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Millennium Problems

Yang-Mills and Mass Gap

Experiment and computer simulations suggest the existence of a “mass gap" in the solution to the quantum versions of the Yang-Mills
equations. But no proof of this property is known.
for QCD to describe the strong force successfully, it must have at the quantum
level the following three properties, each of which is dramatically different from the
behavior of the classical theory:

(1) It must have a “mass gap;” namely there must be some constant A > 0
such that every excitation of the vacuum has energy at least A.
It must have “quark confinement,” that is, even though the theory is de-
seribed in terms of elementary fields, such as the quark fields, that transform
non-trivially under SU(3), the physical particle states—such as the proton,
neutron, and pion—are SU(3)-invariant.
It must have “chiral symmetry breaking,” which means that the vacuum is
potentially invariant (in the limit, that the quark-bare masses vanish) only
under a certain subgroup of the full symmetry group that acts on the quark

fields.
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AdS/CFT vs. Lattice QCD
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o A. Karch and L. Randall, JHEP 0106, 063 (2001) [hep-th/0105132]
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@ Intersecting branes (Dp/Dgq configurarions)

20 ... gdtlogd o0 g gl 0 aptetl—d
Ne. Dp: = --- * * e %
Ny Dg: * --- * * . *
0 (16 supercharges)
p+qg+2—2d=< 4,8 (8 supercharges)

2,6 (0 supercharges)

p-p: vector multiplets on Dp worldvolume, in adjoint rep. of U(N.)
g-q: vector multiplets on Dq worldvolume, in adjoint rep. of U(Ny)
p-q strings in NS sector:

6,8 (Eo > 0, p-q string modes are all massive)
p+qg+2—-2d=< 4 (Eo =0, p-q string ground state is massless)
0,2 (Eo < 0, p-q string ground state is tachyonic)

p-q strings in R sector: ground states are massless — chiral fermions in the
fundamental rep. of U(V)



e Examples (p+ ¢+ 2 —2d #0)
e p=1,d=2: D1/D5 and D1/D9, 8 supercharges

p=2,d=2: D2/D4, 8 supercharges
: D2/DG6, 8 supercharges
: D3/D3 and D3/D7, preserving 1/4 susy
: D3/D5, 8 supercharges
. D3/D7, N =2 SYM

,4: D4/ D6, preserving 1/4 susy

: D4/ D4, preserving 1/4 susy

,4: D5/D5, preserving 1/4 susy

: D6/D6, not supersymmetric
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e Adding Ny Dq to the Dp/Dq system; the d-dimensional
gauge theory has a chiral symmetry U(Ny)r x U(Ny¢)r



e Dp/Dq/Dq configurations:

0 e xd_l ‘«L'd e xp xp+1 PN mp+q+1_d

T

Ne. Dp: * --- * ke ok

Ny Dqg: = * %
Ny Dqg: = * *

o Sakai-Sugimoto model: D4/D8/D8, with z* compactified
Sakai and Sugimoto, Prog. Theor. Phys. 113, 843 (2005); 114, 1083 (2006)

01 2 3 5 6 7 8 9
N. D4: x % % *x %
Ny D8: x x x * %
Ny D8: x % x x* * % %

U(Ng)diag — U(Ng)L x U(Ny)r
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e Decompactification of z*
E. Antonyan, J. A. Harvey, S. Jensen and D. Kutasov, NJL and QCD
from string theory,” arXiv:hep-th /0604017
e 4D effective theory: A nonlocal version of the
Nambu-Jona-Lasinio model
e solvable, can be used to study dynamical breaking of chiral
symmetry
e containing four fermion interctions, not renormalizable

A toy model: D2/D8/D8§ system

@ W-s Xu, D-f Zeng and YHG, JHEP 0608 (2006) 018; Phys.Rev. D76
(2007) 046003
@ Brane configuration:

2 3 4 5 6 7 8 9
N. D2:
Ny DS8:
NfﬁS:

KoK X O



o Ny D8 // Ny D8, with a distance L in the 2% direction

e N, D2, intersecting D8/D8 at (20, z!)

Ny D8

@ open strings 2-2, 8-8, 8-8, 8-8, 2-8, 2-8

@ massless spectrum:

field SO(1,1) 50(8) U(Nc) X U(Nf)L X U(Nf)R
A, 2 1 (adj, 1, 1)
qr, 14 1 (Ne, Ny, 1)
qr 1 1 (Ne, 1, Ny)




Action on D2 worldvolume:

S=[d (—éFJ@N +id(a? + L/2)q} (Do + D1)qz
+id(z® — L/2)QE(_DO - Dl)QR)

Effective action (a nonlocal version of the Gross-Neveu
model):

2
S = i/de [qz(_ao -+ 61)(]L + q;z(—ao — 81)qR] + %/ded2y(, . )
T

e bilinear fermions: T'(x,y) o q; (v)qr(y)

o Chiral symmetry breaking: < T >0

@ Also can be derived in the SUGRA side
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@ Holographic phase transition in a non-critical holographic
model, Phys. Rev. D81:026008, 2010

@ Note on a non-critical holographic model with a magnetic
field, Phys. Rev. D81:066001, 2010

AR F B
@ Color brane background in critical models is usually ten
dimensional
e compactification — KK modes
e in QCD there are no such modes
@ Intersecting brane configurations in non-critical string theory
could get rid of KK modes

@ Understanding universal properties of generic holographic
models, e.g. their phase diagrams



A specific holographic model

o d = 6 non-critical theory: t,z',--- 2% u, with periodic 24

@ N. D4 color branes, Ny D4-D4 flavor branes, Ny < N,

Il .’13‘2 583 154 u

t

N. D4 . * %k ok %

Ny D4/D4d: x *

@ Adjoint fermions on the color D4 satisfy an anti-periodic
condition on the 2 circle, they are massive and decoupled in
the low-energy effective theory

@ Global chiral symmetry breaking U Nf L X U(N{)r = U(N¢)diag
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Finite chemical potential

@ The energy difference AS = Sconnected — Sdisconnected 1N the
holographic model

AS

0.05

b= 1030

b=1020

—0.05

1 L 1 1 1
b=016 q2

b=0.10 e

@ yr, b correspond to the temperature and the chemical
potential; 3 critical temperatures, below which the connected
solution is dominated and the chiral symmetry is broken



The holographic model in a magnetic field
@ Turning on 2o’ Fe; = B on the flavor branes

@ Energy difference 45 between the connected and separated
solutions, varies with yr at B =10,1,3,8,12
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@ d critical temperatures, below which the connected solution is
dominated and the chiral symmetry is broken



@ The critical temperature of chiral phase transition depends on
the magnetic field B
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@ In the chiral symmetry broken phase, the effective quark mass
varies with the magnetic field B
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Regge trajectory behavior

@ Spinning strings has two conserved quantities E(w) and J(w)

o The relation between E? and J has the Regge trajectory
behavior
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Regge trajectory behavior
@ The string shape at B=0and w=1,1.5,3
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Regge trajectory behavior

@ The string shape at (a) B =3, (b) B =

(b)

o (a) E? varies with the angular velocity w at B = 0,3,5; (b) J
varies with the angular velocity w at B =10, 3,5

(b)



5.5 QCD #y&-F bk
° XEEUJ%—' Marco Panero. Phys.Rev.Lett. 103 (2009): 232001

)y~ T L A=c—d-p




o F—NlF= Polyakov B: Sourendu Gupta, Kay Huebner, and
Olaf Kaczmarek. Phys.Rev. D77 (2008): 034503 [arXiv: 0711.2251]
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@ F. Zuo and YHG, "Quadratic thermal terms in the deconfined phase from
holography”, arXiv:1403.2241 [hep-ph]
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