [ 3, 4],
J1,

J—?—u']g] - ‘]—?—7']2]7

Iy, I = 103, 2.

(10)

(1)
(12)

(13)
(14)
(15)
(16)
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The hybrid superstring . ..

The twisted duality . ..

TsT transformation on. ..

The hybrid superstring.. . .

Integrability in ~-. ..
Using the Maurer-Cartan equations the equations of motion can be rewritten as

D+Ji + D_JJSr = —[J}r, JE] — [J_QH JE], (17) BiEE T |
D, Jr 4+ D_Jt = [J2, 03]+ [J3, )7, (18) FET |
2 2 1 71 3 73 ———

Fomftoamm
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2 The twisted duality and Lax connection

Hodge star of the bosonic currents
 Ji = gine T, (20)
or
*Jp = %(*JT +*xJy) = J4,
*J_ = %(*JT —xJy) = —J_. (21)
The currents J° is invariant at the Hodge star. The Hodge star of the fermionic currents
x JE = gl g2, (22)
or

* JyP = £J1° (23)
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Define a duality transformation
JL —i2 % Jg, a=1,23 (24)

The MCE’s will be derived easily from the equations of motion EOM’s, moreover, the
reverse 1s also true by the same transformation.
Introduce twisted duality transformations

T = J?

THN) = O+ A+ 200 A D

THO) = 500 + AW+ SO= A7) %

T2(\) = %(AS + A HE+ %(Ai*’ — A% J3 (25)

satisfying MCE, and recovering the above duality transformation (\> = 7).
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The Lax connection A;(\) with the spectral parameter A
A = BR+T+T+ T
= J0+ %()\2 +AH)J2 + %(AQ — AR+
+%(>\ + AT+ %(A — A7) xJH+
+%()\3 FA DR+ %(A?’ — A J7 (26)

satisfies the compatibility condition
8+A_ — 3_A+ ‘|— [A_|_, A_] — O (27)

The monodromy matrix

2T
T\ = Pe:cp/ A,(N)dzx. (28)
0
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3 TsT transformation on AdS, x S?

3.1. TsT transformation on S*
The S?
_ rlei‘z’l Tgei(bz 9 2
9= ( _roe=i®% pe—itl |’ ri+ry =1,
The string action on S

S = —g dTg—Zhaﬁ(aa"“iam + 9ij0a00s¢7) + A(ri + 15 — 1)),

VA = R?/d/, R the radius of S?, % = diag(—1,1). g;; = diag(ry,72)

(29)

(30)
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The hybrid superstring.. . .
The twisted duality . ..

TsT transformation on. ..

First T-duality transformation The fybrid stipersiring. ..
Integrability in ~-. ..

g, =@1%r3), 0% = *Posdigl,

5 = ¢h (31) paza |

ol

:

S’=—§ / dfg—;h“ﬁ(ﬁamam+g;j8a¢;8ﬂ¢2)+A(r%+r§—1)], (32) | » |
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Secondly, angle shift

. o)) A9 9 9
Py — ¢ + AP, Gy =711 (1 +4%riry),
/ A2 / 2
12 = VT, Goy =13,

another T transformation

Oad) = Yape 10,$1Gr? — Outp2¥Grirs,
¢y = ¢o, G =1+4rr].
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The hybrid superstring . ..

The twisted duality . ..
Action on the y-deformed background TsT transformation on...
The hybrid superstring.. . .
\/_ Integrability in - .
S = - dT%[ 0‘*8(8 r:057; + Gr? 2000i030;) — 27Gr17’260‘58a¢18/3¢2 + A(r? — 1)](35)

The corresponding relation wiEER |

Dad] 1= G(0a01 — &r%yagem@%bg),

0oty = G(Datp2 + ArTvase’ 0:61), NN

2
G =1+4%rs. (36) REEN
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The hybrid superstring.. . .
The twisted duality . ..

What is the meaning of the above relations? TsT transiormation on. -
The hybrid superstring.. . .

Integrability in ~-...

T = =V Ar2y*Pogy,

Ji = —\/eryo‘ﬁG(ﬁagbl — &r§7a565787¢2),

J5 = —Vxryy*G(0agn + 417 7ape” Or1). (37) EEE
_wam |

The U(1) currents of strings on S? are equal to those on the y-deformed background. i.e.

JI' = Je. (38) < >
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The hybrid superstring . ..

° 2 The twisted duality . ..
3.2. TsT transformation on AdS T ranlormation o
The hybrid superstring.. . .
. 7 Integrability in ~
et rae'® 2 2 22
T ( roe= i ple=i®l |7 ri—ry =1, gij = diag(ry, —r3) (39)

8 £ 5

The string action on AdS?

S = \/_ dT—[ 0 (0ar105T1 — BaT20pT2 + GijOad] 0p9]) + A(r] — r3 — 1)] (40) | » |

9 21
||

HEismttosm

i:

R
Here, ) is same as in S? case excepting the radius R of AdS,.
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Similarly one can make the TsT transformation

O /1/ = —G(0.01 — %%7@56/878%%)7
O0aly = —G(Oathr — AT Vase™ 0y01),
Gt = —1+4*ir2. (41)

The string action in y-deformed background about Ad.S,,

S = \/_ dT—[’y B(04r10511 — 0ar205T9 — Gr2000105¢1 + Gridad20sps) +

2
+24Grirse?0,¢105¢02 + A(rE — 13 — 1)], (42)
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The hybrid superstring . ..

The twisted duality . ..
Compute the conserved U (1) isometry currents TsT transformation on...
The hybrid superstring.. . .
Integrability in ~-...

T
J = \/Xrgfyaﬂ Dy,

Ji = _\/Xr%yaﬁ(_G) (&1@51 - ﬁ/r%}/aﬁeﬂry&y¢2)7 —Iib_ nER
J5 = Vargy®(=G)(Oad2 — Yrivase”0,61). (43) FEn|
The U(1) currents of strings on AdS? are equal to those on the y-deformed background ﬂg

o «
ST = g,
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4 Integrability in ~-deformed back-
grounds

The sigma model on Sy (or AdS?) follows from the usual action for the principal chiral
field:

S = /dz+dz_tr(J+J_), Jr =g '0sg (44)
EOM and MCE are
0+J_ + 8_J+ — O, 0+J_ - 8_J_|_ + [J_|_, J_] = 0. (45)

Now the Lax connection A;(/) with the spectral parameter )\ is constructed,

[
Ai = ai(l)Ji = 1::’:': le:, [D.|_, D_] =0. (46)
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How to define the Lax connection on the y-deformed background?

g(ri, ¢7) = My (¢7)g(r:) M_(¢7), (47)
0 o3 (95£67) , 0 o3 (P71 +¢5)

Ji(ri, @) = MYy (ry, 861 M,
. U N
Ji = 5(31%’ — 0+¢))o3 + G019 — 5@@'{ + 0945 ' o34. (49)

The hybrid superstring . ..
The twisted duality . ..
TsT transformation on. ..
The hybrid superstring.. . .
Integrability in ~-. ..

i [E £ 5

ol

ERFRET

x H

BLLELE
_ Har |
| » |
| ]
_2RaE |
x|
&4


http://nwu.edu.cn

The hybrid superstring.. . .
The twisted duality . ..
Making a gauge transformation, ;:: :jgjf;’:::;’;:; ces

Integrability in ~-...

Dy —» MD M1t =0,+ A,
L= MALM™ + MOLM™ = ap e + 5(0udh — Dudi)os.  (50)
The monodromy matrix 7°(1), R

27
T(l) = —Pexp/ Al ()do. (51)
0
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Thank You

Adress: Institute of Modern Physics
Northwest University
No. 229, TaiBaiBeilu, Xian
Shaanxi 710069, China

Tel:  0086-29-88303491

Email:rhyue@nwu.edu.cn
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