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1. Motivation

SM + massive neutrinos - Neutrino may take
Dirac or Majorana masses

Quark Lepton
masses masses
and ' and
mixing mixing
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3v flavour paradigm

Masses: ordering
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Mixing: parameterisation
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Upuns =0 €, Sy 0 el _0
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Atmospheric mixing ~ R€actor mixing & gpjar mixing I\/Ir?Jorana CP
Dirac CP phase phases
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For a spectrum with NO:
Parameter Best-fit value
Am2, 7.42x107 eV*
|AmA | 2.510x103 eV?2
sin? 615 0.304
Siﬂ2 913 0.2246
SiIl2 923 0.450
) 1.278 ~ 30
\_ J
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Is there an organizing principle behind this?
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Flavour symmetries

For the lepton sector, at low energy and in some flavour basis:

— 1 g .
L=-Iml, —EVICmva +—=I y"vW, +hc.

J2
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Flavour symmetries

For the lepton sector, at low energy and in some flavour basis:

— 1 g .
L=-Iml, —EVICmva +—=I y"vW, +hc.

J2

Flavour symmetry

< >
A
- Leptons
gauge
- Quarks
.., a
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Flavour symmetries

For the lepton sector, at low energy and in some flavour basis:

— 1 g .
L=-Iml, —EVICmva +—=I y"vW, +hc.

J2

Flavour symmetry

€ = Non-Abelian discrete
. ; flavour symmetries
- Leptons
- g N
gauge :
t
- Quarks
[E] constrain mixing and Dirac phase
Y

For reviews, see: Altarelli and Feruglio (2010), Ishimori et al. (2010),
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Flavour symmetries

For the lepton sector, at low energy and in some flavour basis:

— 1 g .
L=-Iml, —EVICmva +—=I y"vW, +hc.

J2

Flavour symmetry Tri-bimaximal:
<€ >
"‘ EoL e
- Leptons 3 3
1
gauge : Tl Ve V3oV2
symmetr
- Quarks \ \/g \/5 2
v @ J 0 =35.26 02 =45 .0 =0

For reviews, see: Altarelli and Feruglio (2010), Ishimori et al. (2010),
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Vi) = pe(9) W) ) = XEF P(ap)

Branco, Lavoura, Rebelo (1986), Harrison, Scott (2002),
Grimus, Lavoura (2003), Farzan, Smirnov (2006),
Ferreira, Grimus, Lavoura, Ludl (2012) , ...
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Flavour symmetries + gCP
e
f\ - /ﬁ

X o (@)X, =p(9), 0.9€G,  Nypily

Consistency condition [Feruglio, et al., Holthausen et al. (2012)]

Class-inverting outer automorphism [Chen et al. (2014)]
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constrain mixing, Dirac and Majorana phases

Feruglio, Hagedorn, Ziegler (2012),
Holthausen, Lindner, Schmidth (2013),

Ding, King, Luhn, Stuart (2013)
Chen, Fallbacher, Mahanthappa, Ratz, Trautner (2014), ...
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Gapm X HED G 3 HEL JHEP 12 (2018) 003

Constrain mixing angles, Dirac phase,
Majorana phase and neutrino masses
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Problems with the usual approach

J.T. Penedo
FLASY 2019
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Problems with the usual approach

J.T. Penedo
FLASY 2019

What is the origin of finite groups ?
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J.T. Penedo
FLASY 2019

Feruglio, 1706.08749

can constrain all:

neutrino masses, mixing,
Dirac and Majorana phases
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2. Modular symmetry

The homogeneous modular group T"=SL(2,7)

a b
SL(Z,Z):{(C dj\ad—bc:l, a,b,c,deZ}.
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2. Modular symmetry

The homogeneous modular group T"=SL(2,7)

a b
SL(Z,Z)z{( d]‘ad—bc=1, a,b,c,deZ}.

C

GeneratorsSand T

(%) (b))
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S2=_1, (ST)®* =1, ST =TS2.




2. Modular symmetry

The homogeneous modular group T"=SL(2,7)

a b
SL(Z,Z)z{( d]‘ad—bc=1, a,b,c,deZ}.

C

GeneratorsSand T

(%) (b))

S2=_1, (ST)®* =1, ST =TS2.

The modular group T = PSL(2,Z)=SL(2,Z)/{l,-1}
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S2=(ST)*=1| H={reC|Imz>0},




2. Modular symmetry

The homogeneous modular group T"=SL(2,7)

a b
SL(Z,Z)z{(C d]‘ad—bc=1, a,b,c,d EZ}.
Generators Sand T

T T=[* Y| 7=y STy =1, 57T T8
\-1 0) 0 1) =L O =L 5T=15.

The modular group I'=PSL(2,Z)=SL(2,Z)/{l,-1}
S2=(ST)’=1] H={reC|Imz>0},

ar+b a b)) —
TH YT = ¢ , Y= el S:Z'H—l, Tit—>17+1
cr+d c d T
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Principal congruence subgroups of SL(2,Z), N =2,3,4...

_ a b a by (1 0
F(N)—{(C d)eSL(2,Z), (c d)_(O 1) (modN)}
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Principal congruence subgroups of SL(2,Z), N =2,3,4...

_ a b a by (1 0
F(N)—{(C d)eSL(2,Z), (c d)_(O 1) (modN)}

m T" I(N)
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Principal congruence subgroups of SL(2,Z), N =2,3,4...

_ a b a bY (1 0
I'(N) = (C d)GSL(2,Z), (C d)_(() 1) (mod N)

=) T eI(N)
Projective princiggl caiitiugnce subgroups

Kobayashi et al., 1808.03012__

T(2) = [(QQpfl=ndd 29T (N) = [(N), N> 2

Novichkov et al 12.11289
Nomura, Okada, 1904-83937

Finite moduIaPkg‘“’réau ST ’=T /T (N)

ura o da. 190p.030¢7

ura, QOkada 19Q8.07457
Z 5191003'2501 for N <5

~ 19121?%) ' Peteovial806.11040 !\16\‘/ichkix/ ef\al., 1812.02158
Kobayashiet aT, 1808310301 (+A,) Ding, Bertglio 2003.13448 ovichkov et 41/, 1811.04933 ~ Dinget al.,51903.12588

Kobayashl et al 1812 11072 (+A ) Okada TanlmOtO 2005 00775 Kobayashl et al 1907 09141 Wang, YU 201010159

Kobayashi et al., 1906.10341 King, Zhou 1908.02770
Okada, Orikasa, 1007.04716 ~ /\saka, Heo 2009.12120 Wang, Zhou 1910.09473 Yao, Liu 2011.03501
veo, Lu, 2012.13390 Wang 2007.05913 Wang, Zhou 2102.04358

Okada, Shimizu 2105.14292 Ding, King 2103.16311
Novichkov, Penedo 2102.07488 Qu, Liu2106.11659
Feruglio, Gherardi 2101.08718
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Principal congruence subgroups of SL(2,Z), N =2,3,4...

_ a b a by (1 0
F(N)—{(C d)eSL(2,Z), (c d)_(O 1) (modN)}

m T" I(N)

Projective principal congruence subgroups
I'2)=r2)/{1,-1) I'(N)=I'(N), N>2

Finite modular groups: |T", =T /T(N)

S*=(ST)Y’=T"=1, for N<5
[, =3, [,= A, I, =9, [.=A

Homogeneous FMGs: [I', =T /T(N)=SL(2,Z/ NZ)

X.G.Liu and G.J.Ding,
S*=(ST)’=T"=1, ST =TS*for N<5 '\ 00c 00100134
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Principal congruence subgroups of SL(2,Z), N =2,3,4...

_ a b a by (1 0
F(N)—{(C d)eSL(2,Z), (c d)_(O 1) (modN)}

m T" I(N)

Projective principal congruence subgroups
I'2)=r2)/{1,-1) I'(N)=I'(N), N>2

Finite modular groups: |T", =T /T(N)

S*=(ST)Y’=T"=1, for N<5
[',=3S,, I',=A, I',=95, ['.=A
Homogeneous FMGs: [I', =T /T(N)=SL(2,Z/ NZ)

S* = (ST =T"=1 S2T =TS for N <5
[,=S,, ool g AN
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Multiplication rules of T', =%(168)  G.J.Ding, SFKing, C.C.Liand
Y.L.Zhou, JHEP 08 (2020) 164

S2=(ST) =T7 = (ST?)* =1
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Multiplication rules of T', =%(168)  G.J.Ding, SFKing, C.C.Liand
Y.L.Zhou, JHEP 08 (2020) 164

S2=(ST) =T7 = (ST?)* =1

Conjugacy Classes
1C) | 21Cy | 56C5 | 42C, | 24C7 | 24C7
1 1 1 1 1 1 1
3| 3 —1 0 1 b7 b,
3| 3 | -1 0 1 by br
6 6 2 0 0 —1 —1
7 7 —1 1 —1 0 0
8 8 0 —1 0 1 1

The character table of the I'7 group with by = (=1 +iv/7)/2 and by = b% = —(1 +iV/7)/2.
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3. Modular forms and gCP

Holomorphic functions transforming under

b
f (yr)=(Cr+d)k f(7), y:(i djeF(N)
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3. Modular forms and gCP

X.G.Liu and
G.J.Ding, JHEP 08
(2019) 134

b
f(yf)=(02'+d f(7), 7/:(3 djef@\)

level (natural)

Holomorphic functions transforming under
weight (non-negative, integer)
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3. Modular forms and gCP

: : : C.Y Yao, X.G.Liu
Holomorphic functions transforming under and G.J.Ding,

weight (non-negative, fractional@hys_ReV.D 103

a b 2021) 9, 095013
f (yz)=(cc+d)¥f (), 7=(C djd@)\f )

level (natural)
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3. Modular forms and gCP

Holomorphic functions transforming under
weight (non-negative, integer)

b
f()/T)Z(CT-I-d f(7), 7/:(3 djef@)\)

_ . level (natural)
Dimension of modular forms of

level N and weight k

1 F. Diamond and J.M.
2 H(l——z), N>2Kk=>1 shurman, Springer
pIN P (2005)

dim/\/lk(F(N)):(k_lz)N+6N2
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3. Modular forms and gCP

Holomorphic functions transforming under
weight (non-negative, integer)

b
f()/T)Z(CT-I-d f(7), 7/:(3 d]ef@)\)

_ . level (natural)
Dimension of modular forms of

level N and weight k K
| (-DN+6 . . ki2+1 1| -2 -3
dimM(T(N) == NIFIN[(l—F), kt1 (12|34 |5
2k+1/1|3|5(71|9
5k+1| 1 | 6 |11(16|21
6| 6k |1|6|12(18(24
7 |14k-2| 1 {12|26(40|54
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3. Modular forms and gCP

Holomorphic functions transforming under
weight (non-negative, integer)

f (y7)=(cr+d)¥ (o), y:(c ] O

level (natural)

Dimension of modular forms of

level N and weight k K
(DN +6 ki2+1 1| - 12| -3
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2k+1|1 (35|79
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3. Modular forms and gCP

Holomorphic functions transforming under
weight (non-negative, integer)

f (y7)=(cr+d)¥ (o), y:(c ] O

_ . level (natural)
Dimension of modular forms of

level N and weight k K
(DN +6 ki2+1 1| - 12| -3
dimM(T(N) == NH(l—p—) ktl |12 |34 |5

pIN

2k+1|1 (35|79
There exists a basis in this space 5k+1! 1|16 [11/16/21
fi(7f)=(CT+d)k,J f(z), yerl, 6| 6k |1|6(12(18[24
7 114k-2| 1 (12|26(40|54

representation matrix of I'y
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G.J.Ding, S.F.King, C.C.Li and
Y.L.Zhou, JHEP 08 (2020) 164

Jacobi theta functions
O, (u,7) = H 1-q9")@+ q”‘l’zez”‘“)(1+ q”‘l/ze—ZﬂiU ), q= p27it

“seed” functions

1 2T 3 ]. ST 5 ].
a1, —1(7) = 03 (T;— ,7T) , ap (1) = 62793 ( T;_ ,7T) , a3 1(7) = e 7 b ( T =7T) :

2
T+1 7 T+3 T T+5 T
al,U(T)_93( 14 e?):- a2,U(T)_93( 14 J?)! 0331{](7')—93( 14 '-?)
T+2 7+1 T+4 7+1 T+6 7+1
o) =t (G2 T5) em =0 (S ) =6 (5555,
T+3 742 T+O T+2 TH+T7T T+2
0312(7‘)—93( 14 y 7 )a O(QQ(T)—@,?,( 14 y 7 ) 0532(7')—93( 14 y 7 )a
T+4 7+3 T+6 7+ 3 T+8 7+ 3
ana(r) =03 (5 ) ana =60 (SR TE) L analn = (TR,
T+95 7+4 T+T7 7+4 T+9 74+4
0314(7‘)—93( 14 . 7 )3 0624(’;’")—93( 14 , 7 ) 0334(7‘)—93( 14 3 7 )‘:
T+6 T+5 T+8 7+5 7+10 7+5
—0 — 9 — 0
a1,5(7) 3( VR ), an5(T) 3( VR )3 a3 5(7) 3( VR, )3
_+_
7
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G.J.Ding, S.F.King, C.C.Li and
Y.L.Zhou, JHEP 08 (2020) 164

The transformations of the set of seed functions

3] 32 @33 ) a2 23 ap) 1 a3

3 1

36 35 A34 e 25 A24

The modular functions

d :
Y (X gsees Xigs Xo o0 Xo g Xg 1oy Xgg | T) = in,j Elog & | (7), Wlthz ;=0
1) i, ]
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G.J.Ding, S.F.King, C.C.Li and
Y.L.Zhou, JHEP 08 (2020) 164

Modular forms of weight 2 and level 7

q'"(1-39+4q9°+29*) +...

1+4q+129° +16q° +28q* +249° +...
—J29"7 (1+15q + 2492 + 360° +300") +...
29?7 (3+13q +319% + 249° + 729*) + ...

7N2g%7 (2+3q+129% +129° +22q") +...
29" (11+54q +54q° +104¢° +999*) + ...
—7\2¢7 (-1- 29+ 6% —129° +60*) +...

7320%7 (3+8q+99% +10g° +219%) +...

Y2 (r) = 9" (1-3q-9%+89°) +... , Y2 (r)=| —2+/29¥"(2+9q+99° +300° +16q*) +... |,
-q""(1-49+309*+50° -50%) +... 29" (7 +12q+399° +319° + 63q") +...
—24/20°" (3+14q +1002 + 219° + 24q") +...
—2729%7 (6+7q+219% + 200° + 279*) +...
2+2q-24q9>+560°-q* +... 30(20 + 409 + 42q9° +53q° +1129*) +...
—/30(22 +30q +56q°% +59¢° +84q") + ... J3(-2+12q9-189% + 42q° - 279") +...
—/2q7'(4+30g+429° +93q° +1209") +... q +8q+28q° +15q° +60q~) +...
V20" (4+30q + 4292 +93g° +1209*) 37297 (2 +8q + 28¢° 3 4+60q")
vO(0) - V2977 (3-16q +119% —18¢° + 219°) +... VO () - ~3J29%" (5+20q +37q° + 68q° + 630*) +...
8a - ’ 8b - '

21297 3+ 29 + 292 + 4G°) +...
—3v29"" (5+8q+22q° +329° +450*) +...
21420%" (2 +3q +8q° +10¢° +109*) +...
—21J29%" (1+4q+ % +8¢° +3q*) +...
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7 (@) — XCP §ar Y(r) — 7
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Modular symmetry + gCP: the modulus

P. P. Novichkov, J. T. Penedo, S. T. Petcov
and A. V. Titov, JHEP 07 (2019) 165

CP—>yell ->CP™*
“ - J # [ TCP:_T* J
y'el

(Tcp2 = 7)

2022 FREK: ZERSEEMIESIARSFC




Modular symmetry + gCP: the modulus

P. P. Novichkov, J. T. Penedo, S. T. Petcov
and A. V. Titov, JHEP 07 (2019) 165

CP—>yell ->CP™*
“ - J # [ TCP:_T* J
y'el

(Tcp2 = 7)

2022 FREK: ZERSEEMIESIARSFC




Modular symmetry + gCP: the modulus
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Modular symmetry + gCP: the modulus

P. P. Novichkov, J. T. Penedo, S. T. Petcov
and A. V. Titov, JHEP 07 (2019) 165

CP>yel -5CP™
“ - J # [ TCP — _T* ]
y'el

(Tcp2 = 7)

- S T P
r ={r—>—1/r, To>7+]1 T—)—T}E GL(2,7)

r—)aTer for ad —bc=1,
a b x cr+d
] el . S b

‘ i T* for ad —bc=-1.
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but now there is a unique automorphism
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Modular symmetry + gCP: consistency

XEF pr(y) (XEP) ™ = pe(uly))

but now there is a unique automorphism

u(y) = CPyCP™ ! = (_ac _db) = XEP uniquely determined
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Modular symmetry + gCP: consistency

XEF pr(y) (XEP) ™ = pe(uly))

but now there is a unique automorphism

u(y) = CPyCP™ ! = (_ac _db) = XSP uniquely determined

P. P. Novichkov, J. T. Penedo,
S. T. Petcov and A. V. Titov,
e JHEPO7(2019) 165
In a symmetric basis: CP
A (AN ~y X r — :[l_ r
Pr\Y) = Pr| /K /J‘
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CP
e V(1) ~ 9
AN Y (rcp) = Y(—7%) under the modular group
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Modular symmetry + gCP: the modular forms

CP
Y(T) C_P> Y(TCP) _ Y(—T*) under the modular group

Y = XY

P. P. Novichkov, J. T. Penedo, S. T. Petcov
and A. V. Titov, JHEP 07 (2019) 165
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CP ;

T —> —T ) () Sl W Sk

— XPP @) V(1) — XZTY*(1)

I

P. P. Novichkov, J. T. Penedo, S. T. Petcov and A. V. Titov, JHEP 07 (2019) 165;
G.J. Ding, F. Feruglio and X.G. Liu, SciPost Phys. 10 (2021) 6, 133 ...
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4. A new route towards

Chinese remainder theorem gives the isomorphism of rings
ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp

2022 FREK: ZERSEEMIESIARSFC




4. A new route towards

Chinese remainder theorem gives the isomorphism of rings
ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp
Then this gives isomorphism
SL(2,ZINZ)=SL(2,Z] p*Z)x...xSL(2,Z ] p*7Z).

2022 FREK: ZERSEEMIESIARSFC




4. A new route towards

Chinese remainder theorem gives the isomorphism of rings
ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp
Then this gives isomorphism
SL(2,ZINZ)=SL(2,Z] p*Z)x...xSL(2,Z ] p*7Z).
Using isomorphism SL(2,Z/NZ)=T'(1)/T'(N)
F@/T(N)= @@/ T(p))x...x(CA)/T(pH)),

2022 FREK: ZERSEEMIESIARSFC




4. A new route towards

Chinese remainder theorem gives the isomorphism of rings
ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp
Then this gives isomorphism
SL(2,ZINZ)=SL(2,Z] p*Z)x...xSL(2,Z ] p*7Z).
Using isomorphism SL(2,Z/NZ)=T'(1)/T"(N)
F@Q/T(N)=@@Q/T(p)*..x(CQ)/T(p)),
m T(pt)/T(N)=] [T@/T(p}") = HF

jil j¢|
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4. A new route towards

Chinese remainder theorem gives the isomorphism of rings

2022 FREK: ZERSEEMIESIARSFC

ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp
Then this gives isomorphism
SL(2,ZINZ)=SL(2,Z] p*Z)x...xSL(2,Z ] p*7Z).
Using isomorphism SL(2,Z/NZ)=T'(1)/T"(N)
F@Q/T(N)=@@Q/T(p)*..x(CQ)/T(p)),
= ()TN =[]r@/r(p)=[]r,.
j;tl j;tl
N || 1 2 3 4 D 0 7 3 9 10
1 2 3 22 5! 3| 7 23 3% 1 2.5
N |11] 12 [13] 14 | 15 | 16 |[17] 18 |19 | 20
11{2%2-3]13|2-7[3-5] 2% [17]2-32]19|2%-5
Table 1: The prime factorization of positive integer 0 < N < 21.




4. A new route towards

Chinese remainder theorem gives the isomorphism of rings
ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp
Then this gives isomorphism
SL(2,ZINZ)=SL(2,Z] p*Z)x...xSL(2,Z ] p*7Z).
Using isomorphism SL(2,Z/NZ)=T'(1)/T"(N)
F@Q/T(N)=@@Q/T(p)*..x(CQ)/T(p)),
m T(pt)/T(N)=] [T@/T(p}") = HF

jil j;tl

—TQ)/T(2) =T (3)/T(6)=T(5)/ r(10),
r; ~T(Q)/T3)=T(2)/T(6) =T (4)/T(12),
I =T(1)/T(4) =T (3)/T(2) = T(5)/T(20),

-T(1)/T(5)=T(2)/T(10) = T(3)/ T(15).
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4. A new route towards

Chinese remainder theorem gives the isomorphism of rings
ZINZ=(ZI pPZ)x..x(ZI peZ), N=pp...pp
Then this gives isomorphism
SL(2,ZINZ)=SL(2,Z] p*Z)x...xSL(2,Z ] p*7Z).
Using isomorphism SL(2,Z/NZ)=T'(1)/T"(N)
F@Q/T(N)=@@Q/T(p)*..x(CQ)/T(p)),
m T(pt)/T(N)=] [T@/T(p}") = HF

jil j¢|

r',=CQ)/IC(N) = I\, =L(N)/T(N)
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| 6 | 6k |1 | 6 |12|18|24|
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The Dedekind eta function | 3] | ok | 1 | 6 |12|18|24|

77(2_) :q1/24H(1_qn), v :ezzir_
n=1
The eta function transforms
S . T iz/12
n(c)—>n(-1z)=v-irn(zr), n()->n(z+1l)=e"n(7).
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The Dedekind eta function 6| 6k |1|61(12(18]24
n@)=a"[](1-a"), a=e"".
n=1
The eta function transforms

S T :
n(r)->n(=1/7)=N-irn(r),  n(z)->n(r+1)=e"n(z).
The modular forms space of level N=3 and weight k=1

M,(T(3)) :{’73(37 ) (! 3)}’ X.G.Liu and G.J.Ding,

77(7) ’ 77(1.) JHEP 08 (2019) 134
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The Dedekind eta function 6| 6k |1|61(12(18]24
n@)=a"[](1-a"), a=e"".
n=1
The eta function transforms

S T :
n(r)->n(=1/7)=N-irn(r),  n(z)->n(r+1)=e"n(z).
The modular forms space of level N=3 and weight k=1

M,(T(3)) :{’73(37 ) (! 3)}’ X.G.Liu and G.J.Ding,

77(2.) ’ 77(1.) JHEP 08 (2019) 134

If f (7) Is the modular form of I'(3) £ Diamond and J.M.

f(zr) e M(T'(3), = f(27) e M (I'(6)) shurman, Springer

(2005)
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The Dedekind eta function 6| 6k |1|61(12(18]24
n@)=a"[](1-a"), a=e"".
n=1
The eta function transforms

S T :
n(r)->n(=1/7)=N-irn(r),  n(z)->n(r+1)=e"n(z).
The modular forms space of level N=3 and weight k=1

M,(T(3)) :{’73(37 ) (! 3)}’ X.G.Liu and G.J.Ding,

77(2.) ’ 77(2.) JHEP 08 (2019) 134

If f (7) Is the modular form of I'(3) - Diamond and 1M,
f(zr) e M(T'(3), = f(27) e M (I'(6)) shurman, Springer

Four weight 1 modular forms of I'(6) are obtaine(glOOS)

7°(3z) n°(z/13) n°(67) n°(2r/3)
n(z) " n() nQr) n(27)
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6| 6k |1]6]12|1824

The modular form space M, (I'(6)) must be closed up
773(67)_1773(—6/7) _ i n(z16)

n(20)  n(-217) 63 n(z/2)’
n°(2e13) 5 n°(=21(30) ___3V3in’3:/2)

n(27) n(=2171) 2 n(cl2)
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Weight 1 modular forms of level 6 | k
6| 6k |1]6]12/1824

The modular form space M, (I'(6)) must be closed up
773(67);773(—6/7) _ i n(z16)

n(20)  n(-217) 63 n(z/2)’
n°(2e13) 5 n°(=21(30) ___3V3in’3:/2)

n(27) n(=21/1) 2 n(cl2)
The six independent basis vectors of the linear space M,(I'(6))
_1°(3) (213 _1°(67)
O e Y e
i (o) = n°(z 16) o (7)= n°(2r 13) o (7)= 773(31/2).
4 n(c/2) 5 n(2r) 6 n(z/2)
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Multiplication rules of T, =T'(1) /T(6) =T'(1) /T (2)xT'(1)/T(3) =S, xT

S*=T°=(ST)’=ST°ST°ST*ST =1,  S°T =TS".
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Multiplication rules of T, =T'(1) /T(6) =T'(1) /T (2)xT'(1)/T(3) =S, xT

S*=T°=(ST)’=ST?ST°ST*ST°=1,  S°T =TS".

or
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Multiplication rules of T, =T'(1) /T(6) =T'(1) /T (2)xT'(1)/T(3) =S, xT

S*=T°=(ST)’=ST?ST°ST*ST°=1,  S°T =TS".

or

l
t

g=TST*S’T, b=T* ¢€=S°T%S, d=T°,
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Multiplication rules of T, =T'(1) /T(6) =T'(1) /T (2)xT'(1)/T(3) =S, xT

S*=T°=(ST)’=ST?ST°ST*ST°=1,  S°T =TS".

or

The two bases are fulfilled

§=TST*S’T, b=T* ¢€=S°T%S, d=T¢%
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T’ Ss
a b é d
19 1 wk 17 (1) (—1)"
29 az Wb, 20 | —1 (\}g fgl) ((1) _OJ
30 as bs - - -
Sy x T
a b ¢ d
17 =15 x 19 1 wk (—1)" (=1)"
2, =20 x 13 1, wF1, —3 (\}g ‘_@1) ((1) _01)
27 =15 x 29 as wF by (—1)"1, (—1)"1,
3" =175 x 3° as bs (—1)"1;5 (—1)"13
=2t | (g o) Lo (o) | -1, ) | (& %)
6 — 2, x 3° (as ®3) (bs ®3> _l( 13 \/3113) 13 03 )
03 as 03 bs 2\V31; —13 03 —13
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T’ Ss
a b é d
13 1 w" 1o (—1)" (=)
R B BTN
30 as bs . - -
Sy x T
a b c d
17 =15 x 19 1 wk (—1)" (=1)"
2, =20 x 13 1, wF1, —3 (\}g ‘_@1) ((1) _01)
27 =15 x 29 az wk b, (—1)"1, (—1)r1,
3" =15 x 3° as bs (—1)"13 (—1)"13
w=m | (o) e (o) | 0a ) | (6 )
o=z (2 o) ) (@w) | () (@ )
(-1 2 2) (1 0 0)
i (1 2 1 0 1
R O P 9
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These six modular forms e;(t) can be arranged into:

Y4(11) (r) =

Y
Y (01) — 1 _
25 (T) (YZ j

/361 (7) +€, (T)j

\ 3\/591 (Z')
/

—\/_e (7) +

3\/Ees (7)

~3e,(7) —e,(7)
J6 (e, (r)—e (7))

o0

—e.(r)++/3e, (f)
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These six modular forms e;(t) can be arranged into:

(1) _ Ylj _ 3e1 (T) + eZ (T)
3 ()= (Yz ( 3V2e,(r) )

A f 3\/563(7) )
i ~3e,(¢) - & (7)

=]y |5 J6(e,(r) - &,())
e ) —\/_e (f)+fe(f) \/_6(2')+\/_e (7)

The product of two modular forms of level N and weights k,
k' 1Is a modular form of level N and weight k+k’
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Modular form YT.(k)

k=1 Yy! Yy

k=2 VY, Yoy, Yo o Yo

— vO YD D v P v v

- VY VI Y Y

P Y RY JRY Y N N G R )

k=6 | YO, v yO y® v O yO YO 3O

0 » 1 1 055 0579 1
10 10 12 3Y2 3Y22 3

v O v y®

621> ~ 6112

Integral weight modular multiplets of level 6 up to weight 6
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The I'(6) is a normal subgroup of I'(2)
I'(2)/T(6)=T,=T'=(4,b|a* = (ab)* =b> =1,4°b =ba?)
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The I'(6) Is a normal subgroup of I'(2)
I'(2)/T(6)=T,=T'=(4,b|a* = (ab)* =b> =1,4°b =ba?)

Arrange into three doublets of T'

Y Y Y
Y@=, Y@= LE@=]
5 (7) (Yz 0 (7) v, i (7) Y.
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The I'(6) Is a normal subgroup of I'(2)
I'(2)/T(6)=T,=T'=(4,b|a* =(ab)* =b> =1,4°b =ba?)

Arrange into three doublets of T'

Y Y Y,
Y@= | Y@= LO@=] |
22 (T) (YZ ) 21 i ( ) Y4 21 1 ( ) Y6

The I'(6) Is a normal subgroup of I'(3)
I'(3)/T(6)=S,=(¢,d|e*=(cd)’=d?=1),
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The I'(6) Is a normal subgroup of I'(2)
I'(2)/T(6)=T,=T'=(4,b|a* =(ab)* =b> =1,4°b =ba?)

Arrange into three doublets of T'

Y Y
vO@ =] vem=]]

20ii

Y D7) = (

Ys
Y

6

J

The I'(6) Is a normal subgroup of I'(3)

I'(3)/T(6)=S,=(¢,d|e*=(cd)’=d?=1),

Arranged into two singlets and two doublets of S,

. . . Y
Y18 ,( ) (r) =Y., Ylg ,(,1 ) (7) =Y,, Yzo(il) (7) = (Ys

5

"(1)
j ’ Yzo i

(f)=£

Y,
Y

6

j.
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Summary of modular forms of level N = 6 up to weight 6 In
the irreducible multiplets of finite group T

Modular form Y}(k)

k=1 Yye (1), Yoo (7). Yyous(7)

k=2 Vig! Yigoo Yig» Yaoi» Yaouir Yaous

k=3 Yol Yaguo Yass Yavoir Yawur Yagou Yags» Yagoir Yo

k=4 Vie Yigs Yigia Yig - Yigs» Yigarr Yaor Yaous: Yaouia: Yaoiu Yavu: Yaous

k=5 | Yo Yoo Yaguior Yagowr Yats» Yatoir Yavuiir Yaior Yadu: Yavuwr Yagi Yagorr Yagoisr Yahowr Yaho

b6 | Vi Vi Yigae Yigo Yags Yaga Yigt o Yigoir Yiguer Yaor - Yaor Yaorsi Yaoir YaouYaous
Vyouir Yaooiiir Yaoie
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5. Model building and predictions
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5. Model building and predictions

( _ar+b
T_>7T_CT—|—d 0 b
- Withfy:(c d)
\ ¥ — (et +d) ™ pi(y) Y
LY (7) = Y(37) = (em +d)™ py (1) Y (7)
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5. Model building and predictions

( _ar+b
T%VT_CTM/- a b
@ with v = (c d)
\ ¥ = (em +d) i () s
Y(r) = Y(or) = (er + dfDpy () Y ()
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5. Model building and predictions

n {iy,...,in} S

Modular-invariant SUSY actions
= S: y: Z (I (1

in,S(T) Vi, "'w’in)l,s

N

f

N

\

at + b

T — T =
V; — (c7'+d)@

Y(1) = Y(y7)

CT—I—d/

i(7) i

(eT + d@py

‘-J

Y(t) are modular forms obeying {

ky
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Unbroken gCP: couplings

CP
W +—

S
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Unbroken gCP: couplings

CP
W +—

S

gV .. )1 < g (Y. )
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Unbroken gCP: couplings

w & W

gV, )y < g* (YO ... 9)

CP —
V(x) — YP(zp)

Y(r) &L ve(r)

In a symmetric basis: \

g(Y*t ...
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Unbroken gCP: couplings

w & W

gV, )y < g* (YO ... 9)

CP —
V(x) — YP(zp)

Y(r) &L ve(r)

In a symmetric basis: \

Lo<® |
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Using minimality as a guiding principle ... —__

No flavons are introduced,

Higgs multiplets transform trivially,

Lepton doublets transform as an 1‘"6 triplet or singlet+doublet
Lepton singlets transform as I"6 singlets, doublet or triplet

Lowest possible weights are chosen such that all

charged leptons are massive
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W Type I Type II Type III Type IV Type V
Fields
L triplet triplet triplet singlet4+doublet | singlet+doublet
E° three singlets | three singlets | singlet+doublet | singlet+doublet triplet
N¢ triplet singlet+doublet triplet — doublet

Table 2. The representation assignments of lepton matter fields L, E¢ and N¢ under the finite
modular group I'; in the five types of models.
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Model - ~T
_ oaes rgypEIT Type II Type III Type IV Type V
Fields

L C-YI E@B@tN Lu triplet triplet singlet+doublet | singlet+doublet
E° 9 E}%{%;egs'éu '%%%{_tf\ three singlets | singlet4+doublet | singlet+doublet triplet
N¢ 102 triplet | singlet+doublet triplet — doublet

Table 2. The representation assignments of lepton matter fields L, E¢ and N¢ under the finite
modular group I'; in the five types of models.
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W ngpEIT Type 11 Type III Type IV Type V
ields
L C-YM@'BIE]EN Lu triplet triplet singlet+doublet | singlet+doublet
E° ﬁlhuéége nbn}gr!\%ts three singlets | singlet+doublet | singlet+doublet triplet
N°¢ 1'0'; 'tr\fﬁl &t singlet+doublet triplet — doublet

Table 2. The representation assignments of lepton matter fields L, E¢ and N¢ under the finite
modular group I'; in the five types of models.
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Model - ~T
_ oA ngpEIT Type II Type III Type IV Type V
Fields

L C-YM@Blé’tN Lu triplet triplet singlet+doublet | singlet+doublet
E° ﬁ&u&é@ nbn}grlgts three singlets | singlet+doublet | singlet+doublet triplet
N°¢ 1'0'; triplet | singlet+doublet triplet — doublet

Table 2. The representation assignments of lepton matter fields L, E¢ and N¢ under the finite
modular group I'; in the five types of models.

L=(L,,Ls) E; Eg=(EzE;3) Hu, Hd

1) 21 17 2, 1

The superpotential
W=aE{LH, + L (YVE]), Hy +7(YOLES ), Hy

0

91 L (Y <5>|_) H,H +2912\(Y
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Lepton mass matrices

a 0 0 0 g ACVI AP
2
Vv
m, = ,BYZ(S y Y4(05,)4 d Y4(j)3 Var M, = 2;\ _lez(%)s,)z _2\/592Y3(°4,; 292Y3(°4,)2
(6) (5) (5)
BYay =YL v 0¥ 20,Y5  2J2g,Y
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Lepton mass matrices

a 0 0 0 _lez(éS,)z lez(éS,i
2
v
m, = ,BYZ(S y Y4(05,)4 d Y4(05t)3 Var M, = 2;\ _lez(%)S,)z _2\/592Y3(°4,)3 292Y3(°4,)2
(6) (5) (5)
AR A AR A ) 0¥ 20,Y5  2J2g,Y

Best fit values of the free parameters
R(r)=-0.329, I(r)=1.080, pSl/a=105.467, y/a=12.954,

|9,/9,|=0.816,  arg(g,/g,)=0.9587, gV’ /A=29.321meV.
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Lepton mass matrices

a 0 0 0 _lez(éS,)z lez(éS,i
2
v
m, = ,BYZ(S y Y4(05,)4 d Y4(05t)3 Var M, = 2;\ _lez(%)S,)z _2\/592Y3(°4,)3 292Y3(°4,)2
(6) (5) (5)
AR A AR A ) 0¥ 20,Y5  2J2g,Y

Best fit values of the free parameters
R(r)=-0.329, I(r)=1.080, pSl/a=105.467, y/a=12.954,

|9,/9,|=0.816,  arg(g,/g,)=0.9587, gV’ /A=29.321meV.

The minimum of ¥°
2 =2.871
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Lepton mass matrices

a 0 0 0 _lez(éS,)z lez(éS,i
2
v
m, = ,BYZ(S y Y4(05,)4 -7 Y4(05,)3 Var M, = ij _lez(%)s,)z _2\/592Y3(°4,)3 292Y3(°4,)2
(6) (5) (5)
BYay =YL v 0¥ 20,Y5  2J2g,Y

Best fit values of the free parameters
R(r) =-0.329, 3(r) =1.080, Pl a=105.467, vl a=12.954,

|9,/9,|=0.816,  arg(g,/g,)=0.9587, gV’ /A=29.321meV.

The minimum of °
2 =2.871
The predictions for various observable quantities
sin’ 6, =0.02217, sin’#, =0.304, sin®@,,=0.570, S, =1.347r,
a, =1.9427, a, =0.9537, m, =37.424meV, m, =38.399meV,
m, =62.588meV, > m =138.411meV,  m, =37.661meV,
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gCP = d,,0, R

Best fit values of the free parameters when gCP Is considered

R(r) =—-0.334, 3I{(7)=1.092, B la=105.717, vl a=12.696,
g,/9,=-0.810, g,v:/A=30.315meV.
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gCP = d,,0, R

Best fit values of the free parameters when gCP Is considered

R(r) =—-0.334, 3I{(7)=1.092, B la=105.717, vl a=12.696,
g,/9,=-0.810, g,v:/A=30.315meV.

The minimum of ¥°

y2 =2.914
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gCP = d,,0, R

Best fit values of the free parameters when gCP Is considered

R(r) =—-0.334, 3I{(7)=1.092, B la=105.717, vl a=12.696,
g,/9,=-0.810, g,v:/A=30.315meV.

The minimum of ¥°
y2 =2.914

The predictions for various observable quantities

sin” 6, =0.02216, sin®@, =0.304, sin”#,, =0.568, &, =1.347x,
ay =1.9547, o, =0.9527, m =38.275meV, m, =39.229meV,
m, =63.101meV, > m =140.604meV,  m , =38.557meV.
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Model building based on I'(2) modular
symmetry with finite modular group T’

u

_ 9 vo 92 v 93 v
)4% —ingi (LL)18 H,H, kaYOii (LL)18 H,H, +ﬁY12 (LL)lf H H

+§—/“\((LL)3? VD), HH, 2915\((|_|_)31 Vi) o+ SA((LL)?& Vi), HoHe

W =B (LY ), Ho + By (LY), Ha+ aBE (LYG), H,

3iii

A ((LES), Vi), Ha B ((LES), Y2 ) o+ [ (LES), Vi)

13
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5. Conclusions

A new route towards finite modular groups
IS proposed

Higher weight modular forms, up to weight 6

Five types of modular I"6flavour models

A modular invariant model for N'=2 and N'"'=6
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Backup
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Mass ordering
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d 1 1 d
EIogoc (=1/7) = 8(1——j+2—+—logalj(r)

T r dr

d d
d_rlog ; (7 +1) =d—z_|0g aiTj(r),
The modular functions
d :
Y (X, 4, 16,xz,_l,...,letﬁ);x?,,_l,...,x&(s|r)szi,jEIogai,j(r), wﬂthLj =0
1] ]

S

S :Y(X1,—1’"-’ Xig1 Ko 11K 61 X3 11 Xg 6 | 7) _>Y(X1,—1’-"’ Xig1 Ko 11Ky 61 X3 11 Xg 6 |-1/7)
2 : :

=7°Y (X1,01 X119 X161 X031 X320 Xg 51 Ko 40 K10 K500 X 13 Ko 61 K30 X 0 Xy 50 X5 40 X 15

X301 X3 11 X361 K131 X501 Xy 50 X 4y X3 | 7),

.
TV (X g X Xo gy Xo g1 X gseeXgg | T) Y (X gseens Xigr Ko g1eeXo i Xg 41nXgg | T+1)
= Y (Xl,—l’ X1,6’ Xl,O’ Xl,l’ X1,2’ X1,3’ X1,4’ X15’ X2,—1’ X2,6’ X2,0’ X2,1’ X2,2’ X2,3’ X2,4’ X2,5;

X3 11 X361 %301 X315 X303 X331 X3 41 X3 5 | 7),

2022 FREK: ZERSEEMIESIARSFC




Modular forms of weight 2 and Ievel 7

2 Y (z(cl —C3),0;2(c, —¢,), vy;2(c; - C,), -V, |T)
—Y(7 —Vo; 7,—Vo; 7,—V, | 7) .

242

-—Y(1+6c,,—2v,;1+6cC,,Vv,;1+6C,V,|T
Y(0,v,;0,v,;0,V, |7) 6 Y ? ° 3000 vVol7)
YO () = Y (0,v,;0,V,;0,V, |r) YO () - Y (0,v,;0,0;0,-v, | 7)
2\/—7z Y (0,v;;0,v;;0,v, |7) 8a Y (0,0;0,-v,;0,v, | 7)
Y(0,v,;0,v,;0,v, r) Y (0,-v;;0,v;;0,0|7)
Y (0,v,;0,v,;0,v, |r) Y (0,v,;0,-v,;0,0]7)
Y (0,v,;0,V,;0,V, |7) Y (0,0;0,v,;0,-v; | 7)
Y (0,-v4;0,0;0,v, | 7)
1
2Y(2(c —C,),—V,;2(c, —C,),0;2(c, —¢,), v, | 7)
_% (1+6C,, Vo;1+6C,,—2V,;1+6C,, V, | 7)
_ 6k 5k 4k 3k 2k k
Y (7) Y (0,-v,;0,v;;0,0] ) Vk =(11/0 P AP P P P )
sb \7)=

(

Y (0,v,;0,0;0,-v, | 7)
(0,0;0,~v,;0,v, | 7) 0=(0,0,0,0,0,0,0)
(0,0;0,v,;0,-v,|7)

( 7)

( )

0,-v.;0,0;0, v, |
0,v:;0,-v,;0,0|7

Y
Y
Y
Y

fERSEEMEISHRA O
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13 25 2], 3" 4y 6

1 0 bz 2 bs 3
T | (—1)wk | (0 1) (=1)"w" by | (=1)7bg | WM

Table 5. The representation matrices of the generators S and T for the twenty-one irreducible

2mi/3

representations of 'y in the chosen basis, where w = e ,7=20,1, £k = 0,1,2 and matrices as,

bz, az and bz are shown in eq. (A.5).
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17 @15 =17, 17 @2 = 2y, 17 ®27 =2}, 17 ®3° = 3¢,
1704 = 4y, 1726 =6, 2;,02; =15, ®1, B2y, 2;Q2] =4y,
2, 23" =6, 2;,24; =20 ¢2! ©4,,, 2,26=3°03"9s6,

2] 25 =10, &3", 2[/®©3°=24621625 2]®4; =2,56,

206 =49D4; D4y, 3" 23° =1 1i01io3]c3s,

3"®4; =49 D41 D 4o, 3"R6 =20D21 D22 D61 D62,

4;24; =13 01}, 02, ©3°303' @6,

4,6 =200202002 021 02 D4 D4, D42,
66=10011013015011013 020921 ©2:23303%03, 03, 065064,
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- Modular symmetry

Bottom-up approach

/ F(N) We will choose N & scan t

N - , For top-down, see e.g.:
Kobayashi et al., 1804.06644
Kobayashi, Tamba, 1811.11384

FN de Anda et al., 1812.05620

Baur et al., 1901.03251
Kariyazono et al., 1904.07546
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gl

E kmwn since la.',e 19805 S. Ferrara, D. Lust, A. D. Shapere and S. Theisen, Phys. Lett. B 225 (1989) 363.
S. Ferrara, .D. Lust and S. Theisen, Phys. Lett. B 233 (1989) 147.

focus on Yukawa interactions and N=1 global SUSY

5= [ dzd*0d°8 K(®,3) + / d*zd?0 w(®) + h.c. RS =(%)

Kahler p!g\trial, superpotential, holomorphic function of ®
kinetic terms Yukawa interactions

i
y w(®) — w(P)
S invariant if K(q),é) — K(@,é) 3 f(@) iR f(

&

. invariance of the Kahler potential easy to achieve. F

o)

K(®,9) = —hlog(—ir +i7) + Y _(—ir + i) ||’
I

. extension to N=1 SUGRA straightforward: ask invaria
2022 FRELK: SERSEEEMEICHTFHO



- transformation property under the modular group

o R k w3 unitary representat
filyr) = (er +d)°p(7)isf3(r) B et

- g-expansion 4

FreN)=f(r) mp D=3 g

1=0

- k<O f(7)=0
k=0 - f(T)= constant |
\\ finite-dimensional
k>0 i(::eegner') f@EM, (F(N)) linear space

. ring of modular forms generated by few elements

M(T(N)) = @Mzk(r N))
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2

Kinetic term of the modulus T |auf|
(—iT +iT)?
Modular transformation — g:s,ad — bc =

B numerator
(a@ur) (ct+d)— (at + b)(caﬂr) _(ad—=bc)o,t Oyt
(cT + d)? (et +d)?  (ct+d)?

|
6#"5 =

B denominator
_(at+b)(cT+d)—(aT+b)(ct+d) (ad—bc)(r—7T) t—-1

lcT + d|? lct+d|? et +d|?

I T—n"

2 2
Iaﬂr’l _ |a#T| -
(—it' + iT)2 - (—iT + iT)2 Modular invariant
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S4 modular symmetry and lepton masses and mixing FLASY2019

Guidelines for model building

Using minimality as a guiding principle... ﬁ
4 h‘
*

| /N

RGEs need to be considered, depend on tan B /

* SUSY-breaking corrections can be made ™

N

negligible via separation of scales (power counting

argument)

Feruglio and Criado, 1807.01125
\_ J

Jo3o Penedo




CP & T Violation

Under CPT invariance, CP- and T-violating asymmetries are identical:

P (1/0 — 1/_5> - P (17& — Fg) = P (ya — 1/_5> - P (1/_5 — ya)

Am2,L . Am: L . Am3,L
— 16‘7;605,}, sin Tg sin Tg sin T;

Comments: s CP / T violation cannot show up in the
neutrino oscillation experiments (o = );

% CP / T violation is a small flavor effect;

% CP / T violation in normal lepton-number-conserving
neutrino oscillations depends only upon the phase
of V; hence such oscillation experiments cannot tell us
whether neutrinos are or particles.

J =5ind,,c0s6,,5in8,,c050,,5IN 6, ,c05%6,.5inS <1/ 6+/3 ~ 9.6%
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2-flavor Approximation

Solar, reactor, atmospheric and accelerator v oscillation experiments:

Experiment Survival probability Oscillation factor

Solar

290,, = 4 2
P sin” 20, V. 1|‘ o2

KamLAND
U, =T,

sin 29 19 = 4|V, 1| ‘VFQ‘Z

Atmospheric
v, v,

)

( )

( )

K2k : (1 27Amg2l‘)
( )

)

sin” 205 = 4|V,u,3‘2 (1 - ‘V.U"“?)

Y v sin® 20, = 4“/;;,3‘2 (1 - ‘V;;a‘?)
T 1

MINOS
v, =V,

sin? 2055 = 4|V,u,3‘2 (1 - ‘Vﬂ"“?)

CHOOZ

g sin’20, =4V, s (1= Vi)

I/'B—>I/e

2022 K




If this is the case, ...

NA D2 A+26 +2v,

2.0 _:/\
i "-..
_15- 2\/2'3 kY
o ; %
~ h -
< - :
2
> 1.0- 1
T : '.
Y Ov2p
- ::. \ A
0.0-F T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
K./Q




1939: 0v2p decays

A 0v2p decay can happen if massive v's have the Majorana

nature (Wendell Furry 1939 0w 0\ =1 | O |—2 9
Initial e:ftate Y ) T1/2 - (G ) ’M ’ ‘<7n>e€‘
N(n, p) N(n, p) =—= Nn—-2,p+2)+2e N(n—2]p + 2)
My, . R\ )
Uy, e
0 O
Lepton number \ ‘\ - CP-conserving
- - \ e
violation mes) Wy exchang Ny process | ¢mm—
25000 \
S 20000 | \
= 2v2f3 e~
L,3:15000- b ckgrou d U Electron
:“‘{_ maad Ov2p Mass term
£ 5000 /.\ o

(M) el =

9
ZmiUei
i

o

04 0.6
(‘Eel + Eez)/Q

0 0.2

0.8 1




