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© Quantum Entanglement

e Entanglement Entropy in QFTs

© The Replica Trick and Black Holes

@ Einstein-Maxwell-Dilaton Theory



Quantum Entanglement
e Given a system in some (pure) state |¥) € H, p = |¥)(J|
@ Divided it into two sub-systems AU B, with H4 @ Hp = H

@ In general
) =Y eiliya® li)s. |has € Han
i’j

® cij = a;- by & A, B not entangled; otherwise QE happens



@ For non-entangled A, B
Zalb |i)a ® |j)B = |0)a @ |¥)B  separable states

[6)a = Zamm, W) =D bili)s

@ Measurements performed on A do not alter the state of B

. . 11
Oaliya = Nli)a, [p)a —2 a1]l)a

with probability |a1|?

1l
1) 4“5 ag|2) 4 with probability |az|?

T) = [p)4 @ [10) 5 2B 4;]i) 4 @ [1)) 5 with probability |a[?
7

unchanged

@ This is not the case for entangled subsystems
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e EPR 1% (Einstein, Podolsky, and Rosen, 1935)
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VOLUME 47

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

A. EINsTEIN, B. PoDOLSKY AND N. ROSEN, Institute for Advanced Study, Princeton, New Jersey
(Received March 25, 1935)

In a complete theory there is an element corr di

to each element of reality. A sufficient condition for the
reality of a physical quantity is the possibility of predicting
it with certainty, without disturbing the system. In
quantum mechanics in the case of two physical quantities
described by ing s, the & Tedge of
one precludes the knowledge of the other. Then either (1)
the description of reality given by the wave function in

quantum is not or (2) these two
quantities cannot have si reality. Consi ion
of the problem of making predictions concerning a system
on the basis of measurements made on another system that
had previously interacted with it leads to the result that if
(1) is false then (2) is also false. One is thus led to conclude
that the description of reality as given by a wave function
is not complete.




o Bohr Y& L T “HEAMNG3E”

OCTOBER 15, 1935 PHYSICAL REVIEW VOLUME 48

Can Quantum-Mechanical Description of Physical Reality be Considered Complete?

N. Bonr, Institute for Theoretical Physics, University, Copenhagen
(Received July 13, 1935)

It is shown that a certain “criterion of physical reality” formulated in a recent article with
the above title by A. Einstein, B. Podolsky and N. Rossn contains an essential ambiguity
when it is applied to quantum phenomena. In this connection a viewpoint termed ‘‘comple-
mentarity” is explained from which quantum-mechanical description of physical phenomena
would seem to fulfill, within its scope, all rational demands of completeness.

@ Not all physicists buy Bohr's arguments

PHYSICAL REVIEW VOLUME 8S,

NUMBER 2 JANUARY 15, 1952
A Suggested Interpretation of the Quantum Theory in Terms of “Hidden” Variables. I
Davip Bonw*

Palmer Physical Laboralory, Princelon University, Princeton, New Jersey
(Received July 5, 1951)
VoLUME 49, NUMBER 2 PHYSICAL REVIEW LETTERS 12 JuLy 1982

Experimental Realization of Einstein-Podolsky-Rosen- Bohm Gedankenexperiment:
A New Violation of Bell’s Inequalities

Alain Aspect, Philippe Grangier, and Gérard Roger
Institut d’Optique Théovigque et Appliquée, Labovatoive associé au Centre National de la Rechevche Scientifique,
Université Pavis Sud, F-91406 Orsay, France
(Received 30 December 1981}
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Entanglement Entropy in QFTs
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Y(r) = sin(wlog(z/e))
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@ In the limit L/e — oo, the eigenvalues become dense; the
eigenvalue density is defined by

d‘;;; ZaE Ey) = u(E ZGE Ey)

o Let By < B4 < E5 < ---, one has
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o #—#k#) CFT, (Calabrese and Cardy, arXiv:hep-th/0405152)
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o Tt —HH MU AMFAIE T4y BTZ iR, £ CFT, ¥%
& Sp (Caputa, Jejjala and Soltanpanahi, arXiv:1309.7852)

o BTZ+MR1a AU B, £ CFTy %93t 54 R % (Bai, Xu
and YHG, arXiv:1312.6374; cf. 4 8.1t 5 % & Headrick,
arXiv:1006.0047)
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o Subsystem A: consisting of field
B degrees of freedom located inside a
sphere S of radius R

o Subsystem B: {field degrees of
freedom outside S}

@ Results from numerical computation: for massless scalar with
d =3 and N = 60, Srednicki finds

S ~ 0.30e 2R?



@ Braunstein et. al. [arXiv:1110.1239] found similar numerical
results, using Rényi entropy for scalars in higher dimensions

o When d+1=5, S ~ (R/a)?
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o When d + 1 =10, S©@ ~ (R/a)®
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@ Is EE related to BHE?
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@ Why black holes are in mixed states, and their entropy obeys
the Bekenstein-Hawking area law?
e In gravitational systems, the region inside a black hole horizon
is inaccessible by outside observers; one never monitors the
“black part” of degrees of freedom

B

outside observer

0Vy
e For an outside observer the reduced density matrix pg = Tryp

may well describe a mixed state, even if the total system is in a
pure state, p = |U)(¥|
e The entanglement entropy Sp depends on properties shared by
A and B; if Sg is geometrical in nature, Sg ~ f(9Vy)
o Calculations in QFTs = Sp x dVy
e Callan and Wilczek (1994) suggested that entanglement
entropy is the first quantum correction to a thermodynamic

entropy of a black hole
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The Replica Trick and Black Holes

@ Ground states are obtainable by solving HVy = EgVU( (the
Hamiltonian or real time approach); alternatively, one may
invoke path-integral representation of ¥y

@ According to Feynman-Kac formula, (qy,t¢|q;,t;) is given by

, a(ty)=as ty
(qple™ 1 gy = N / [dq exp [ / dtL(q, q)}
q(ti)=q; t;

@ The ground state wave function Wo(qys,ty) is determined by
its initial value ¥(q;) at t =t;

Wo(gy,ty) = /in<Qf|€_i(tf_ti)H‘Qi>1/’0(Qi)

_ j\//dqmo(%') /qq(tf):qf[dq] exp [z /t;f dtL(q, Cﬁ]

(ti)=q

@ One may suppose interactions are adiabatically turn off when
Euclidean time it; — +o0



@ In such a limit, one can solve the free Schrodinger equation to
find the initial values of energy states

k‘2

1 /0)\? B =—

—— (=) vkla) = Exn(a) = { F 7 2m

2m \ Jg; igi-k
Y ~e

e Ground state: Ejy =0, ¢(g;) = const.
@ So Wo(qy,ts) allows a path integral representation (Euclidean
formulism)

, a(ty)=qy ty
Uo(qp,tf) =N /d%‘/( : [dq] exp (—/ dt£E>
q(—00)=¢q; —00

t
:N’/ [dq] exp <—/f dt,CE>
altf)=qy —00

@ For time-independent H, one may take t; = 0

i h
Wo(q) o /[dq] exp (—/dt £E> summing over paths q(t)

with ¢ <0 and ¢(0) = ¢



@ The density matrix p(q,q") = ¥i(q)Po(q’) is a product of two
integrals of this type, one may let the Euclidean time run from
0 to o0, respectively, in the two integrals

o Divide whole system into two sets, ¢ = {¢", ¢%}, with inside
dof ¢* (i € A) and outside dof ¢¢ (o € B); the reduced
density matrix is given by tracing out ¢*

) = [0 10500 W0(da) ()
@ Think of (1) as a functional integral over paths

(i), q2(), 0<t<oo
1= { (¢ (t),q2(1)), —o0<t<0

q/a (0—) — ng

pB(a4, ;) ZN/[dq(t)] exp <_/

—00

a(0t) = ¢ . :
with b.c. { 1 ( ) T qZ(O+) = q“(O‘) continious at t =0

o0

dt EE)



o Replacing ¢' — ¢(7), the reduced density matrix pp (¢l , ¢2)
in QFT is the path integral over fields defined on a singular
spacetime constructed from (AU B) x (RT UR™), by gluing
(A,07) and (A4,07), with b.c.

gb(fv 0_)|3?EB = (b}}—a d)(fv 0+)|56B = Qﬁ—

@ The trace Trp’; is the functional integral on the n-sheeted
manifold, which has a negative deficit angle 6 = 27 (1 —n)
along the surface 0A

@ According to the “replica trick”, entanglement entropy is
computed by

d
Sp = —Tr(pplogpp) = <_d + 1> log Trp'y
n n=1
= 2%1 +1)logZ
- do S P




The general expression for thermodynamic entropy reads

S=- <ﬁ<$6 - 1> Z(B), Z(B)=Tre PH

Compare to black hole entropy: For general 3, there is a 2D
conical curvature singularity at the horizon of deficit angle

0 = 27(By — B)/Lm; this singularity disappears at 3 = [y or,
equivalently, at § =0

d
= _— 1
SBH <27Td(5+ >10ng

6=0

So the Bekenstein-Hawking entropy and the entanglement
entropy in QFTs measure similar responses of the Euclidean
path integral to the introduction of a conical singularity

Spacetime geometries are different in the two approaches: EE
of QFT is computed in flat space, while BHE is calculated in
curved space



@ According to Callan and Wilczek (1994),

o "If the Bekenstein-Hawking and geometrical quantum
entropies are to be just different orders of approximation to the
same thing, the conical geometries must be exactly the same.”

o “We will achieve this by taking the large mass limit, in which
the Schwarzschild metric goes into Rindler space. In this limit,
curvatures go to zero, the area of the horizon goes to infinity
(so that the quantity of interest becomes entropy per unit
horizon area), and the two conical geometries match precisely”

e “Our theorem, then, is that the (appropriately defined)
geometric entropy of a free field in flat space is just the
quantum correction to the Bekenstein-Hawking entropy of
Rindler space. By introducing curvature in the space on which
the free field lives, we could compute the quantum correction
to the entropy of a finite mass black hole.”

@ However, “free fields” in curved spacetime are not actually
free; we will consider a coupled system

e N. Bai, X.-B. Xu and YHG, “One-Loop Divergences and
Conical Singularity Corrections of Quantized Maxwell-Dilaton
Theory”



Einstein-Maxwell-Dilaton Theory

@ EMD in 4-dim is obtainable from 5-dim gravitational theory
by dimensional reduction, thus its field content being

) 4d metric v
Gy re”? Ay U(1) gauge potential A
I€62UAM 620 1%
dilaton o

@ Euclidean action

1 1
I= / d*z\/g [R ~ 5(va)2 = € Fuw " — 2Ae™%

coupling constants:  ~, J, A

e Fixing g, as a classical background, consider quantum
fluctuations of “matter fields” around their classical
configurations

o—o+y, A,—A,+a,



@ 1-loop corrections to I[g,., ]:

d =5+ ¢, Py obeys the classical EOM
OI[P]

I[®] = I[®o] + / d*z 55) o(x)
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Ig[®] = I[®] + 3 log det[D] = I[®] + iTr log D
@ Heat kernel method: introducing the Schwinger proper time s

<88 + @y) K(z,2';5) =0, K(z,2';s) ~ <x|ei$b]azl)
s



@ Schwinger proper time representation

Ze*SAj = TreD = /d4x\/§K(:L',x; s)
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@ In general, for small proper time s (with by = 1, b; = bj;1)

= e (et s i bi(z,2')s
(471'5)”/2 = g\
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e UV divergence comes from contributions at s = €2 ~ 0; terms
with 7 > n/2 are UV regular, so in 4-dim the divergent terms
are indexed by 7 =0,1,2

1 1 _9 AIR
(AL)giv = ~ 3.3 <a06 4+ are “ + 2a9 logT
@ Applying to EMD theory
e Due to gauge invariance, the propagator D1 is ill-defined; one
has to fix gauge and add ghost degrees of freedom

1
Lgr = —567"(Vﬂa”)2, Lghost = ¢"'Oe
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AL = 1672(d — 4) 4 8 120 R 8 15 15 PR
54 3 1172 52 . 5y 3 2 2 4
+[ 3 +0v° + D 5 Ae "R+ 5 467" + (0 = 2)y" + 46
260 357 Y (=)o 2 179" ] 2y0 2
A2e™® L Ao - R
xae 2 | 17 702 T 32)¢

e (il D ey Ty ’72 oo 22 VA .
-2 F 1 (F)?2 = LR, P
+[ 32 +96] RE+ [384 125 ¢ ()= gp¢ Buwnn



@ Conical singularity
e 2-dim cone C,

dr? +r2de?, o~ p+2ra, a#1 = singularatr =0

e The identification ¢ <> ¢ + «a not only topological, but also
geometrical; this requires the existence of a 1-parameter
isometric group I', ¢ — ¢ + w, generated by a Killing vector

e The tip at 7 = 0 is the fixed point of this isometric group

@ n-dim manifold M, with conical singularity

e I, its fixed points form an (n — 2)-dim surface ¥
o r~0= M, ~ C, x X, and the metric is the product metric



o Writing z# = (u, ¢); Sommerfeld integral representation:

K, (u, v, — ¢ 5)

~ dw cot(ra W) Kyr(u, v, o — ¢ + w; s)
2c C

@ Proper time expansion coefficients a,, = an > + aq n
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e Taking X, to be a black hole solution in EMD theory, with
a = /B (Chan, Horne and Mann, gr-qc/9502042)
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