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NuFit 5.1
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Ding, King, Luhn, Stuart (2013)
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Tri-Direct CP approach

G.J.Ding, S.F.King and C.C.Li, 

JHEP 12 (2018) 003

Constrain mixing angles, Dirac phase, 

Majorana phase and neutrino masses
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J.T. Penedo

FLASY 2019
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What is the origin of finite groups ?

9

J.T. Penedo

FLASY 2019
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Principal congruence subgroups of (2, ),      2,3,4...SL N 
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2 3 =1,   for   5( ) NS ST T N  
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Multiplication rules of 7 (168)  
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G.J.Ding, S.F.King, C.C.Li and 

Y.L.Zhou, JHEP 08 (2020) 164
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3. Modular forms and gCP
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2 k/2+1 1 - 2 - 3
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5 5k+1 1 6 11 16 21

6 6k 1 6 12 18 24

7 14k-2 1 12 26 40 54
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An example: Modular forms of level 7 G.J.Ding, S.F.King, C.C.Li and 

Y.L.Zhou, JHEP 08 (2020) 164
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The transformations of the set of seed functions

The modular functions
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14

An example: Modular forms of level 7 G.J.Ding, S.F.King, C.C.Li and 

Y.L.Zhou, JHEP 08 (2020) 164
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Modular forms of weight 2 and level 7

15

1/7 3 4

(2) 2/7 2 3

4/7 2 3 4

(1 3 4 2 )

( ) (1 3 8 ) ,

(1 4 3 5 5 )

q q q q

Y q q q q

q q q q q

t

    
 

     
       

3

2 3 4 5

1/7 2 3 4

2/7 2 3 4

(2) 3/7 2 3 4

4/7 2 3 4

5/7 2 3 4

6/7

1 4 12 16 28 24

2 (1 15 24 36 30 )

2 (3 13 31 24 72 )

( ) 2 2 (2 9 9 30 16 )

2 (7 12 39 31 63 )

2 2 (3 14 10 21 24 )

2 2 (6 7 21

q q q q q

q q q q q

q q q q q

Y q q q q q

q q q q q

q q q q q

q q

t

     

     

     

      

     

     

  

7

2 3 4

,

20 27 )q q q

 
 
 
 
 
 
 
 
 
 
     

2 3 4

2 3 4

1/7 2 3 4

2/7 2 3 4

(2)

3/7 2 3 4

4/7 2 3 4

12/7 2

2 2 24 56

3 (22 30 56 59 84 )

2 (4 30 42 93 120 )

2 (3 16 11 18 21 )
( )

7 2 (2 3 12 12 22 )

2 (11 54 54 104 99 )

7 2 ( 1 2 6 12

a

q q q q

q q q q q

q q q q q

q q q q q
Y

q q q q q

q q q q q

q q q q

t

    

     

     

    


    

     

    

8

3 4

6/7 2 3 4

,

6 )

7 2 (3 8 9 10 21 )

q

q q q q q

 
 
 
 
 
 
 
 
 
 
 

  
 

     

2 3 4

2 3 4

1/7 2 3 4

2/7 2 3 4

(2)

10/7 2 3

4/7 2 3 4

5/7 2 3

3 (20 40 42 53 112 )

3( 2 12 18 42 27 )

3 2 (2 8 28 15 60 )

3 2 (5 20 37 68 63 )
( )

21 2 (3 2 2 4 )

3 2 (5 8 22 32 45 )

21 2 (2 3 8 10

b

q q q q q

q q q q

q q q q q

q q q q q
Y

q q q q

q q q q q

q q q q

t

    

     

    

     


   

     

   

8

4

6/7 2 3 4

.

10 )

21 2 (1 4 8 3 )

q

q q q q q

 
 
 
 
 
 
 
 
 
 
 

 
 

      

An example: Modular forms of level 7 G.J.Ding, S.F.King, C.C.Li and 

Y.L.Zhou, JHEP 08 (2020) 164



2022 中科大：彭桓武高能基础理论研究中心



16



2022 中科大：彭桓武高能基础理论研究中心



16



2022 中科大：彭桓武高能基础理论研究中心

1CP CP  

 

P. P. Novichkov, J. T. Penedo, S. T. Petcov

and A. V. Titov, JHEP 07 (2019) 165

17



2022 中科大：彭桓武高能基础理论研究中心

1CP CP  

 

P. P. Novichkov, J. T. Penedo, S. T. Petcov

and A. V. Titov, JHEP 07 (2019) 165

17



2022 中科大：彭桓武高能基础理论研究中心

1CP CP  

 

P. P. Novichkov, J. T. Penedo, S. T. Petcov

and A. V. Titov, JHEP 07 (2019) 165

17



2022 中科大：彭桓武高能基础理论研究中心

1CP CP  

 

* *1/ ,  1,  (2, ){ }
S T

GLt t t t t t       

*

*

*

for 1,

:

for 1.

a b
ad bc

a b c d

c d a b
ad bc

c d

t
t

t

t
t

t


     

  
      

 

P. P. Novichkov, J. T. Penedo, S. T. Petcov

and A. V. Titov, JHEP 07 (2019) 165

17



2022 中科大：彭桓武高能基础理论研究中心 18



2022 中科大：彭桓武高能基础理论研究中心 18



2022 中科大：彭桓武高能基础理论研究中心 18

P. P. Novichkov, J. T. Penedo, 

S. T. Petcov and A. V. Titov, 

JHEP 07 (2019) 165



2022 中科大：彭桓武高能基础理论研究中心 19



2022 中科大：彭桓武高能基础理论研究中心

P. P. Novichkov, J. T. Penedo, S. T. Petcov

and A. V. Titov, JHEP 07 (2019) 165

19



2022 中科大：彭桓武高能基础理论研究中心



P. P. Novichkov, J. T. Penedo, S. T. Petcov and A. V. Titov, JHEP 07 (2019) 165;

G.J. Ding, F. Feruglio and X.G. Liu, SciPost Phys. 10 (2021) 6, 133 ...

20



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

21

Chinese remainder theorem gives the isomorphism of rings

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

21

Chinese remainder theorem gives the isomorphism of rings

Then this gives isomorphism

1

1(2, / ) (2, / ) (2, / ).knn

kSL N SL p SL p 

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

21

Chinese remainder theorem gives the isomorphism of rings

Then this gives isomorphism

1

1(2, / ) (2, / ) (2, / ).knn

kSL N SL p SL p 

(2, / ) (1) / ( )SL N N  Using isomorphism

1

1(1) / ( ) ( (1) / ( )) ( (1) / ( )),knn

kN p p       

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

21

Chinese remainder theorem gives the isomorphism of rings

Then this gives isomorphism

1

1(2, / ) (2, / ) (2, / ).knn

kSL N SL p SL p 

(2, / ) (1) / ( )SL N N  Using isomorphism

1

1(1) / ( ) ( (1) / ( )) ( (1) / ( )),knn

kN p p       

( ) / ( ) (1) / ( ) .ji
n j
j

nn

i j p
j i j i

p N p
 

       

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

21

Chinese remainder theorem gives the isomorphism of rings

Then this gives isomorphism

1

1(2, / ) (2, / ) (2, / ).knn

kSL N SL p SL p 

(2, / ) (1) / ( )SL N N  Using isomorphism

1

1(1) / ( ) ( (1) / ( )) ( (1) / ( )),knn

kN p p       

( ) / ( ) (1) / ( ) .ji
n j
j

nn

i j p
j i j i

p N p
 

       

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

Chinese remainder theorem gives the isomorphism of rings

Then this gives isomorphism

1

1(2, / ) (2, / ) (2, / ).knn

kSL N SL p SL p 

(2, / ) (1) / ( )SL N N  Using isomorphism

1

1(1) / ( ) ( (1) / ( )) ( (1) / ( )),knn

kN p p       

( ) / ( ) (1) / ( ) .ji
n j
j

nn

i j p
j i j i

p N p
 

       

2

3

4

5

(1) / (2) (3) / (6) (5) / (10),

(1) / (3) (2) / (6) (4) / (12),

(1) / (4) (3) / (12) (5) / (20),

(1) / (5) (2) / (10) (3) / (15).

         

         

         

         

21

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

4. A new route towards 

Chinese remainder theorem gives the isomorphism of rings

Then this gives isomorphism

1

1(2, / ) (2, / ) (2, / ).knn

kSL N SL p SL p 

(2, / ) (1) / ( )SL N N  Using isomorphism

1

1(1) / ( ) ( (1) / ( )) ( (1) / ( )),knn

kN p p       

( ) / ( ) (1) / ( ) .ji
n j
j

nn

i j p
j i j i

p N p
 

       

' ''(1) / ( )          ( ) / ( )N NN N N        

21

   1

1/ / / ,knn

kN p p  1

1
knn

kN p p 



2022 中科大：彭桓武高能基础理论研究中心

The Dedekind eta function

 1/24 2

1

( ) 1 , .n i

n

q q q e  t t




  

Weight 1 modular forms of level 6

22

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

The Dedekind eta function

/12( ) ( 1/ ) ( ), ( ) ( 1) ( ).
S T

ii e  t  t t t  t  t  t    

 1/24 2

1

( ) 1 , .n i

n

q q q e  t t




  

The eta function transforms 

Weight 1 modular forms of level 6

22

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

The Dedekind eta function

/12( ) ( 1/ ) ( ), ( ) ( 1) ( ).
S T

ii e  t  t t t  t  t  t    

 1/24 2

1

( ) 1 , .n i

n

q q q e  t t




  

The modular forms space of level N=3 and weight k=1
3 3

1

(3 ) ( / 3)
( (3)) , ,

( ) ( )
{ } t  t

 t  t
 

The eta function transforms 

X.G.Liu and G.J.Ding, 

JHEP 08 (2019) 134

Weight 1 modular forms of level 6

22

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

The Dedekind eta function

/12( ) ( 1/ ) ( ), ( ) ( 1) ( ).
S T

ii e  t  t t t  t  t  t    

 1/24 2

1

( ) 1 , .n i

n

q q q e  t t




  

The modular forms space of level N=3 and weight k=1
3 3

1

(3 ) ( / 3)
( (3)) , ,

( ) ( )
{ } t  t

 t  t
 

The eta function transforms 

X.G.Liu and G.J.Ding, 

JHEP 08 (2019) 134

Weight 1 modular forms of level 6

If f (t) is the modular form of (3)

1 1( ) ( (3)),          (2 ) ( (6))f ft t   

22

F. Diamond and J.M. 

Shurman, Springer 

(2005)

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

The Dedekind eta function

/12( ) ( 1/ ) ( ), ( ) ( 1) ( ).
S T

ii e  t  t t t  t  t  t    

 1/24 2

1

( ) 1 , .n i

n

q q q e  t t




  

The modular forms space of level N=3 and weight k=1
3 3

1

(3 ) ( / 3)
( (3)) , ,

( ) ( )
{ } t  t

 t  t
 

The eta function transforms 

X.G.Liu and G.J.Ding, 

JHEP 08 (2019) 134

Weight 1 modular forms of level 6

If f (t) is the modular form of (3)

1 1( ) ( (3)),          (2 ) ( (6))f ft t   

Four weight 1 modular forms of (6) are obtained

3 3 3 3(3 ) ( / 3) (6 ) (2 / 3)
, , , .

( ) ( ) (2 ) (2 )

 t  t  t  t

 t  t  t  t

22

F. Diamond and J.M. 

Shurman, Springer 

(2005)

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

The modular form space 𝑀k((6)) must be closed up

3 3 3

3 3 3

(6 ) ( 6 / ) ( / 6)
,

(2 ) ( 2 / ) ( / 2)6 3

(2 / 3) ( 2 / (3 )) 3 3 (3 / 2)
.

(2 ) ( 2 / ) 2 ( / 2)

S

S

i

i

 t  t  t
t

 t  t  t

 t  t  t
t

 t  t  t


 




 







Weight 1 modular forms of level 6

23

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

The modular form space 𝑀k((6)) must be closed up

3 3 3

3 3 3

(6 ) ( 6 / ) ( / 6)
,

(2 ) ( 2 / ) ( / 2)6 3

(2 / 3) ( 2 / (3 )) 3 3 (3 / 2)
.

(2 ) ( 2 / ) 2 ( / 2)

S

S

i

i

 t  t  t
t

 t  t  t

 t  t  t
t

 t  t  t


 




 







The six independent basis vectors of the linear space 𝑀1((6))

3 3 3

1 2 3

3 3 3

4 5 6

(3 ) ( / 3) (6 )
( ) , ( ) , ( ) ,

( ) ( ) (2 )

( / 6) (2 / 3) (3 / 2)
( ) , ( ) , ( ) .

( / 2) (2 ) ( / 2)

e e e

e e e

 t  t  t
t t t

 t  t  t

 t  t  t
t t t

 t  t  t

  

  

Weight 1 modular forms of level 6

23

N\k k 0 1 2 3 4

6 6k 1 6 12 18 24



2022 中科大：彭桓武高能基础理论研究中心

2 3 34 6 3 2 24( ) 1, .S ST TSTT S TT SS ST T S    

Modular forms of level 6 arrange into: N"=6 and N'=1

Multiplication rules of 6 3(1) / (6) (1) / (2) (1) / (3) S T           

24



2022 中科大：彭桓武高能基础理论研究中心

Modular forms of level 6 arrange into: N"=6 and N'=1

or
4 3 3 2 2

2 2 3

( ) 1, ,

( ) 1,

, , , .

a b ab a b ba

c d cd

ac ca ad da bc cb bd db

   

  

   

24

2 3 34 6 3 2 24( ) 1, .S ST TSTT S TT SS ST T S    

Multiplication rules of 6 3(1) / (6) (1) / (2) (1) / (3) S T           



2022 中科大：彭桓武高能基础理论研究中心

Modular forms of level 6 arrange into: N"=6 and N'=1

or

The two bases are fulfilled 

4 3 4 3 3 3, , , ,a TST S T b T c S T S d T   

24

2 3 34 6 3 2 24( ) 1, .S ST TSTT S TT SS ST T S    

4 3 3 2 2

2 2 3

( ) 1, ,

( ) 1,

, , , .

a b ab a b ba

c d cd

ac ca ad da bc cb bd db

   

  

   

Multiplication rules of 6 3(1) / (6) (1) / (2) (1) / (3) S T           



2022 中科大：彭桓武高能基础理论研究中心

Modular forms of level 6 arrange into: N"=6 and N'=1

or

The two bases are fulfilled 

4 3 4 3 3 3, , , ,a TST S T b T c S T S d T   

, .S acdc T bd 

24

2 3 34 6 3 2 24( ) 1, .S ST TSTT S TT SS ST T S    

4 3 3 2 2

2 2 3

( ) 1, ,

( ) 1,

, , , .

a b ab a b ba

c d cd

ac ca ad da bc cb bd db

   

  

   

Multiplication rules of 6 3(1) / (6) (1) / (2) (1) / (3) S T           



2022 中科大：彭桓武高能基础理论研究中心 25



2022 中科大：彭桓武高能基础理论研究中心

2 2 3 3

2

1 2 2 1 0 0
1 2 1 0 1

,  ,  2 1 2 ,  0 0 .
0 33 2 1

2 2 1 0 0

i
a b a b 




   
       

                       
25



2022 中科大：彭桓武高能基础理论研究中心
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The product of two modular forms of level N and weights k, 

k' is a modular form of level N and weight k+k'

26



2022 中科大：彭桓武高能基础理论研究中心

Integral weight modular multiplets of level 6 up to weight 6
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Decomposing modular forms of level N=6:N"=6, N'=2 and 3

The (6) is a normal subgroup of (2)
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3(2) / (6) , | ( ) 1,T a b a ab b a b ba            
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Summary of modular forms of level N = 6 up to weight 6 in 

the irreducible multiplets of finite group T'
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5. Model building and predictions
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Using minimality as a guiding principle …

•

•

•

•

•

'
6Γ or singlet+doublet

doublet or  triplet
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An 6' example 
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An 6' example 

33

' '

3 T 
C.Y Yao, J.N Lu 

and G.J.Ding, 

JHEP 05 (2021) 

102



2022 中科大：彭桓武高能基础理论研究中心

An 6' example 

L1 Ld=(L2,L3) E1 Ed=(E2,E3) Hu, Hd

Weight 3 2 -3 3 0

6
’ 1
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An 6' example 

33
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Best fit values of the free parameters when gCP is considered
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The correlations between the neutrino parameters
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Model building based on (2) modular 
symmetry with finite modular group T’
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5. Conclusions

Higher weight modular forms, up to weight 6

Five types of modular flavour models

A new route towards finite modular groups 

is proposed 

A modular invariant model for N'=2 and N''=6

38
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Backup
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Mass ordering
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Modular forms of weight 2 and level 7
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CP & T Violation 
Under CPT invariance, CP- and T-violating asymmetries are identical:

Comments: ★ CP / T violation cannot show up in the disappearance
neutrino oscillation experiments ( = );

★ CP / T violation is a small three-family flavor effect;

★ CP / T violation in normal lepton-number-conserving 
neutrino oscillations depends only upon the Dirac phase 
of V ; hence such oscillation experiments cannot tell us 
whether neutrinos are Dirac or Majorana particles. 
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2-flavor Approximation 
Solar, reactor, atmospheric and accelerator  oscillation experiments:
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If this is the case, … 
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1939: 02 decays
A 02 decay can happen if massive ’s have the Majorana 
nature (Wendell Furry 1939)   
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