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Part |: Background and motivation
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@ The amazing development from 2003 to 2014 tells us that
although the Feynman diagram method is the most
standard way to calculate scattering amplitudes, it is not
the most efficient way.

@ For tree-level amplitude, the one-shell recursion relation
becomes one of most useful new efficient method. Let us
review its derivation.
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@ First fact: Tree-level amplitude is the rational function of
external momenta and external wave functions.

@ Deformation: We can consider following deformation:
shifting two chosen external momenta, for example p1, po,
by an auxiliary momentum q as

pi(z2) =p1+2q, p2(z)=p2—29

With the deformation, the original tree-level amplitude M
becomes the function of z, q, i.e., M(z, q). Furthermore,
the momentum conservation is still hold.

@ On-shell conditions: Asking p? = p;(z)?, p2 = po(2)? for
all z-values leads to

@=q-p1=q-p2=0
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@ Structure: From Feynman diagrams, tree-level amplitude
can become singular when propagators are on-shell.

@ Under the deformation, either propagator is not affected, or
(P+ zq)?> = P? + z(2P - q), i.e., the single pole structure of
complex variable z.

@ Fact: For rational function of single complex variable z,

one can use the information of its pole locations and
residues to determine it. How to do it?
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@ Let us consider the contour integration / = ¢ dzA(z)/z.
One can evaluate by two ways:

e Doing it along the point z = oo, we get the "boundary
contribution"” which will denote as B.
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@ Let us consider the contour integration / = ¢ dzA(z)/z.
One can evaluate by two ways:
e Doing it along the point z = oo, we get the "boundary
contribution"” which will denote as B.

e Doing it for big cycle around z = 0, we have
I=A0)+ > Res(A(2)/2)|,-
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@ Let us consider the contour integration / = ¢ dzA(z)/z.
One can evaluate by two ways:

e Doing it along the point z = oo, we get the "boundary
contribution"” which will denote as B.

e Doing it for big cycle around z = 0, we have
I=A0)+ > Res(A(2)/2)|,-

@ Combining above we have

Az=0)=B— ) Res <A(ZZ)>z:Za

poles z,,

Bo Feng Boundary contribution of on-shell recursion relation



Residue of finite pole z,:

@ Location: It can be found by solving
(P + zq9)? = P? + z,(2P - q).

@ Residue: there is an important Factorization property:
when one propagator goes to on-shell, i.e., P> — m? — 0,
we have

1

Atree(17..,n) — ZAm+1(1,..7m7 P)\)m
A im

An_m+1 (_P_)\7 m + 1 g eeey n)

Using it we get

<A(2)> =3 Ab(ts s m PN (z))
Z=2Z, A

z

1 -
EAﬁ—m-H(_P /\(Za)am"i_ 17“'7”)
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@ How about the boundary contribution? It has following
three cases:
e When z — o0, A(2) — Zf'(:o ciz' + O(1/z) with g # 0 =
nonzero boundary contribution
e When z — oo, A(z) ~ 1 = zero boundary contribution

e When z — oo, A(Z) ~ &, k >2 = zero boundary
contribution and bonus relations
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@ How about the boundary contribution? It has following
three cases:
e When z — o0, A(2) — Zf'(:o ciz' + O(1/z) with g # 0 =
nonzero boundary contribution
e When z — oo, A(z) ~ 1 = zero boundary contribution

e When z — oo, A(Z) ~ &, k >2 = zero boundary
contribution and bonus relations

@ But how to determine which case it will belong to for a
given theory ? A nice method is the background field
method.
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Current situations:

@ Not all theories have B = 0.

@ Fortunately, for theory involving gluons and gravitons, in
many cases, there is a deformation to make 5 = 0.

@ However, for standard model with scalar and fermions, in
general boundary contribution is unavoidable.

@ Thus determining B is an important problem for
applications.
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There are three ways to deal with boundary contributions:
@ Using auxiliary fields to make contributions in new QFT
zero.

@ Analyze Feynman diagrams directly

@ Transfer to the discussion of roots of amplitude
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Feynman diagram for \¢* theory

@ With (1, 2)-pair deformation, Feynman diagrams will be
following two types:

1 2 2
o o of
O | o) (@]
V o o
VR ON
a b

@ Boundary contribution is

. 11
A, = (—iA) > Ar ({Kz)) = A7 ({K7'})
/U T ={m\ (i) Pz Py
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Part Il: Proposal for boundary contribution
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Let us consider more carefully the derivation of BCFW
recursion relation under the deformation 0 = (iyo]:

@ There are physical poles and spurious poles and denote
the set of them as S9.

@ Classification: detectable propagators which depend on
7y and the undetectable propagators which are
Zp-independent.
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@ The expansion

—Alz) = HNP(ZZ(OZ)O):RO(ZO)+B°(ZO).
t \<U

with recursive part as

At1(Z0,0)ArR(Zo,t)
RY(z) = S T
B ngz:)o Ptz(zg)

and the regular part as

BY(z) = C + > clzj .
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@ Key observation: the poles P; ¢ D2 will appear once and
only once with power one in RY, i.e., they cannot be the
poles of coefficients B2

@ Pole structure of boundary: (1) It belongs to /2 or S2; (ll)
The powers of spurious poles in B2 may be larger than one.

@ Fact: The part RY is known by recursion relation, while
the part B2 is not known.
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Let us consider the second deformation 1 = (iy|j4]:
@ The full amplitude can be calculated by two ways:
o The first way: Using the recursion relation

~Az) = RU(z)+BYz)

e The second way: Using expression —A%(Zg = 0) to make
the deformation and the expansion

= RR*Y(z)) + RB%(z)
= BR™(z1) + B%(21),

~—

BY(z

~—

@ Key observation: Identifying two ways,

RY(z1) = RRYY(z) + BRY!(z).
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Brief summary:

@ Using two deformations, we can find part of unknown
boundary B2, which depends on poles P; ¢ U2 DL

@ ltis easy to see our strategy: using enough deformations
to detect all possible poles of unknown boundary B, thus
we can determine it up to polynomial part.
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How many steps do we need to take? When we can stop? A
judicious criteria are following:

@ All spurious poles must be canceled out.

@ The power of any physical pole must be at most one.

@ |t must have correct factorization limits for all physical
poles.

@ If the result satisfies above three conditions, it is very likely
to be correct (up to possible polynomial terms).
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Example: A(17,2,3,4,5™) of the color ordered Yukawa Theory

@ Possible dependence of physical poles {(1]2) , (4]5), (5/1)}
@ With 0 = (1/5]

(2/4)

o \Err 0
ey e P

_AD g3
with sets D2 = {(1]2)}, 49 = {(4|5), (5]1)}, 82 =0
e With 1 = (5/4],

.1

R=) = 9 gy — 2,

so we get

BRY = gh .
(115)
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@ After the deformation 1 we get

L e :
s =8 o a9 T

with the corresponding sets
DO = {(1]2),(5[1)}, Ut ={(4[5)}, S¥ =0.

@ To continue, we need to perform another deformation, e.g.,
2 = (5|1] to detect (4|5). However, it can be checked that
under 2 the pole part of B2 is zero. Since all physical
poles have been detected, we can conclude that BY = 0,
and the correct answer is

3 (214) 1

=9 s Ny
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Our algorithm is very general, but there are a lot of unanswered
questions:
@ How to choose deformations in consequence to make the
calculation most efficient?
@ Does the algorithm terminate eventually? How to judge it
after several steps?
@ Which theory it can be applied and which theory it can not
be applied?
@ Could the idea to be generalized to other places?
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Part Ill: Recursion relation for boundary
contribution
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Let us consider a special type of deformation (i|n] with

i=2,..,n—1
@ Poles of boundary can be easily read out by large
Z-expansion
L 1 Z < (Ps+p1) )
(Py+ Py — ZAnA1)? —z(n|Py+p1[1] 4 (n|Py + p1[1]

@ Thus all spurious poles (n|P,~7|i] are invariant under
deformations.

@ The most important thing is that we can establish
corresponding on-shell recursion relation for boundary
contribution
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Derivation:

@ First, the boundary is defined as

B%({)“I 9 X'l }) p2) (RS pn71 9 {)\n, Xﬂ})
aw ~ ~ ~
- f WAH({A1 - WAna)\‘l}apZa"'7pn—17{Ana)\n+ W)‘1 })
w=o0

1
@ Now using the contour integration fmzﬁ_m dzBOZ(z) we
arrive
Bl
1 pl2 0
BO = BO — ZRCS (Z)
Zz z=2Z7
(p2+Pz)?

where the second deformation is (2|n] and zz = APLIe
andZ\JZ = {3,4,....,n—1}.
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@ Evaluation of residue part is given by

dz ~ ~
]f By (A A1), D — 20 Rk Pt (A A 20e)
Z=2Z7

az -
f f—A ({M — WAn, At} (2 — 2An, Aol

P3, ..., Pn—1, {)\n, )\n + ZXz + WX1})

@ The key is then to use the Fubini-Tonelli theorem to
exchange the ordering of two integrations
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@ Now we have

dw dz ~ ~ ~ ~ ~
7{ — —An({x = wan, M3 {2 — 220, A2}, P35 s Pr—t, {0, An + 222 + WA })
w=oco W Jz=z7 Z

dw . —1 ~ ~ ~ ~
= f. — > " A(Be(21), T, 7Ph(zI))72AR({)\1 — wWAn, A}, T {0, A+ 2220 + W]
w=co W (P2 + P1)

1

. h -
= %:AL(Pz(Zz),I, -P (ZI))W

g aw - _ ~ ~ ~ _h

§ ZEAn(EM = WAn X1 T, {an o+ 223 + WAt} P (zr)
w=oco W

1 y

Bt P B Prlaz) TP az))

= 3 ABa(z). T. - PM(z1))
h

hell recursion relati



Remarks:

@ In the derivation, the commutativity of two integrations is
crucial. In general with arbitrary pair of deformations, it is
not true, but with our special choice of the type (i|n], it is
true.

@ For it to be useful, one should show by other ways that
after finite steps, there is no boundary left anymore. We
have made the analysis for standard like model, i.e.,
similar matter contents and similar interaction except all
particles are massless.
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Example IlI: Six scalars in scalar-Yang-Mills theory

2
L=Tr <—1FWFW ~ D, D" — %[Q 5]2>

@ Step 1: With deformation 0 = (1|6], the recursive part is
given by

o (16)[35]2[4|1 + 6]2)2
6 7 1512(12)[34][45][5]1 + 6]2)[3[1 + 2|6)
[13]%(46)2[1]2 + 3|5)2[2|1 + 3|6)2
T123[12][23](45) (56)[1]2 + 3|4)[3|1 + 2|6)[1|2 + 3|6)2
[16](24)2[5|1 + 6|3)2

T234[56](23)(34)[1]2 + 3|4)[5|1 + 6/2)
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@ Next under the deformation 1 = (2|6] and using

[14](—2[15]146] + [14][56])

B%g~(k7),4,5,6,1) =

[16][17][45][57]
_ _ —(17)(56) — 2(15)(67)
BY(d(k7).5,6,1) = (16)(57)
) _anen)
B9 (k7).6,1) = (16)

we find

N . 1 N A
BRm = /4(27 3, _pZS)TBQ(p237 47 57 67 1 )

P23
N R 1 R "
+A(2,3,4, —Posa) —5—B%(P2ss,5,6,1)
234
N R 1 4
+A(27 37 47 57 P16)pTBg(_p167 67 1 )
16
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@ At the third step, using the deformation 2 = (3|6] and

B9 (k7),5,6,1,2) = ik, B(®(k7),6,1,2) = —1

we find

N R 1 A A
BR& — ,4(3747 _p34)pTBm(p34,576, 172)
34

. . 1 .
+A(3,4,5, —pass) —5— B (Pass,6,1,2)
P345
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@ At the fourth step with deformation 3 = (4/6], using

012 ~— 13]2[27
BY%(g™(k7),6,1,2,8) = LB,

we find

N .oy 1 P
BRU23 _ A(475’—p45)p78%(p45a671a273)
45

o Finally RE + BRY! + BRY2 4 BRY2 is equal to the total
amplitude.
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Part IV: The boundary Lagrangian
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@ Our algorithm is reduced to the study of boundary of
boundary. How to study it? Could we have an
understanding like the Feynman diagrams? Could we have
the corresponding Lagrangian?

@ The key observation is that the boundary comes from the
large z-limit of deformation parameter. Thus two
momenta p; + zq, p; — zq become infinity, i.e., we have
two very heavy particles.
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We can view it from two different aspects:

@ The first one is background field method, i.e., the two
heavy particles can be taken as classical background,
while other fields as soft (quantum) fluctuation. Thus we
can use Wilson’s idea to integrate them out.

@ The second one is using OPE method to replace the
product of two quantum fields by a boundary operator,

Oi(ke + 29)0y(kn — 2q) = D _ Clj(k + 2q)Ok (KL + kn)
K

Expanding the coefficient around z = oo

ClS(k. + 2q) = Z Cls,2'

we get the boundary operator

F =Y C§oOk(ki + kn)
K
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A simple calculation for theory
_ _1 2 i m
@ The n-point amplitude can be calculated from
) A
(or7 (exoi-i [ axom) 16(pr)ote)-o0on) )

= Ol i g™ AT (el [ o om)
|9(p2)---¢(Pn-1))

where we have contracted the p; — zq, pn + 2q.
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@ Above result can be reproduced by

A A
g 4, N om i (n]__ N m-2
Clva <exp[ //d xm!qﬁ iF (m= 2)!¢ ])
\F (o1 + pr)p(p2)..¢(Pn-1))
Thus we have derived the boundary Lagrangian as

A m—2
4

1 A
Lgai = —5(0¢)° + =9 + FlIN
> mi (m—2)l

where ¢ is the soft fields.
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Path integration approach:

@ Two key observations: (1) along the hard line, each
vertex has two and only two hard fields; (2) hard particles
are contracted as inner propagator.

@ Thus interaction vertex should be changed to

)\m m )\m m—2p32n2 __ A m—2 42
W¢ —>ﬁ¢ H*C;, = !qﬁ H

2(mT2)
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@ Thus the evaluation of amplitudes can be divided as
following

/ [D][DH] &Stz (OH) ~ iy 072 H2)
H(ps — zq)H(pn + 2q)$(p2).--(Pn—1)
Jieo e'3[¢1¢(p2)...¢(pn_1)

{ [1pre! 1O ko, zq)H(p, + za)|

where the (9H)? is needed for contraction to get
propagator.

Bo Feng Boundary contribution of on-shell recursion relation



@ The hard part is Guassian and can be evaluated using the
generating function

@ Let us define the operator D = 9° + 225,62, thus the
two-point correlation function is given by D~1.
@ The inverse can be expanded as following

o= {1+ %) ?)

= > (@ 2y )¢m21)

k=0
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@ To get the scattering amplitude, we need to use the LSZ
reduction, i.e., multiplying 9? for each field on correlation
function and contracting the off-shell quantities with wave
(polarization) function.

oo

k
(ps - 2)° {Z()k;z (Catiary } PFe(pn + 20)

k=0

B 0o _Am s 1 k—1 _/\m L
) k; <(m - 2)!¢ 32) (m— 2)!¢ e(p1 — zq)e(pn + 2q)

1

e For scalar e(py — zq) = e(pn + z9) = 1, and each ; ~ 1,

only the term k = 1 contribute and we arrive

1 A A _
L = 5(8@2 - Hn;qﬁm AR — i 2

(m—2)
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Part V: Conclusion
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There are a lot of unsolved problems for our approach:
@ How to choose deformations in consequence to make the
calculation most efficient?

@ Does the algorithm terminate eventually? How to judge it
after several steps?

@ Which theory it can be applied and which theory it can not
be applied?
@ Could the idea to be generalized to other places?

@ What is the relation between boundary and the zero of
amplitudes?

@ To loop level?
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Thanks a lot for listening!!!
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