
Entanglement Entropy and Black Holes

Yi-hong Gao
p¶w

Institute of Theoretical Physics
nØÔn¤

ÜS 2014-4-15



1 Quantum Entanglement

2 Entanglement Entropy in QFTs

3 The Replica Trick and Black Holes

4 Einstein-Maxwell-Dilaton Theory



Quantum Entanglement

Given a system in some (pure) state |Ψ〉 ∈ H, ρ = |Ψ〉〈Ψ|
Divided it into two sub-systems A ∪B, with HA ⊗HB = H

A

B

A′

B′

In general

|Ψ〉 =
∑
i,j

cij |i〉A ⊗ |j〉B, |·〉A,B ∈ HA,B

cij ∼= ai · bj
def⇒ A,B not entangled; otherwise QE happens



For non-entangled A,B

|Ψ〉 =
∑
i,j

aibj |i〉A ⊗ |j〉B = |φ〉A ⊗ |ψ〉B separable states

|φ〉A ≡
∑

i

ai|i〉A, |ψ〉B ≡
∑

j

bj |j〉B

Measurements performed on A do not alter the state of B

OA|i〉A = λi|i〉A, |φ〉A
collapse−→ a1|1〉A with probability |a1|2

|φ〉A
collapse−→ a2|2〉A with probability |a2|2

...

|Ψ〉 = |φ〉A ⊗ |ψ〉B
collapse−→ ai|i〉A ⊗ |ψ〉B with probability |ai|2

↑
unchanged

This is not the case for entangled subsystems



þfÅ��µ| ↑↓ 〉 = 1√
2
(| ↑ 〉A ⊗ | ↓ 〉B − | ↓ 〉A ⊗ | ↑ 〉B)

cij =
1√
2

(
0 1
−1 0

)
, det cij =

1
2
⇒ cij 6= aibj

EPR �¸ (Einstein, Podolsky, and Rosen, 1935)

t →∞

| ↑↓ 〉 ÿþ� �íä
| ↑ 〉A | ↓ 〉B
| ↓ 〉A | ↑ 〉B

← “spooky action at a distance”→



Bohr �£AÄu/pÖ�n0

Not all physicists buy Bohr’s arguments



�^uïþ&E�Ø��

ρ =
∑

i

pi|ψi〉〈ψi|,
∑

i

pi = 1, 0 ≤ pi ≤ 1

S = −Tr(ρ log ρ) = −
∑

i

pi log pi

X� ρ = |ψ〉〈ψ| ⇒ S = 0

�AÇ·Ü� ρ =
1
N

N∑
i=1

|ψi〉〈ψi| ⇒ S = logN = Smax

Ú?�z�ÝÝ
 ρA = TrBρ ÚÅ�� SA = −ρATrρA

� A,B Øu)Å��§SA = SB = 0

|Ψ〉 = |φ〉A ⊗ |ψ〉B, ρ = |Ψ〉〈Ψ| = (|φA〉〈φA|)⊗ (|ψB〉〈ψB|)
ρA = (|φA〉〈φA|)

∑
j

(〈jB|ψB〉〈ψB|jB〉) = ‖|ψB〉‖2 · |φA〉〈φA|

�± ρA £ãfXÚ A �ÑX� ⇒ SA = 0

íØµe SA 6= 0§Kü�fXÚ�m7,kÅ�



Entanglement Entropy in QFTs

Å���"�~f

|Ψ〉 = | ↑↓ 〉 =
1√
2
(| ↑ 〉A ⊗ | ↓ 〉B − | ↓ 〉A ⊗ | ↑ 〉B)

ρA = TrBρ = 〈↑B |Ψ〉〈Ψ| ↑B〉+ 〈↓B |Ψ〉〈Ψ| ↓B〉

=
(
− 1√

2
| ↓A〉

)(
− 1√

2
〈↓A |

)
+
(

1√
2
| ↑A〉

)(
1√
2
〈↑A |

)
=

1
2

(| ↑A〉〈↑A |+ | ↓A〉〈↓A |) �AÇ·Ü�

⇒ SA = −TrρA log ρA = log 2 6= 0

��fó

H =
1

2m

N∑
i=1

p2
i +

m

2

N∑
i,j=1

qiKijqj

{
[qj , pk] = iδjk

[qj , qk] = [pj , pk] = 0

OTO = 1, K = OT diag(ω2
1, · · · , ω2

N )O



²�KC� q̃ = Oq, p̃ = OT p

H =
1

2m

N∑
i=1

p̃2
i +

m

2

N∑
i=1

ω2
i q̃

2
i

{
[q̃j , p̃k] = iδjk

[q̃j , q̃k] = [p̃j , p̃k] = 0

b½��XÚ?uÄ�

Ψ0(q1, · · · , qN ) =
N∏

j=1

[(mωj

π

)1/4
e−

mωjq̃2
j

2

]

=
(m
π

)N/4
(detK)1/8 exp

−m
2

N∑
i,j=1

qi(K1/2)ijq
j


�ÝÝ
�

ρ(q, q′) = 〈q|Ψ0〉〈Ψ0|q′〉 = Ψ0(q)Ψ∗
0(q

′)

r N ���f
©¤ü�fXÚ

A = {q1, · · · , qn} ≡ {q−}, B = {qn+1, · · · , qN} ≡ {q+}




©���ªÇ Ω ≡ K1/2
!Å¼êÚ�ÝÝ


Ω =
(
W−− W T

+−
W+− W++

)
qTK1/2q = qT

−W−−q− + qT
+W++q+ + 2qT

+W+−q−

Ψ0 ∝ exp
[
−m

2
(
qT
−W−−q− + qT

+W++q+ + 2qT
+W+−q−

)]
ρ(q, q′) = Ψ0(q+, q−)Ψ0(q′+, q

′
−)

�z�ÝÝ
 ρB = TrBρ 5géfXÚ A �gdÝ¦,

ρB(q+, q′+) =
∫
dnq− Ψ0(q+, q−)Ψ0(q′+, q−)

∝ exp
[
−m

2
(
qT
+W++q+ + q′T+ W++q

′
+

)]
×

∫
dnq− exp

{
−m

[
qT
−W−−q− + (qT

+ + q′T+ )W+−q−
]}

¦)���§
∫
dq′+ρB(q+, q′+)ϕn(q′+) = pnϕn(q+)



Å�� SB = −
∑

n pn log pn �L�ª

SB = Tr
[

log
1− Λ/2 +

√
1− Λ

1− Λ +
√

1− Λ
−

Λ log Λ
2−Λ+2

√
1−Λ

2(1− Λ +
√

1− Λ)

]
Λ = (W++)−1/2W+−(W−−)−1W−+(W++)−1/2

X½Â Υ = Λ(1− Λ)−1 = −(Ω−1)+−Ω−+

SB = Tr

[
log

√
Υ
2

+
√

1 + Υ log

(
1√
Υ

+

√
1 +

1
Υ

)]
gdIþ|=ëY©Ù���fó

H =
1
2

∫
dd~x

[
−
(

δ

δϕ(~x)

)2

+ (∇ϕ(~x))2 +m2ϕ(~x)2
]

≡ −1
2

∫
dd~x

(
δ

δϕ(~x)

)2

+
1
2

∫
dd~xdd~yϕ(~x)K(~x, ~y)ϕ(~y)

K(~x, ~y) =
(
−∆Rd +m2

)
δd(~x− ~y)



Ä�Å¼ê

Ψ0[ϕ(~x)] = N exp
[
−1

2

∫
dd~xdd~y ϕ(~x)Ω(~x, ~y)ϕ(~y)

]
∫
dd~zΩ(~x, ~z)Ω(~z, ~y) =

(
−∆Rd +m2

)
δd(~x− ~y)

= 〈~x|
(
−∆Rd +m2

)
|~y〉

Ω̂2 = −∆Rd +m2 ⇒ Ω(~x, ~y) =
〈
~x
∣∣∣√−∆ +m2

∣∣∣ ~y〉
9ØL« (Re(s) > 0)〈
~x|e−τ(−∆+m2)|~y

〉
=

1
(4πτ)d/2

e−m2τ− (~x−~y)2

4τ

〈
~x
∣∣∣(−∆ +m2

)−s
∣∣∣ ~y〉 =

1
Γ(s)

∫ ∞

0
dττ s−1

〈
~x
∣∣∣e−τ(−∆+m2)

∣∣∣ ~y〉
=

21−s

(2π)d/2Γ(s)

(
m

|~x− ~y|

) d
2
−s

K d
2
−s(m|~x− ~y|)



)Ûòÿ� s = −1/2

Ω(~x, ~y) = −2
(

m

2π|~x− ~y|

) d+1
2

K d+1
2

(m|~x− ~y|)

Ω−1(~x, ~y) =
1
π

(
m

2π|~x− ~y|

) d−1
2

K d−1
2

(m|~x− ~y|)

ò�m
©�ü�«� Rd = V+ ∪ V−, ~x± ∈ V±§��XÚ
©)¤ V− ¥|gdÝ�N A 9 V+ ¥|gdÝ�N B

3ý��ÝÝ
 ρ ¥é A �,=��z�ÝÝ
 ρB¶O�

Ù���?
�� SB

�X��f�/§Å���^e�/Ý
0L�

Υ(~x+, ~y+) = −
∫

[d~x−]Ω−1(~x+, ~x−)Ω(~x−, ~y+)

=
md

2d−1πd+1

∫
[d~x−]

K d−1
2

(m|~x+ − ~x−|)K d+1
2

(m|~x− − ~y+|)

|~x+ − ~x−|
d−1
2 |~x− − ~y+|

d+1
2



"�þ4� m→ 0

Υ(~x+, ~y+) =


Γ(d+1

2 )Γ(d−1
2 )

2πd+1

∫
[d~x−]

|~x+ − ~x−|d−1|~x− − ~y+|d+1

− 1
π2

∫
dx−

log(x+ − x−)
(x− − y+)2

, d = 1

± (1 + 1)-�nØ�~µò x ∈ R ©)¤ x− < 0 Ú x+ > 0
üÜ©§�Ä���¯K∫ ∞

0
dy+Υ(x+, y+)ψ(y+) = Eψ(x+)

⇒ − 1
π2

∫ ∞

0
dy+

∫ 0

−∞
dx−

log(x+ − x−)
(x− − y+)2

ψ(y+) = Eψ(x+)

⇒ −
∫ ∞

0
dy+

∫ ∞

0
dz+

log(x+ + z+)
π2(y+ + z+)2

ψ(y+) = Eψ(x+)

��È©�Ñ E = E(ω) ≡ 1/ sinh2(πω)

ψ(x) = C+ exp (iω log x) + C− exp (−iω log x)



b	�ä x = ε ?� Dirichlet >.^�

ψ(x) = sin(ω log(x/ε))

ÏLÚ?ù	�ä L òÌlÑz

ψ(L) = 0 ⇒ ω = ω(En) =
nπ

log(L/ε)

In the limit L/ε→∞, the eigenvalues become dense; the
eigenvalue density is defined by

dµ(E)
dE

=
∑

k

δ(E − Ek) ⇒ µ(E) =
∑

k

θ(E − Ek)

Let E0 < E1 < E2 < · · · , one has

µ(En) =
∑
k<n

θ(En − Ek) = n =
log(L/ε)

π
ω(En)

⇒ µ(E) ≈ log(L/ε)
π

ω(E) ⇒ µ′(E) =
ω′(E)
π

log(L/ε)



é���Ek ¦,:

Trf(Υ) =
∑

k

f(Ek) =
∫
dE

dµ(E)
dµ

f(E)

=
log(L/ε)

π

∫
dEω′(E)f(E) =

log(L/ε)
π

∫
dωf(E(ω))

y�

f(E) = log
√
E

2
+
√
E + 1 log

(
1√
E

+

√
1 +

1
E

)
;

log
√
E

2
= − log(2 sinhπω) = −πω − log(1− e−2πω)

√
E + 1 = 1 +

2
e2πω − 1

, log

(
1√
E

+

√
1 +

1
E

)
= πω



�ª���Å��

SB =
log(L/ε)

π

∫ ∞

0
dω

[
2πω

e2πω − 1
− log(1− e−2πω)

]
=

log(L/ε)
π

[
2π · 1

24
−
(
− π

12

)]
=

1
6

log(L/ε)

���� CFT2 (Calabrese and Cardy, arXiv:hep-th/0405152)

SB =
c

3
log
[
L

πε
sin
(
π`

L

)]
, ` = |B|

�?�Ú�ÄCÀ.4�e� BTZ çÉ§3 CFT2 ¥�

Ñ SB (Caputa, Jejjala and Soltanpanahi, arXiv:1309.7852)

BTZ+V«m A ∪B§ù	 CFT2 �O�(J�(Bai, Xu
and YHG, arXiv:1312.6374¶cf. �EO�(J Headrick,
arXiv:1006.0047)

IA:B =
c

6

[
log

L2

`(2L+ `)
+ log

sinh2 L

sinh(2L+ `) sinh `

]
, L� `



p����~µfXÚ A,B U¥S!¥	�|gdÝy©

R
B

A

Subsystem A: consisting of field
degrees of freedom located inside a
sphere S of radius R

Subsystem B: {field degrees of
freedom outside S}

Results from numerical computation: for massless scalar with
d = 3 and N = 60, Srednicki finds

S ≈ 0.30ε−2R2



Braunstein et. al. [arXiv:1110.1239] found similar numerical
results, using Rényi entropy for scalars in higher dimensions

When d+ 1 = 5, S(q) ∼ (R/a)3



When d+ 1 = 10, S(q) ∼ (R/a)8

Is EE related to BHE?



Why black holes are in mixed states, and their entropy obeys
the Bekenstein-Hawking area law?

In gravitational systems, the region inside a black hole horizon
is inaccessible by outside observers; one never monitors the
“black part” of degrees of freedom

A

∂Vd

B

outside observer

For an outside observer the reduced density matrix ρB = TrAρ
may well describe a mixed state, even if the total system is in a
pure state, ρ = |Ψ〉〈Ψ|
The entanglement entropy SB depends on properties shared by
A and B; if SB is geometrical in nature, SB ∼ f(∂Vd)
Calculations in QFTs ⇒ SB ∝ ∂Vd

Callan and Wilczek (1994) suggested that entanglement
entropy is the first quantum correction to a thermodynamic
entropy of a black hole



��éugd|§Äþ�m¥ÃÅ�

�â |~k| < Λ 9 |~k| > Λ§òÄþ�m�|gdÝ φ(~k) ©¤
ü| A,B
��XÚ�Ä�Å¼ê

Ψ0 ∼ exp
[
−1

2

∫
dd~kφ(~k)

√
~k2 +m2φ(~k)

]

∼

⊗
|~k|<Λ

exp
[
−1

2
φ(~k)

√
~k2 +m2φ(~k)

]
⊗ ⊗

|~k|>Λ

exp
[
−1

2
φ(~k)

√
~k2 +m2φ(~k)

]
∼ ΨA ⊗ΨB

é ρ �­�ª�,§�z�E�X�

ρA ∼ const.× ρA, ρA = |ΨA〉〈ΨA|

÷X­�z6Ø�)Å��



The Replica Trick and Black Holes

Ground states are obtainable by solving HΨ0 = E0Ψ0 (the
Hamiltonian or real time approach); alternatively, one may
invoke path-integral representation of Ψ0

According to Feynman-Kac formula, 〈qf , tf |qi, ti〉 is given by

〈qf |e−i(tf−ti)H |qi〉 = N
∫ q(tf )=qf

q(ti)=qi

[dq] exp
[
i

∫ tf

ti

dtL(q, q̇)
]

The ground state wave function Ψ0(qf , tf ) is determined by
its initial value ψ0(qi) at t = ti

Ψ0(qf , tf ) =
∫
dqi〈qf |e−i(tf−ti)H |qi〉ψ0(qi)

= N
∫
dqiψ0(qi)

∫ q(tf )=qf

q(ti)=qi

[dq] exp
[
i

∫ tf

ti

dtL(q, q̇)
]

One may suppose interactions are adiabatically turn off when
Euclidean time iti → ±∞



In such a limit, one can solve the free Schrödinger equation to
find the initial values of energy states

− 1
2m

(
∂

∂qi

)2

ψk(qi) = Ekψk(qi) ⇒

 Ek =
k2

2m
ψk ∼ eiqi·k

Ground state: Ek = 0, ψ0(qi) = const.
So Ψ0(qf , tf ) allows a path integral representation (Euclidean
formulism)

Ψ0(qf , tf ) = N ′
∫
dqi

∫ q(tf )=qf

q(−∞)=qi

[dq] exp
(
−
∫ tf

−∞
dtLE

)
= N ′

∫
q(tf )=qf

[dq] exp
(
−
∫ tf

−∞
dtLE

)
For time-independent H, one may take tf = 0

Ψ0(q) ∝
∫

[dq] exp
(
−
∫
dtLE

)
summing over paths q(t)

with t ≤ 0 and q(0) = q



The density matrix ρ(q, q′) = Ψ∗
0(q)Ψ0(q′) is a product of two

integrals of this type, one may let the Euclidean time run from
0 to ±∞, respectively, in the two integrals

Divide whole system into two sets, q = {qi
−, q

α
+}, with inside

dof qi
− (i ∈ A) and outside dof qα

+ (α ∈ B); the reduced
density matrix is given by tracing out qi

−

ρB(q+, q′+) =
∫

[dq−]Ψ∗
0(q+, q−)Ψ0(q′+, q−) (1)

Think of (1) as a functional integral over paths

q(t) =

{
(qi
−(t), qα

+(t)), 0 ≤ t <∞
(q′i−(t), q′α+ (t)), −∞ < t ≤ 0

with b.c.

{
qα(0+) = qα

+

q′α(0−) = q′α+
qi(0+) = q′i(0−) continious at t = 0

ρB(q+, q′+) = N
∫

[dq(t)] exp
(
−
∫ ∞

−∞
dtLE

)



Replacing qi → φ(~x), the reduced density matrix ρB(φ1
+, φ

2
+)

in QFT is the path integral over fields defined on a singular
spacetime constructed from (A ∪B)× (R+ ∪ R−), by gluing
(A, 0−) and (A, 0+), with b.c.

φ(~x, 0−)|~x∈B = φ1
+, φ(~x, 0+)|~x∈B = φ2

+

The trace Trρn
B is the functional integral on the n-sheeted

manifold, which has a negative deficit angle δ = 2π(1− n)
along the surface ∂A

According to the “replica trick”, entanglement entropy is
computed by

SB = −Tr(ρB log ρB) =
(
− d

dn
+ 1
)

log Trρn
B

∣∣∣∣
n=1

=
(

2π
d

dδ
+ 1
)

logZδ

∣∣∣∣
δ=0



The general expression for thermodynamic entropy reads

S = −
(
β
∂

∂β
− 1
)
Z(β), Z(β) = Tre−βH

Compare to black hole entropy: For general β, there is a 2D
conical curvature singularity at the horizon of deficit angle
δ = 2π(βH − β)/βH ; this singularity disappears at β = βH or,
equivalently, at δ = 0

SBH =
(

2π
d

dδ
+ 1
)

logZδ

∣∣∣∣
δ=0

So the Bekenstein-Hawking entropy and the entanglement
entropy in QFTs measure similar responses of the Euclidean
path integral to the introduction of a conical singularity

Spacetime geometries are different in the two approaches: EE
of QFT is computed in flat space, while BHE is calculated in
curved space



According to Callan and Wilczek (1994),

“If the Bekenstein-Hawking and geometrical quantum
entropies are to be just different orders of approximation to the
same thing, the conical geometries must be exactly the same.”
“We will achieve this by taking the large mass limit, in which
the Schwarzschild metric goes into Rindler space. In this limit,
curvatures go to zero, the area of the horizon goes to infinity
(so that the quantity of interest becomes entropy per unit
horizon area), and the two conical geometries match precisely”
“Our theorem, then, is that the (appropriately defined)
geometric entropy of a free field in flat space is just the
quantum correction to the Bekenstein-Hawking entropy of
Rindler space. By introducing curvature in the space on which
the free field lives, we could compute the quantum correction
to the entropy of a finite mass black hole.”

However, “free fields” in curved spacetime are not actually
free; we will consider a coupled system

N. Bai, X.-B. Xu and YHG, /One-Loop Divergences and
Conical Singularity Corrections of Quantized Maxwell-Dilaton
Theory0



Einstein-Maxwell-Dilaton Theory

EMD in 4-dim is obtainable from 5-dim gravitational theory
by dimensional reduction, thus its field content being

(
gµν κe2σAµ

κe2σAµ e2σ

) 4d metric gµν

U(1) gauge potential Aµ

dilaton σ

Euclidean action

I =
∫
d4x

√
g

[
R− 1

2
(∇σ)2 − 1

4
eγσFµνF

µν − 2Λe−δσ

]
coupling constants: γ, δ, Λ

Fixing gµν as a classical background, consider quantum
fluctuations of “matter fields” around their classical
configurations

σ → σ + ϕ, Aµ → Aµ + aµ



1-loop corrections to I[gµν ,Φ]:

Φ = Φ0 + φ, Φ0 obeys the classical EOM

I[Φ] = I[Φ0] +
∫
d4x

δI[Φ]
δΦ(x)

∣∣∣∣
Φ0

φ(x)

+
1
2

∫
d4xd4x′

δ2I[Φ]
δΦ(x)δΦ(x′)

∣∣∣∣
Φ0

φ(x)φ(x′) + · · ·

≈ I[Φ0] +
∫
d4xφ(x)D̂[gµν ,Φ0]xφ(x)

e−Ieff [Φ0] =
∫

[dφ]e−I[Φ0+φ] ≈ e−I[Φ0] det[D̂]−1/2

Ieff [Φ] = I[Φ] +
1
2

log det[D̂] = I[Φ] +
1
2
Tr log D̂

Heat kernel method: introducing the Schwinger proper time s(
∂

∂s
+ D̂x′

)
K(x, x′; s) = 0, K(x, x′; s) ∼ 〈x|e−sD̂|x′〉



Schwinger proper time representation∑
j

e−sλj = Tre−sD̂ =
∫
d4x

√
gK(x, x; s)

∑
j

log λj ∼ −
∑

j

∫ ∞

0

ds

s
e−sλj

∆I = −1
2

∫ ∞

0

ds

s

∫
d4x

√
gK(x, x; s)

∆L = −1
2

∫ ∞

0

ds

s
K(x, x; s)

If D̂ = −∆Rn +m2

K(x, x′; s) =
1

(4πs)n/2
exp

(
−(x− x′)2

4s
−m2s

)
In general, for small proper time s (with b0 = 1, bj ⇒ bj+1)

K(x, x′; s) ∼ 1
(4πs)n/2

e−
(x−x′)2

4s
−m2s

∞∑
j=0

bj(x, x′)sj



UV divergence comes from contributions at s = ε2 ≈ 0; terms
with j > n/2 are UV regular, so in 4-dim the divergent terms
are indexed by j = 0, 1, 2

(∆L)div = − 1
32π2

(
1
2
a0ε

−4 + a1ε
−2 + 2a2 log

ΛIR

ε

)
Applying to EMD theory

Due to gauge invariance, the propagator D̂−1 is ill-defined; one
has to fix gauge and add ghost degrees of freedom

Lgf = −1
2
eγσ(∇µa

µ)2, Lghost = c∗�c

∆L =

√
g

16π2(d− 4)
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8
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R2 +
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3γ4
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24
+

2
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�
R2

µν

+

�
5γ4

8
+ δγ3 +

11γ2

12
− δ2

6

�
Λe−δσR +

�
− 5γ4

2
− 4δγ3 + (δ2 − 2)γ2 + δ4

�

×Λ2e−2δσ +

�
− 3δγ3

32
+

γ4

2

�
Λe(δ−γ)σF 2 +

�
− 17γ4

192
− γ2

32

�
e2γσF 2

+

�
− 5γ4

32
+

γ2

96

�
eγδRF 2 +

�
7γ4

384
− γ2

128

�
e2γσ(F 2)2 − γ2

24
eγδRµνρλF µνF ρλ

�



Conical singularity

2-dim cone Cα

dr2 + r2dϕ2, ϕ ∼ ϕ+ 2πα, α 6= 1 ⇒ singular at r = 0

The identification ϕ↔ ϕ+ α not only topological, but also
geometrical; this requires the existence of a 1-parameter
isometric group Γ, ϕ→ ϕ+ ω, generated by a Killing vector
The tip at r = 0 is the fixed point of this isometric group

n-dim manifold Mα with conical singularity

∃Γ, its fixed points form an (n− 2)-dim surface Σ
r ≈ 0 ⇒Mα ≈ Cα × Σ, and the metric is the product metric



Writing xµ = (u, ϕ); Sommerfeld integral representation:

KMα(u, u′, ϕ− ϕ′; s)

∼ i

2α

∫
C
dω cot(πα−1ω)KM (u, u′, ϕ− ϕ′ + ω; s)

Proper time expansion coefficients an = areg
n + aα,n

aα,0 = 0

aα,1 =
π

3
(1− α)(1 + α)

α

∫
Σ

1

aα,2 =
π

3
(1− α)(1 + α)

α

∫
Σ

[(
γ2 − 1

6

)
R

+ (4Λγ(δ − γ)− 2Λδ2)e−δσ − 1
2
γ2eγσF 2

]
π

180
(1− α)(1 + α)(1 + α2)

α3

×
∫

Σ

(
Rµνn

µ
i n

ν
j − 2Rµνρλn

µ
i n

ν
jn

ρ
in

λ
j

)



Taking Σα to be a black hole solution in EMD theory, with
α = β/βH (Chan, Horne and Mann, gr-qc/9502042)

ds2 = β2g(r)dϕ2 +
dr2

g(r)

Å��
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