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Beyond Einstein Theories of  Gravity

Type I: UV Modifications:  
eg. Quantum Gravity, string theory, extra 

dimensions, branes, supergravity
At energies well below the scale of new physics     , 

gravitational effects are well incorporated 
in the language of Effective Field Theories

Addition of Higher Dimension, (generally higher derivative operators), no 
failure of well-posedness/ghosts etc as all such operators should be treated 

perturbatively (rules of EFT)
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Why modify gravity (in the IR)?
Principle Motivation is Cosmological:

  
Dark Energy and Cosmological Constant

I: Old cosmological constant problem: 

Why is the universe not accelerating at a gigantic rate 
determined by the vacuum energy?

II: New cosmological constant problem: 

Assuming I is solved, what gives rise to the remaining vacuum 
energy or dark energy which leads to the acceleration we 

observe?

Type 2: IR Modifications:  



III: Because it allows us to put better constraints on Einstein 
gravity!

Why modify gravity (in the IR)?

D. Psaltis, Living Reviews

Probes and Tests of Strong-Field Gravity with Observations in the Electromagnetic Spectrum 11
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Figure 1: A parameter space for quantifying the strength of a gravitational field. The x-axis measures the
potential ✏ ⌘ GM/rc2 and the y-axis measures the spacetime curvature ⇠ ⌘ GM/r3c2 of the gravitational
field at a radius r away from a central object of mass M . These two parameters provide two di↵erent
quantitative measures of the strength of the gravitational fields. The various curves, points, and legends
are described in the text.

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2008-9

Potential

Curvature

e.g.  Weinberg’s nonlinear Quantum Mechanics- 
constructing to test linearity of QM

Gravity has only been tested over 
special ranges of scales and 
curvatures



Guiding Principle
Theorem: General Relativity is the 
Unique local and Lorentz invariant 
theory describing an interacting single 
massless spin two particle that couples 
to matter

Locality

Massless

Single Spin 2

Lorentz Invariant?

Weinberg, Deser, Wald, Feynman, ….. 

….GR is leading term  
in effective QFT ….



Guiding Principle
Corollary: Any theory which preserves Lorentz invariance 

and Locality leads to new degrees of freedom!

Locality

Massless

Single Spin 2

Lorentz Invariant?



Theoretical Aspects of Massive Gravity



Massive Gravity: Hard or Soft?

A generic local, Lorentz invariant theory at the linearized level 
gives the following interaction between two stress energies

Hard

Soft

Soft Massive Graviton is a resonance 
Hard Massive Graviton is a pole (infinite lifetime)
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Soft Massive Gravity: DGP Model
Soft Massive Gravity theories were constructed first! 

Naturally arise in Braneworld Models: DGP, 
Cascading Gravity: Soft Massive Graviton is a 

Resonance State localized on Brane

Soft
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What does HARD massive gravity 
mean?

In SM, Electroweak symmetry       
is spontaneously broken by the VEV of the Higgs field

SU(2)⇥ U(1)Y ! U(1)EM

Result, W and Z bosons become massive
Would-be-Goldstone-mode in Higgs field  becomes 

Stuckelberg field which gives boson mass

e.g. for Abelian Higgs
� = (v + ⇢)ei⇡

Aµ ! Aµ + @µ�

Higgs Vev Higgs Boson Stuckelberg field

⇡ ! ⇡ + �



Symmetry Breaking Pattern
In Massive Gravity - Local Diffeomorphism Group and an 
additional global Poincare group is broken down the diagonal 

subgroup

In Bigravity - Two copies of local Diffeomorphism Group are 
broken down to a single copy of Diff group 

Diff(M)⇥Diff(M) ! Diff(M)diagonal

Diff(M)⇥ Poincare ! Poincarediagonal



Higgs for Gravity

� = (v + ⇢)ei⇡

Despite much blood, sweat and tears an explicit 
Higgs mechanism for gravity is not known

For Abelian Higgs this corresponds to integrating out the Higgs boson and 
working at energy scales lower that the mass of the Higgs boson

However if such a mechanism exists, we DO know how to write 
down the low energy effective theory in the spontaneously broken 

phase

E ⌧ m⇢

Stuckelberg formulation of massive vector bosons

Stuckelberg fieldHiggs Boson



Stuckelberg Formulation  
for Massive Gravity

Diffeomorphism invariance is spontaneously broken but 
maintained by introducing Stueckelberg fields

Vev of spin 2 Higgs field
defines a ‘reference metric’
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helicity-0 mode of graviton

helicity-1 mode of graviton
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Dynamical Metric

de Rham, Gabadadze 2009
Arkani-Hamed et al 2002 



Fasiello, AJT 1308.1647

Diff(M)⇥Diff(M) ! Diff(M)diagonal

Bigravity breaks the same amount of symmetry as 
massive gravity, need to introduce same number of 
Stuckelberg fields
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B
Dynamical metric I Dynamical metric II

gµ⌫(x)

Stuckelberg Formulation for Bigravity
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But there are two ways to introduce Stuckelberg fields!

OR
Dynamical metric I Dynamical metric II

Fµ⌫ = fAB(�)@µ�
A@⌫�

B
Dynamical metric I Dynamical metric II

gµ⌫(x)

x̃A = �A(x) = xA + @A⇡(x)
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Fasiello, AJT 1308.1647

xµ = Zµ(x̃) = x̃µ + @µ⇡̃(x̃)
Galileon 
Duality!!!!!

=



Discovering how to  
square root

Helicity zero mode enters reference metric squared
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To extract dominant helicity zero interactions we need 
to take a square root
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Hard          Massive Gravity
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5 propagating degrees of freedom
5 polarizations of gravitational waves!!!!
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Double epsilon structure!!!!!



Hard Massless plus        Massive Gravity

Bigravity=
massless graviton (2 d.o.f.)
+ massive graviton (5 d.o.f.)

decoupling 
limit

Mf ! 1
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The original (post Einstein) modified 
theory of  gravity: 
Kaluza-Klein theory 

5 Dimensional Gravity compactified 
on a circle 

5D massless graviton =  4D massless 
graviton + 4D  massless photon + 4D 
massless scalar +   N 4D massive 
gravitons

Consistent UV modification at KK 
scale m= 1/R



Kaluza-Klein = theory of  
massive gravitons

ds2 = dy2 + [⌘µ⌫ + hµ⌫(x, y)]dx
µdx⌫

y 2 [0, L]

hµ⌫(x, y) =
1X

n=�1
e2⇡iny/Lhµ⌫,n(x)

Kaluza-Klein tower of massive graviton states 
with wavefunctions hµ⌫,n(x)

Finite number of weakly coupled gravitons N ⇠ MplanckL
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Gravitational 
Deconstruction

ds2 = dy2 + [⌘µ⌫ + hµ⌫(x, y)]dx
µdx⌫

Now replace the continuous extra dimension by a lattice

yk = k
L

N @yhµ⌫(x, yk) =
N

L
(hµ⌫(x, yk+1)� hµ⌫(x, yk))

Gives a theory of N massive and one massless graviton

k = 0 . . . N

This picture of the discrete Fourier transform of the KK picture

Arkani-Hamed, Cohen, Georgi 2001
Arkani-Hamed, Schwartz 2004
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de Rham, Matas, AJT 2013



Gravitational Deconstruction
All of this may be performed at the non-linear level, easiest in 

Einstein-Cartan (vielbein formalism)

5D GR

4D multigravity - Ghost free
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allowed ghost free mass terms
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Universal Decoupling Limit: Galileon
At energies m ⌧ E ⌧ MPLanck

All Lorentz invariant Hard and Soft and Multi-graviton theories 
look like Galileon theories  (plus massless spin 2 plus Maxwell)
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and perform the scaling or decoupling limit,

Mp → ∞ , Mf → ∞ , m → 0 (4.6)

while keeping

Λ3 = (m2Mp)
1
3 → constant and Mp/Mf constant . (4.7)

In addition, the scaling is done such that the β̂n are kept constant where βn = M2
p β̂n.

The resulting action in the Λ3 decoupling limit can be split into two contributions

lim
Mp→∞ ,Λ3 constant

Sbigravity = Shelicity−2/0 + Shelicity−1/0 (4.8)

where Shelicity−1/0 contains only interactions between the helicity-1 and helicity-0 de-
grees of freedom [76]5:
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where Êαβ
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The fact that we have performed the coordinate transformation in only the last term
might seem strange, however it is allowed because the integration variable is a dummy
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where Z(x) is a monotonic function satisfying Z(±∞) = ±∞.
To elucidate the meaning of this remember that the diff Stückelberg fields are

defined in the decoupling limit as Φa(x) = xa + Λ−3
3 ∂bπ(x), thus the relation (4.17) is

Za(Φb(x)) = xa , (4.19)

in other words the function Za is the inverse function, i.e. inverse coordinate transfor-
mation to Φa. The function Φa provides a map from the coordinates of the metric g
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Explicitly Decoupling limit for Bigravity
de Rham, Gabadadze 2009
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1
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vµ⌫

massless helicity 2 massless helicity 0



Generalized Galileons and Generalized 
Massive Gravity

The massive gravity action can be generalized to a covariant 
theory whose decoupling limit corresponds to the generalized 

Galileons

S = M2
P

Z
d4x

p
�g

"
�(�a�a)R�

dX

n=0

�n(�
a�a)Un(K)

#

de Rham, Keltner, AJT, 2014

inclusion of potentials for Stuckelberg fields, in the decoupling 
limit corresponds to 

L =
dX

n=0

An(X)Un(K)
Kµ

⌫ = @µ@⌫⇡

X = �1

2
(@⇡)2

N.B. these models allow 
for flat FRW solutions!!!



Massive Gravity as an EFT
Ghost free massive gravity, bigravity and multigravity 

are Effective Field Theories (EFT), which breaks down 
at the scale ⇤3 = (m2MPlanck)

1/3

Generic one-loop Graviton diagram needs 
counter-terms at the scale (principally due to 

helicity zero mode interactions)

⇤3 = (m2MPlanck)
1/3

Counter-terms which are not needed in GR!

Vainshtein radius LARGER than Schwarzschild radius



Massive Gravity/Galileons etc as an EFT
One-loop Graviton diagram needs counter-terms at the scale 

⇤3 = (m2MPlanck)
1/3K = 1�

p
g�1f

In decoupling limit:

Kµ⌫ ! @µ@⌫⇡

⇤3
3

MPLanck ! 1,m ! 0

EFT corrections then take the form 
(even away from the decoupling limit)

solve F⇡ = 0 to determine V0 and Fµ = 0 to determine h0µ �
1
2⌘0µh. We can then use the

remaining gauge freedom to set @iV i = @
k
hkj = h

i

i
= 0. The resulting transverse and traceless

hij , transverse Vi, and ⇡ are then the physical on-shell SVT degrees of freedom.

A particular choice of nonlinear gauges which is consistent with the linear gauge choice

is

F
a = M

�
�(⇤g �m

2)xa �m
2
�
a
�
, (4.15)

F⇡ = �2mM@a�
a
�

2

m
(⇤⌘ �m

2)⇡ + 4mM +mM⌘
µ⌫
gµ⌫ , (4.16)

where ⇤g is the covariant d’Alembertian and ⇤⌘ the Minkowski d’Alembertian. This pair

have been chosen so that the tree level vertices and propagators determined from ⇤4
L0+LGF

with
p
�gLGF = �

1

8g2⇤

✓
p
�g

⇣
2gabF

a
F

b

⌘
+

1

2
F

2
⇡

◆
, (4.17)

continue to respect the Galileon symmetry (realized in the sense that ⇡ ! ⇡ + vµx
µ + c and

V
a
! V

a
� v

a
/m when perturbed around an arbitrary background). Indeed, as in the case

of the massive Galileon [27], the terms that violate the symmetry are purely quadratic, and

hence all tree level vertices and propagators naturally respect the symmetry. Alternative

gauge choices typically break the Galileon symmetry, but only through m/MPl suppressed

terms.

4.1.2 Wilsonian E↵ective action for Weakly Coupled Massive Gravity

Within the framework of approach 3, the general structure of a ‘single scale - single coupling’

tree level Lagrangian for weakly coupled massive gravity is [3]

L =
1

g2⇤

�
⇤4

L0 + g
2
⇤L1 + . . .

�
, (4.18)

where

⇤4
L0 =

"
M

2

2
R� ⇤3

M

X

n

↵nEEg
4�n

K
n

#
+ ⇤4

X
�p,q,r

✓
r

⇤

◆
p

K
q

µ⌫

✓
Rµ⌫⇢�

⇤2

◆
r

. (4.19)

The form of the interactions in L1 and higher will be those needed to renormalize loops from

L0. We have included the possibility that the curvature corrections come in at the scale ⇤

since such terms will arise from the commutator of two covariant derivatives, however we

expect that those curvature corrections that relate to the helicity 2 sector, i.e. those present

in the absence of the mass term, will be suppressed by some higher scale, e.g. M2,

⇤4�L0 ⇠ M
4

✓
r

M

◆
a
✓
Rµ⌫⇢�

M2

◆
b

. (4.20)

Having in mind the hierarchy ⇤ ⌧ M , such interactions will be irrelevant to the following

considerations. An important point to recognize about an approach 3 UV completion is that
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de Rham, Melville, AJT 2017

Infinite number of derivative suppressed operators
HOW DO WE GO BEYOND THIS?



Gauge Invariance and Mass
Schwinger taught us that you can have a 
mass without violating gauge invariance!

Example: Proca theory L =
1

4
Fµ⌫F

µ⌫ � 1

2
m2A2

µ

Integrate out Stueckelberg fields

L =
1

4
Fµ⌫F

µ⌫ � 1

2
m2(Aµ � @µ�)

2

Introduce Stueckelberg fields

L =
1

4
Fµ⌫F

µ⌫ � 1

4
m2Fµ⌫

1

⇤Fµ⌫

Such a nonlocal mass term can be obtained from loop effects 
from integrating out a light field Schwinger Model (2D)



Gauge Invariance and Mass
We can do the same for massive gravity - integrating out 

Stueckelberg fields generates non-local mass terms which are 
nevertheless manifestly gauge invariant

These non-local terms could be viewed as arising
from integrating out quantum effects from light fields

Ghost-free massive gravity can be written in the 
manifestly gauge invariant form

L =
1

2

p
�gR� 1

2
m2Rµ⌫ 1

⇤2
(Rµ⌫ � gµ⌫R) + . . .

+ Infinite number 
higher curvature similar terms



UV complete Massive Gravity

A local, causal, unitary theory UV completion of a theory of a 
single massive (with no massless!) graviton exists in AdS

Porrati, 2001

UV completion: 4d gravity coupled to a CFT in AdS

L =
p
�g(R+ 2|⇤|) + LCFT

CFT = e.g. conformally coupled scalar field
Integrating out the CFT with mixed boundary conditions at the 

boundary of AdS generates a non-local contribution to the action

Non-local term precisely generates a mass for the graviton!

Higgs Mechanism for Gravity or Schwinger mechanism for Mass!



Raising the Cutoff- the Third Way?

�S ⇠ 1

M2
Planck

Z
d4k

(2⇡)4
Tµ⌫(k)

2

4
X

pole

Zpole
Pµ⌫↵�(k)

k2 +m2
pole

+

Z 1

0
dµ

⇢(µ)Pµ⌫↵�(k)

k2 + µ

3

5T↵�(k)

Hard
Soft

Hard and Soft



d(d� 3)

2
d.o.f.

No vDVZ discontinuity on AdS
Its an old result, that on AdS you can take the massless limit of 

massive gravity and recover GR plus a decoupled sector 
= NO vDVZ discontinuity!

Only Problem: We don’t live in AdS!!!!!!

L =
1

2
Md�2

PlanckR� 1

2
m2Md�2

Planck(K
2
µ⌫ �K2)

On AdS                             we can take 

MPlanck ! 1

Kµ
↵K

↵
⌫ = �µµ � gµ↵fab(�)@↵�

a@⌫�
b

⇤ = (m2Md�2
Planck)

1/d

⇤2 � ⇤3

(d� 2) + 1 d.o.f.

fab(�) =
L2

�2
d

⌘ab

fixed



Warped Massive Gravity

Solution: Do AdS Massive gravity in 5 dimensions, with our 
universe localized on a 3+1 brane

Gabadadze 2017

Einstein Gravity 
+ 

Higher Curvature terms

5D Massive Gravity on AdS 
in the Bulk

    Einstein Hilbert + mass term  
on the brane

Lbulk =
1

2
M3

5R5 �
1

2
m2M3

Planck(K
2
µ⌫ �K2)

Lbrane =
1

2
M2

4R4 �
↵

2
m2M2

4 (k
2
µ⌫ � k2)

fab(�) =
L2

�2
5

⌘ab



Soft and Hard (nonlocal) massive gravity

Cutoff is raise to Gabadadze 2017

This is achieved because of a continuum/resonance of 
soft gravitons whose masses are smaller than usual hard mass 

graviton

Result: Low energy effective theory is more non-local 
(although full theory is completely local)

⇤2 = (m2M2
4 )

1/4 ⇠ 1

L
⇠ (M3

5m
2)1/5 � ⇤3



Observational Aspects of Massive Gravity



Constraints on the Graviton Mass
de Rham, Deskins, AJT, Zhou, Reviews of Modern Physics



Vainshtein effect is strongly scale and density dependent

Strong coupling 
regionWeak coupling

 region

For Sun

Schwarzschild
 region

Vainshtein radius

Yukawa region
r > m�1

r < rs



Fifth Force Bounds:  
Lunar Laser ranging

For hard mass graviton, (~ quartic Galileon)

For DGP, (cubic Galileon)

Traditionally Strongest Constraint on Mass of Graviton



Extra polarizations of graviton = extra modes of gravitational wave 

Binary pulsars lose energy faster than in GR so the orbit slows down more 
rapidly

Binary Pulsars
de Rham, AJT, Wesley 2012
de Rham, Matas, AJT 2013

Dar, de Rham, Deskins, Giblin, AJT 2018



Perturbation Theory

S =

Z
d4x

✓
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4
(@⇡)2

✓
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#
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1
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✓
M

16MPl

◆
Spherically Symmetric Background

Orbiting Point Source

Cubic Galileon Action



Scalar Gravitational Waves: 
Power Radiated

Pquadrupole = 27/2
5�2

1

32

(⌦P r̄)3

(⌦P r⇤)3/2
M2

Q

M2
pl

⌦2
P

P =
⇡

3M2
Pl

1X

n=0

X

lm

n

TP
|Mlmn|2 Mlmn =

1

TP

Z Tp

0
dt

Z
d3xuln(r)Ylm(✓,�)e�int/Tp�T (x, t)

Dominated by Quadrupole Radiation:

For realistic binary pulsars suppressed by 10-9-10-7

/ (⌦P r⇤)
�5/2Static Suppression

PGalileon
quadrupole

PGR
quadrupole

= q(⌦P r⇤)
�3/2(⌦P r̄)

�1relative to GR result:



Numerics tests

Movie

https://www.dropbox.com/s/c7d36qxako9e3i6/3Ddf2.mov?dl=0


Figure 4. Energy density of the cubic Galileon field after the simulation has relaxed t “ 22Tp for
rbox “ 60r̃, rv “ 50r̃, and ⌦pr̃ “ ⇡{22. Red is higher energy density and blue lower.

We show ten other simulations to probe the dependence on the quadrupole power on

both ⌦p and rv, depicted in figure 5.

3.4.1 Dependence on Orbital Period

As ⌦p shrinks we find that the quadrupole mode remains the dominant mode, always con-

taining more than 98% of the power. The monopole mode grows, but always stays at less

than 2% of the total power (see table 1). Increasing ⌦p is constrained by requiring mini-

mal relativistic corrections to the orbit and power. Despite these constraints, the computed

– 14 –



Constraints modifications of the  
dispersion relation

Generic for the helicity-2 modes of any Lorentz 
invariant model of massive gravity

GW signal would be more squeezed than in GR

Direct Detection of  GW

1� vg
c

= 5⇥ 10�17

✓
200Mpc

D

◆✓
�t

1s

◆
Speed increases with frequency vg/c ⇡ 1� 1

2
(c/⇤gf)

2

For GW150914, Will 1998 
Abbott et al., 2016



Do we know all the constraints on graviton mass from 
aLIGO??

No! Many other 
effects to consider

LIGO & VIRGO, PRL116, 221101 (2016)

GW150914

• Graviton Mass depends on environment, for instance 
it depends on distance to black holes

• Graviton Mass likely to vary non-adiabatically 
during merger creating additional non-adiabatic 
effects in the waveform

• Additional scalar (and vector) gravitational 
radiation. Scalar radiation may dominate effects on 
tensors.

• Black hole/NS solution modified, in particular 
quasi-normal modes may be different

• Vainshtein suppression may not be active in 
merger region - needs proper numerical simulation

• PN expansion almost certainly doesn’t work in 
Vainshtein region
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128Andrews University, Berrien Springs, MI 49104, USA
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The LIGO detection of GW150914 provides an unprecedented opportunity to study the two-body motion of a
compact-object binary in the large velocity, highly nonlinear regime, and to witness the final merger of the binary
and the excitation of uniquely relativistic modes of the gravitational field. We carry out several investigations
to determine whether GW150914 is consistent with a binary black-hole merger in general relativity. We find
that the final-remnant’s mass and spin, determined from the inspiral and post-inspiral phases of the signal,
are mutually consistent with the binary black-hole solution in general relativity. The data following the peak
of GW150914 are consistent with the least-damped quasi-normal-mode inferred from the mass and spin of the
remnant black hole. By using waveform models that allow for parameterized general-relativity violations during
the inspiral and merger phases, we perform quantitative tests on the gravitational-wave phase in the dynamical
regime and, bound, for the first time several high-order post-Newtonian coe�cients. We constrain the graviton
Compton wavelength in a hypothetical theory of gravity in which the graviton is massive and place a 90%-
confidence lower bound of 1013 km. Within our statistical uncertainties, we find no evidence for violations of
general relativity in the genuinely strong-field regime of gravity.

Introduction. On September 14, 2015, at 09:50:45 Uni-
versal Time, the LIGO detectors at Hanford, Washington and
Livingston, Louisiana, detected a gravitational-wave (GW)
signal, henceforth GW150914, with an observed signal-to-
noise ratio (SNR) ⇠ 24. The probability that GW150914 was
due to a random noise fluctuation was later established to be
< 2⇥10�7 [1, 2]. GW150914 exhibited the expected signature

of an inspiral, merger, and ringdown signal from a coalescing
binary system [1]. Assuming that general relativity (GR) is the
correct description for GW150914, detailed follow-up analy-
ses determined the (detector-frame) component masses of the
binary system to be 39+6

�4 M� and 32+4
�5 M� at 90% credible in-

tervals [3], corroborating the hypothesis that GW150914 was
emitted by a binary black hole.

mgraviton < 10�22eV

AJT Conjecture: Likely real constraints on LI MG are stronger!



What about Black hole solution, is horizon modified?
Many attempts to construct Black Hole solutions of massive (bi) gravity have 

focused on special symmetric solutions many in non-standard branches.

There should be a solution with 
Yukawa asymptotics!

= Schwarschild as 

Nonsingular Black Holes in Massive Gravity:

Time-Dependent Solutions

Rachel A. Rosen
Department of Physics, Columbia University,

New York, NY 10027, USA

Abstract

When starting with a static, spherically-symmetric ansatz, there are two types

of black hole solutions in massive gravity: (i) exact Schwarzschild solutions which

exhibit no Yukawa suppression at large distances and (ii) solutions in which the dy-

namical metric and the reference metric are bi-diagonal and which inevitably exhibit

coordinate-invariant singularities at the horizon. In this work we investigate the possi-

bility of black hole solutions which can accommodate both a nonsingular horizon and

Yukawa asymptotics. In particular, by adopting a time-dependent ansatz, we derive

perturbative analytic solutions which possess nonsingular horizons. These black hole

solutions are indistinguishable from Schwarzschild black holes in the massless limit. At

finite mass, they depend explicitly on time. However, we demonstrate that the loca-

tion of the apparent horizon is not necessarily time-dependent, indicating that these

black holes are not necessarily accreting or evaporating (classically). In deriving these

results, we also review and extend known results about static black hole solutions in

massive gravity.

Nonsingular Black Holes in Massive Gravity:

Time-Dependent Solutions

Rachel A. Rosen
Department of Physics, Columbia University,

New York, NY 10027, USA

Abstract

When starting with a static, spherically-symmetric ansatz, there are two types

of black hole solutions in massive gravity: (i) exact Schwarzschild solutions which

exhibit no Yukawa suppression at large distances and (ii) solutions in which the dy-

namical metric and the reference metric are bi-diagonal and which inevitably exhibit

coordinate-invariant singularities at the horizon. In this work we investigate the possi-

bility of black hole solutions which can accommodate both a nonsingular horizon and

Yukawa asymptotics. In particular, by adopting a time-dependent ansatz, we derive

perturbative analytic solutions which possess nonsingular horizons. These black hole

solutions are indistinguishable from Schwarzschild black holes in the massless limit. At

finite mass, they depend explicitly on time. However, we demonstrate that the loca-

tion of the apparent horizon is not necessarily time-dependent, indicating that these

black holes are not necessarily accreting or evaporating (classically). In deriving these

results, we also review and extend known results about static black hole solutions in

massive gravity.

Babichev, Brito, Volkov, Comelli, Pilo… many more
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Black Hole Mechanics for Massive Gravitons

Rachel A. Rosen1

1Department of Physics, Columbia University,
New York, NY 10027, USA

It has been argued that black hole solutions become unavoidably time-dependent when the gravi-
ton has a mass. In this work we show that, if the apparent horizon of the black hole is a null surface
with respect to a fiducial Minkowski reference metric, then the location of the horizon is necessarily
time-independent, despite the dynamical metric possessing no time-like Killing vector. This result is
non-perturbative and model-independent. We derive a second law of black hole mechanics for these
black holes and determine their surface gravity. An additional assumption establishes a zeroth and
a first law of black hole mechanics. We apply these results to the specific model of dRGT ghost-free
massive gravity and show that consistent solutions exist which obey the required assumptions. We
determine the time-dependent scalar curvature at the horizon of these black holes.

I. INTRODUCTION AND SUMMARY

It remains an open question: what would happen
to a black hole if the graviton were to have a mass?
Static black hole solutions in massive gravity appear to
unavoidably suffer from either infinite strong coupling
at all scales or coordinate-invariant curvature singular-
ities at the horizon. (See, e.g., [1–3] for specific argu-
ments.) In [2, 3] it was argued that these pathologies
can be avoided by adopting a time-dependent, spheri-
cally symmetric ansatz. In particular, perturbative time-
dependent solutions were found in [3] which are regular
at the horizon, are potentially consistent with the ex-
pected Yukawa asymptotics at large distances and weak
coupling, and possess a massless limit that smoothly re-
covers the Schwarzschild black holes of General Rela-
tivity. However, finding exact analytic time-dependent
black hole solutions has proved challenging.

In this work, we derive non-perturbative results for
these time-dependent black holes by focusing on the hori-
zon. We are primarily interested in the laws of black
hole mechanics [4] in the presence of a graviton mass.
In general, black hole mechanics are non-trivial for time
dependent metrics. We refer to [5–9] for resources.

We first consider general theories of a massive spin-2
particle. Generic theories of massive gravitons require a
fiducial reference metric fµν in addition to the dynami-
cal metric gµν in order to construct non-derivative poten-
tial terms. In this paper we show that, if the apparent
horizon of the black hole is a null surface with respect
to a fiducial Minkowski reference metric, then the loca-
tion of the apparent horizon is time-independent in the
coordinates of the dynamical metric. We derive several
additional consequences of this initial assumption: the
apparent horizon is then also a null surface in terms of
the dynamical metric; the surface gravity can be com-
puted in terms of the inaffinity of the Kodama vector
at the horizon; and the area of the apparent horizon is
never decreasing, consistent with a second law of black
hole mechanics. An additional assumption is required
so that the surface gravity is constant in time and thus
these black holes possess a zeroth law as well. A first law
follows naturally.

We then consider the implication of these results for
dRGT ghost-free massive gravity [10]. We solve the
dRGT equations of motion in the vicinity of the horizon.
We find solutions consistent both with the assumption of
a null apparent horizon and that have a time-independent
surface gravity. These solutions are nevertheless truly
time-dependent in that they possess no time-like killing
vector. In particular, the scalar curvature is not con-
stant along the horizon. We compute the time-dependent
scalar curvature at the horizon and discuss some impli-
cations.

II. FIXED HORIZONS

To construct a theory of a massive spin-2 particle,
one adds a non-derivative potential term to the Einstein-
Hilbert Lagrangian. In order to contract the indices of
the dynamical metric gµν in the potential in a non-trivial
way, one needs to introduce an additional fiducial “refer-
ence” metric fµν . In order for the theory to be Lorentz-
invariant, this reference metric is taken to be Minkowski
fµν = ηµν (or a coordinate transformation thereof). The
most general potential can be written as the trace of vari-
ous powers of the matrix g−1f = gµλfλν . We can express
this as:

U(g, f) =
∑

n∈Q

cn tr
[

(g−1f)n
]

. (1)

Here, the cn are arbitrary constant coefficients and we
only assume that n is a rational number, i.e., we include
fractional powers and inverse powers of g−1f . A generic
massive gravity Lagrangian can thus be written as

L =
M2

Pl

2

√
−g

[

R(g)−m2 U(g, f)
]

, (2)

where R is the usual Ricci scalar and m is the graviton
mass.
The reference metric is Minkowski. Thus there exists a

set of coordinates which we denote by (τ, ρ, θ,φ) in which
the line element for fµν takes the form

ds2f = −dτ2 + dρ2 + ρ2dΩ2 . (3)



D’Amico et al. 2011

Perfect Homogeneous and Isotropic solutions (FRW) are 
forbidden in the simplest form of Massive Gravity

Possible to find inhomogeneous models that are locally 
indistinguishable from FRW over scales set by the graviton 
mass

d � m�1 In each bubble the 
Vainshtein mechanism 
ensures the cosmology 
is close to Einstein GR

COMPTON WAVELENGTH of GRAVITON  = 
COHERENCE LENGTH

Cosmological Solutions



• Previously described Generalized Massive gravity does 
admit FRW solutions

• Bi-gravity and multi-gravity do admit FRW solutions

• Quasi-dilaton and other extensions where mass term 
depends on a field admit FRW solutions

• In general allowing the mass to depend on other 
fields (be they scalars or additional metrics) is the 
solution to this problem!

Cosmological Solutions



Growth of  Structure
These theories have a modified growth 
of structure which is highly nonlinear
⇢ = ⇢̄+ �⇢

⇢̄ � ⇤3MPIn early universe when 

Vainshtein mechanism at work, fifth force is screened - GR 
recovered e.g. inflation is essentially unchanged

In late universe when ⇢̄ ⌧ ⇤3MP

Vainshtein mechanism switches off and linearized fluctuations 
know about fifth force

Khoury & Wyman, 2009

GR MG

As structure grows
Vainshtein mechanism turns on in high density (potential) 

regions and not in low density



Existential Crisis of  MG: 
Does a UV completion exist?

Can I describe theories of massive 
gravity/multi-gravity at energy scales higher than       ? ⇤3

Is there a UV completion?

Is there a Lorentz Invariant Higgs mechanism for gravity?

If not, what do we give up? Lorentz invariance? Locality? 



Are all EFTs allowed? 
aka Swampland!

Answer:	NO!	Certain	low	energy	effective	theories	do	not	
admit	well	defined	UV	completions	

Recent Recognition:

With typical assumption that:
 UV completion is Local, Causal, Poincare Invariant and Unitary

Positivity Bounds!

Asymptotic (Sub)Luminality):
Positive Wigner-Eisenbud time delay T ⇠ d�(E)

dE
> 0

[Ô(x), Ô(y)] = 0 if (x� y)2 > 0



Don’t Panic - Think Positive!

Claudia de Rham
Shuang-Yong ZhouScott Melville

Recently featured in CQG+ …
https://cqgplus.com/2018/05/30/low-energy-think-positive/

Positivity Bounds!



1960’s S-matrix assumptions
1. Unitarity
2. Locality:          Scattering Amplitude Polynomially  (Exponentially) Bounded
3. Causality:        Analytic Function of Mandelstam variables (modulo poles+cuts)
4. Poincare Invariance
5. Crossing Symmetry:     Follows from above assumptions
6. Mass Gap:       Existence of Mandelstam Triangle and Validity of Froissart Bound

A

B

C

D

s-channel
A+B ! C +D

�p4 �p2
D̄ B̄

A C

u-channel
A+ D̄ ! C + B̄

s = (p1 + p2)
2

t = (p1 � p3)
2

u = (p1 � p4)
2

s+ t+ u = 4m2

s $ u



Forward Scattering Limit Dispersion relation

	 	 	

Complex s plane
Physical scattering 
region is   s � 4m2

u = 4m2 � s

crossing: 

⇢(s) =
1

⇡
Im[A(s, 0)] =

p
s(s� 4m2)�(s)

⇡
> 0

Positivity/Unitarity

�(s) <
c

m2
(log(s/s0))

2

No. of subtractions =2 



Forward Limit Positivity Bounds

Recipe: Subtract pole, differentiate to remove subtraction 
constants 

M � 2

Adams	et.	al.	2006

Directly translates into constraints on Wilsonian action

Assume Weak Coupling
RH Cut LH Cut



Extension away from forward scattering limit

Im al(s) > 0 , s � 4m2

dn

dtn
ImA(s, t)

���
t=0

> 0
dn

dxn
Pl(x)

���
x=1

> 0using

ImA(s, t) > 0 , 0  t < 4m2 , s � 4m2

M � 2

> 0

Unitarity

de Rham, Melville, AJT, Zhou 1702.06134



Cheung	&	Remmen	(2016)	

in	the	forward	scattering	limit

This has been used to place 
constraints on the mass parameters 
in massive gravity

What about general spins,  
e.g. spin 2 = massive gravity?

In forward limit, dispersion relation holds for helicity amplitudes

A�1�2�3�4(s, 0) has dispersion relation with subtractions2

Also applies to INDEFINITE helicity

spherical and plane wave states before relating them by means of the partial wave expansion.

For definiteness, we consider the scattering plane to be the xz plane, and the y direction to be

orthogonal to the scattering plane. We further fix coordinates so that the incoming particles

move along the z-axis without loss of generality.

Spherical wave states: Irreducible representations of the SOp3q rotational symmetry pro-

vide the basis of the ‘spherical wave’ states

J
2|jmy “ jpj ` 1q|jmy, Jz|jmy “ m|jmy , (2.4)

where of course, here m is the spin projection along the z direction, rather than the particle

mass m. Any three-dimensional rotation can be characterized by three Euler angles p↵,�, �q,
and implemented on a state via the operator Rp↵,�, �q “ e

´i↵Jze´i�Jye´i�Jz , where Jx, Jy
and Jz are the angular momentum operators. The action of Rp↵,�, �q on the spherical wave

states can be expressed in terms of the Wigner D matrices [21]

Rp↵,�, �q|jmy “
jÿ

m1“´j

D
j
m1mp↵,�, �q|jm1y , (2.5)

where

D
j
m1mp↵,�, �q “ e

´i↵m1
d
j
m1mp�qe´i�m

, with d
j
m1mp�q “ xjm1|e´i�Jy |jmy . (2.6)

Explicit expressions for the small d matrix are given in Appendix F.

Plane wave states: On the other hand, one particle ‘plane wave’ states are eigenstates of

momentum, with well-defined angular momentum in the rest frame

J
2|p “ 0, S,�y “ SpS ` 1q|p “ 0, S,�y, Jz|p “ 0, S,�y “ �|p “ 0, S,�y , (2.7)

where S is the spin of the particle. These transform into each other under boosts and rotations.

For example, a nonzero momentum state is constructed from the rest frame as

|p, S,�y “ Rp�, ✓, 0qLppq|0, S,�y for p “ pp sin ✓ cos�, p sin ✓ sin�, p cos ✓q , (2.8)

where Lppq is the boost along the z direction to momentum pẑ. Note that a finite momentum

state no longer has well-defined angular momentum, except along the momentum axis

J ¨ p
|p| |p, S,�y “ �|p, S,�y. (2.9)

Physically, this is because the orbital angular momentum L “ rˆp is zero along this axis. �

is called helicity, and is a good quantum number in all reference frames [10].

– 5 –

Helicity:



Analyticity for Spins

	 	 	

In addition to usual scalar
poles and branch cuts 
we have ……..

1. Kinematic (unphysical) poles at
2.            branch cuts
3.  For Boson-Fermion scattering                branch cuts   

p
stu

s = 4m2

p
�su

Origin: non-analyticities of polarization vectors/spinors

cos ✓ = � 2t

(s� 4m2)



Transversitas, Transversitatum, et omnia Transversitas

Change of Basis 

T s
⌧1⌧2⌧3⌧4(s, t, u) = e�i

P
i ⌧i�Tu

�⌧1�⌧4�⌧3�⌧2(u, t, s)

Figure 1. The di↵erence between the helicity and transversity formalism. The horizontal plane (xz
plane) is the particle interaction plane. In the helicity formalism particle spins are projected onto the
direction of motion, while in the transversity formalism particle spins are projected in the vertical
direction, which is transverse to the interaction plane.

2.2 Transversity Formalism

Since H�1�2�3�4ps, t, uq contains a branch cut on the real axis of the complex s plane between

s “ 4m2 and 8, the crossing symmetry implies that there is a second branch cut in the real

axis between s “ ´t and ´8. However, this second branch cut has no obvious positivity

properties in the helicity formalism, due to the complicated crossing mixing of di↵erent he-

licity amplitudes as can be seen from Eq. (2.23) (unless �u “ 0, corresponding to the forward

scattering limit t “ 0, or unless all particles have zero spin). To go beyond the forward

scattering limit for non-zero spins, we first need to simplify the crossing relation by going to

the transversity basis, see Fig. 1.

Transversity Amplitudes: We define the transversity eigenstates [20, 26] as a particular

combination of the helicity eigenstates

|p, S, ⌧y ”
ÿ

�

u
S
�⌧ |p, S,�y , (2.26)

where the unitary matrix u
S
�⌧ is simply the Wigner D

S matrix associated with the rotation

R “ e
´i⇡{2Jze´i⇡{2Jyei⇡{2Jz ,

u
S
�⌧ “ D

S
�⌧

´
⇡

2
,
⇡

2
,´⇡

2

¯
. (2.27)

This unitary u
S matrix has the virtue of diagonalizing any of the Wigner d

S matrix, inde-

pendently of their angles. See Appendix F for properties of the u
S matrices.

The transversity amplitudes are thus related to the helicity amplitude via

T⌧1⌧2⌧3⌧4 “
ÿ

�1�2�3�4

u
S1
�1⌧1

u
S2
�2⌧2

u
S1˚
⌧3�3

u
S2˚
⌧4�4

H�1�2�3�4 . (2.28)

– 9 –

Kotanski, 1965

Crossing is Simple!!



Dispersion Relation with Positivity along 
BOTH cuts

Punch line: The specific combinations:

For elastic scattering T⌧1⌧2⌧1⌧2p´✓q “ T´⌧1´⌧2´⌧1´⌧2p✓q, and so in this case the sum

(2.35) and di↵erence (2.36) can also be written as

T⌧1⌧2⌧1⌧2ps, t, uq ` T´⌧1´⌧2´⌧1´⌧2ps, t, uq , (2.39)

or ?
stu pT⌧1⌧2⌧1⌧2ps, t, uq ´ T´⌧1´⌧2´⌧1´⌧2ps, t, uqq , (2.40)

and have trivial monodromy and carry no branch cut from stu “ 0.

In summary, we shall consider the regularized amplitudes7

T
`
⌧1⌧2⌧3⌧4ps, ✓q “

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ` T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.41)

T
´
⌧1⌧2⌧3⌧4ps, ✓q “ ´i

?
stu

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ´ T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.42)

where S “ sps ´ 4m2q as defined in (2.3), ⇠ “ 1 if S1 ` S2 is half integer and ⇠ “ 0

otherwise. These have nicer crossing relations than the helicity amplitudes, (see Eq. (2.30)

or even Eq. (2.31) in the elastic case) and are also free of all kinematical singularities (poles

and branch points).

3 Positivity Bounds

In this section, we make use of the transversity amplitudes to derive an infinite number of

positivity bounds for non-forward scattering amplitudes of arbitrary spins.

3.1 Unitarity and the Right Hand Cut

To begin with we consider the case of elastic scattering of particles of definite transversity, so

that

⌧3 “ ⌧1 and ⌧4 “ ⌧2. (3.1)

The partial wave expansion for transversity eigenstates is rather complicated [26, 30], in

essence because one cannot define a rotationally invariant notion of transversity in a state

with only two particles. Instead, we use the helicity partial wave expansion

T⌧1⌧2⌧1⌧2ps, ✓q “
ÿ

J�1�2�3�4

u
S1
�1⌧1

u
S2
�2⌧2

u
S1˚
⌧1�3

u
S2˚
⌧2�4

d
J
µ�p✓qT̄ J

�1�2�3�4
psq , (3.2)

where we have set the interaction plane to lie along � “ 0 and in analogy with (2.15), we

have defined

T̄
J
�1�2�3�4

“ 4⇡p2J ` 1q
c

s

pipf
T
J
�1�2�3�4

. (3.3)

7
The expressions (2.41) and (2.42) are the most convenient ones when dealing with elastic scattering. As

already emphasize, when dealing with inelastic scattering, the prefactor
`?´su

˘⇠SS1`S2 should instead be

replaced by
`?´u

˘⇠ `?
s ´ 4m2

˘| ∞
i ⌧i|

as determined in (2.33).

– 12 –

have the same analyticity structure 
as scalar scattering amplitudes!!!!!!!

Implies Dispersion Relation

the contributions from the LH and RH cut are not identical. Before getting to the general

case, we can get a feel for how the bounds work by considering the first t derivative of (3.41).

Defining new variables s “ 2m2 ´ t{2 ` v, so that

f⌧1⌧2pv, tq “ 1

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ 2m2 ` t{2 ´ vqNS`1
` 1

⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ 2m2 ` t{2 ` vqNS`1
,

(3.45)

then di↵erentiating with respect to t gives

B
Btf⌧1⌧2pv, tq “ ´pNS ` 1q

2⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ 2m2 ` t{2 ´ vqNS`2
(3.46)

´pNS ` 1q
2⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ 2m2 ` t{2 ` vqNS`2

` 1

⇡

ª 8

4m2
dµ

BtAbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ 2m2 ` t{2 ´ vqNS`1

` 1

⇡

ª 8

4m2
dµ

BtAbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ 2m2 ` t{2 ` vqNS`1
.

Defining

M
2 “ Minµ•4m2rµ ´ 2m2 ` t{2s “ 2m2 ` t{2 , (3.47)

and using the integral inequality that for any positive definite function ⇢pµq ° 0

1

M2

ª 8

4m2

⇢pµq
pµ ´ 2m2 ` t{2qN dµ °

ª 8

4m2

⇢pµq
pµ ´ 2m2 ` t{2qN`1

dµ , (3.48)

and evaluating at v “ 0 we then infer that,

B
Btf⌧1⌧2p0, tq ` NS ` 1

2M2
f⌧1⌧2p0, tq ° 1

⇡

ª 8

4m2
dµ

BtAbssT⌧̀1⌧2⌧1⌧2pµ, tq
pµ ´ 2m2 ` t{2qNS`1

(3.49)

` 1

⇡

ª 8

4m2
dµ

BtAbsuT⌧̀1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq
pµ ´ 2m2 ` t{2qNS`1

° 0 .

Thus our second non-trivial bound is

B
Btf⌧1⌧2p0, tq ` NS ` 1

2M2
f⌧1⌧2p0, tq ° 0 , 0 § t † m

2
. (3.50)

In practice, the above form of this bound is not so interesting since we have in mind M
2 „ m

2

and so this will be dominated by the second term. Since f⌧1⌧2p0, tq is already positive from the

lower bound, then there is little new content in this new bound. The situation is very di↵erent

however if we imagine that the EFT has a weakly coupled UV completion. In this case, we

expect the scattering amplitude already computed at tree level to satisfy all of the properties

that we have utilized, specifically the Froissart bound. Given this, the above bound can be

applied directly to the tree level scattering amplitudes. These amplitudes by definition do

– 21 –

general spins, such a subtraction would not be convenient since the residue of the t-channel

pole is itself a function of s, and subtracting it can modify the behaviour of the amplitude12

at large s.

Consider a contour C for T̃⌧̀ ps, tq in the complex s plane, which encircles the poles at

s
1 “ m

2 and s
1 “ 3m2 ´ t as well as a generic point s, as shown in Figure 2. By Cauchy’s

integral formula, we have

T̃
`
⌧1⌧2⌧1⌧2ps, tq “ 1

2⇡i

¿

C

ds1 T̃
`
⌧1⌧2⌧1⌧2ps1

, tq
ps1 ´ sq . (3.39)

We can deform this contour so that it runs around the branch cuts and closes with circular

arcs at infinity (contour C 1). We emphasize that even when we are considering higher spins,

a Froissart bound still applies [19] and |T `
⌧1⌧2⌧1⌧2ps, tq||s|Ñ8 † |s|NS . This allows us to neglect

the arcs at infinity by performing a su�cient number of subtractions. We can then obtain

the following dispersion relation:

T̃
`
⌧1⌧2⌧1⌧2ps, tq “

NS´1ÿ

n“0

anptqsn` s
NS

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

µNS pµ ´ sq

`u
NS

⇡

ª 8

4m2
dµ

AbsuT⌧̀1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq
µNS pµ ´ uq , (3.40)

where NS is given by Eq. (3.36).

The subtraction functions anptq in the dispersion relation are undetermined by analyticity

and depend on the detailed information of the particular theory involved. To eliminate them,

we simply take Ns derivatives and consider the quantity

f⌧1⌧2ps, tq “ 1

NS !

dNS

dsNS
T̃

`
⌧1⌧2⌧1⌧2ps, tq , (3.41)

“ 1

2⇡i

¿

C

ds1 T̃
`
⌧1⌧2⌧1⌧2ps1

, tq
ps1 ´ sqNS`1

, (3.42)

“ 1

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ sqNS`1
` 1

⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ uqNS`1
. (3.43)

Since we have already established that the absorptive parts are positive on both the RH and

LH cuts in section 3.1 and 3.2, then our first positivity bounds is the simple statement that

f⌧1⌧2ps, tq ° 0 , ´t † s † 4m2
, 0 § t † m

2
, (3.44)

12
The concern is that the tree-level or finite loop residue may already violate the Froissart bound, and

so subtracting it modifies the analyticity arguments which rely on the assumption of the Froissart bound in

determining the overall number of subtractions.

– 19 –
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Application to Massive Gravity
Unitary Gauge Massive Gravity

the scattering amplitude for those finite number of terms that give non-trivial independent

information. Once this has been done, the O
`
g2˚{⇤12

5

˘
EFT corrections may be included which

compete with the 1{M2 suppressed terms from the leading interactions in 2.6. The bounds

should then be applied for only those terms for which the leading interactions contributed

zero. Repeating this process, nontrivial bounds may be applied to the coe�cients of the

interactions to any order in the EFT expansion.

Scattering Amplitudes: Following the above discussion, we may first consider only the

leading interactions that come from the mass potential, which may in unitary gauge be written

in the form:

L Å M2
Pl

2

ˆ
R rgs ´ m2

4
V pg, hq

˙
(6.14)

In order to compare with previous works we further parameterize the interactions to quartic

order in the manner7

V pg, hq Årh2s ´ rhs2 ` pc1 ´ 2qrh3s ` pc2 ` 5

2
qrh2srhs (6.15)

` pd1 ` 3 ´ 3c1qrh4s ` pd3 ´ 5

4
´ c2qrh2s2 ` ... . (6.16)

Here rhs “ ⌘µ⌫hµ⌫ , rh2s “ ⌘µ⌫hµ↵⌘↵�h�⌫ , etc.. The expected order of magnitude for the

coe�cients c1, c2, d1, d3 can be determined by matching in unitary gauge to the expansion of

the action 6.9 or 6.10. In order to bridge comparison with previous treatments and the ⇤5

theory we shall however continue to remain agnostic about their magnitude. The fluctuations

are then canonically normalized by performing the redefinition hµ⌫ Ñ 2hµ⌫{MPl so that the

propagator is

Dµ⌫↵�ppq “ 1

p2 ` m2

ˆ
1

2
⇧µ↵⇧⌫� ` 1

2
⇧µ�⇧⌫↵ ´ 1

3
⇧µ⌫⇧↵�

˙
, ⇧µ⌫ “ ⌘µ⌫ ` pµp⌫

m2
. (6.17)

It is convenient to define

d3 “ ´d1{2 ` 3{32 ` �d, c2 “ ´3c1{2 ` 1{4 ` �c, (6.18)

and interpret the bounds on the parameter space tc1, d1,�c,�du. �c “ �d “ 0 corresponds

to the dRGT tuning which results in the ⇤3 theory to be considered later.

7
There are a few parametrizations for the mass terms. The relation between c3 and d5 and ↵3 and ↵4 is

given right after Eq. (23) of [23]: ↵3 “ ´2c3 and ↵4 “ ´4d5. The relation between ↵i and �i can be found,

for instance, in Eq.(6.24) of [28].
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and interpret the bounds on the parameter space tc1, d1,�c,�du. �c “ �d “ 0 corresponds

to the dRGT tuning which results in the ⇤3 theory to be considered later.

7
There are a few parametrizations for the mass terms. The relation between c3 and d5 and ↵3 and ↵4 is

given right after Eq. (23) of [23]: ↵3 “ ´2c3 and ↵4 “ ´4d5. The relation between ↵i and �i can be found,

for instance, in Eq.(6.24) of [28].

– 21 –

the scattering amplitude for those finite number of terms that give non-trivial independent

information. Once this has been done, the O
`
g2˚{⇤12

5

˘
EFT corrections may be included which

compete with the 1{M2 suppressed terms from the leading interactions in 2.6. The bounds

should then be applied for only those terms for which the leading interactions contributed

zero. Repeating this process, nontrivial bounds may be applied to the coe�cients of the

interactions to any order in the EFT expansion.

Scattering Amplitudes: Following the above discussion, we may first consider only the

leading interactions that come from the mass potential, which may in unitary gauge be written

in the form:

L Å M2
Pl

2

ˆ
R rgs ´ m2

4
V pg, hq

˙
(6.14)

In order to compare with previous works we further parameterize the interactions to quartic

order in the manner7

V pg, hq Årh2s ´ rhs2 ` pc1 ´ 2qrh3s ` pc2 ` 5

2
qrh2srhs (6.15)

` pd1 ` 3 ´ 3c1qrh4s ` pd3 ´ 5

4
´ c2qrh2s2 ` ... . (6.16)

Here rhs “ ⌘µ⌫hµ⌫ , rh2s “ ⌘µ⌫hµ↵⌘↵�h�⌫ , etc.. The expected order of magnitude for the

coe�cients c1, c2, d1, d3 can be determined by matching in unitary gauge to the expansion of

the action 6.9 or 6.10. In order to bridge comparison with previous treatments and the ⇤5

theory we shall however continue to remain agnostic about their magnitude. The fluctuations

are then canonically normalized by performing the redefinition hµ⌫ Ñ 2hµ⌫{MPl so that the

propagator is

Dµ⌫↵�ppq “ 1

p2 ` m2

ˆ
1

2
⇧µ↵⇧⌫� ` 1

2
⇧µ�⇧⌫↵ ´ 1

3
⇧µ⌫⇧↵�

˙
, ⇧µ⌫ “ ⌘µ⌫ ` pµp⌫

m2
. (6.17)

It is convenient to define

d3 “ ´d1{2 ` 3{32 ` �d, c2 “ ´3c1{2 ` 1{4 ` �c, (6.18)

and interpret the bounds on the parameter space tc1, d1,�c,�du. �c “ �d “ 0 corresponds

to the dRGT tuning which results in the ⇤3 theory to be considered later.

7
There are a few parametrizations for the mass terms. The relation between c3 and d5 and ↵3 and ↵4 is

given right after Eq. (23) of [23]: ↵3 “ ´2c3 and ↵4 “ ´4d5. The relation between ↵i and �i can be found,
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– 21 –

Einstein-Hilbert Mass Term

Parameterize generic mass term (without dRGT tuning) as

where



Polarizations: To exploit crossing symmetry, it is helpful to work in the transversity basis.

For momenta kµ “ p!, 0, 0, kq, the corresponding polarizations are,

✏p⌧“˘2q
µ⌫ “ 1

2m2

¨

˚̊
˚̋

k2 ˘ikm 0 kw

˘ikm ´m2 0 ˘imw

0 0 0 0

kw ˘imw 0 w2

˛

‹‹‹‚, ✏p⌧“˘1q
µ⌫ “ 1

2m

¨

˚̊
˚̋

0 0 ik 0

0 0 ¯m 0

ik ¯m 0 iw

0 0 iw 0

˛

‹‹‹‚,

✏p⌧“0q
µ⌫ “ 1?

6m2

¨

˚̊
˚̋

k2 0 0 kw

0 m2 0 0

0 0 ´2m2 0

kw 0 0 w2

˛

‹‹‹‚ (6.19)

and we can express a general spin state via a five component vector ↵,

✏p↵q
µ⌫ “

ÿ

⌧

↵⌧ ✏
p⌧q
µ⌫ . (6.20)

These polarizations are related to the standard SV T decomposition by
¨

˚̊
˚̊
˚̊
˚̋

↵T1

↵T2

↵V1

↵V2

↵S

˛

‹‹‹‹‹‹‹‚

“ 1

2
?
2

¨

˚̊
˚̊
˚̊
˚̋

´1 0
?
6 0 ´1

0 2 0 ´2 0

´2 0 0 0 2

0 2 0 2 0?
3 0

?
2 0

?
3

˛

‹‹‹‹‹‹‹‚

¨

˚̊
˚̊
˚̊
˚̋

↵´2

↵´1

↵0

↵`1

↵`2

˛

‹‹‹‹‹‹‹‚

, (6.21)

It is more useful to express the residues f↵� in terms of ↵S,V,T because these polarizations

have definite scaling with s

✏pT q „ s0, ✏pV q „ s

m
, ✏pSq „ s2

m2
, (6.22)

and correspond more closely to scattering �, A or h Stückelberg fields.

Forward Limit: We define the positive residue

f⌧1⌧2 “ 1

10!

B10

Bs10
“
s4ps ´ 4m2q4 pT⌧1⌧2⌧1⌧2ps, ✓q ` T⌧1⌧2⌧1⌧2ps,´✓qq

‰

as described in Section 2. We will explore bounds provided by f⌧1⌧2 in what follows, but first

we consider the bound imposed by imposing indefinite transversity B2

Bv2 f↵� ° 0 in the forward

limit as it is allows us to restrict the parameter space.

In the forward limit, we have the leading order bound

2M2
Plm

6 B2

Bv2 f↵� |t“0 “352

9
|↵S�S |2 p�c p´6 ` 9c1 ´ 4�cq ´ 6�dq

` 176

3
↵˚
S�

˚
Sp↵V1�V1 ´ ↵V2�V2q�c p3 ´ 3c1 ` 4�cq . (6.23)
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Forward Limit

where ↵⌧ and �⌧ are purely real8.

Significantly, there exists a choice of polarizations, namely,

↵S “ ✏, |↵T1 |2 ` |↵T2 |2 “ 1 ´ ✏2 ´ |↵V1 |2 ´ |↵V2 |2 (6.24)

such that

2M2
Plm

6 B2

Bv2 f↵↵|t“0 “ 176

3
p↵V1↵V1 ´ ↵V2↵V2q�c p3 ´ 3c1 ` 4�cq

`
✏2 ` Op✏4q

˘
(6.25)

This must be positive for all values of ↵V1 and ↵V2 (with |↵V1 |2 ` |↵V2 |2 § 1), and therefore

one is forced to set

�c “ 0 (6.26)

to this order9, which further imposes �d § 0. Remarkably one of the dRGT tunings is then

forced on us by the positivity bounds.

The other forward limit bound is quite cumbersome to display, but can be written more

succinctly by noting that only certain combinations of the polarization ↵⌧ may appear (while

respecting particle exchange and parity invariance). Specifically using the definitions in Ap-

pendix B , then we have

2m2M2
Plf↵� |t“0 “2↵2

T�
2
T ` X2

S

ˆ
55

18
` 10

3
c1 ´ 2c21 ´ 32

9
d1 ` 32

3
�dp2 ´ 11

v2

m4
q
˙

` X2
V`

ˆ
´7

2
` 12c1 ´ 15

2
c21 ´ 16�d

˙
` X2

V´

ˆ
6 ´ 6c1 ` 9

2
c21 ´ 4d1

˙

` XSV

ˆ
8 ´ 9c1 ` 9

2
c21 ´ 8

3
d1

˙
` XSXV`

`
18 ´ 38c1 ` 21c21

˘

` XST

ˆ
16

3
´ 4c1

˙
` XSXT

ˆ
´52

3
` 32c1 ´ 24c21 ` 32

3
d1 ´ 64

3
�d

˙

` XV`XT

`
12 ´ 24c1 ` 12c21

˘
` XV T p4 ´ 3c1q

`
?
3XSTV V

ˆ
4

3
´ 2c1 ` 3c21 ´ 8

3
d1

˙
´ 1?

3
XSV V T

`
3c21 ´ 2

˘2
. (6.27)

Note that a negative �d can relax the bounds imposed by SS, V1V1 and V2V2 scattering.

Finding the analytic minimum of this expression (a quartic form in ↵⌧�⌧↵˚
⌧�

˚
⌧ ) is an NP hard

problem [6], so we present an allowed region of parameter space which is found by approxi-

mate numerical minimization (Figure 2).

Therefore, positivity requirements on the four point function require that the coe�cients

c1, c2 are tuned to their dRGT values, but d1 and d3 may di↵er. In particular, minimizing

8
Considering complex ↵⌧ and �⌧ does not yield stronger bounds, so for brevity we shall quote the real

expressions.
9
In principle, it could be Op1{MPlq in such a way that higher derivative operators are capable of satisfying

the bound.
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Positivity for general helicity implies:

Beyond forward

the bound numerically, it is found that when considering the leading order bound alone in

the forward limit, then analyticity prefers a large negative �d, but this is no longer true

beyond the forward limit. Note that tc3, d2, d4, d5u are not constrained by the 2 to 2 tree

level analysis, but in principle they can be likewise constrained via loop amplitudes.

First t derivatives: The leading s5 contribution gives

2M2
Plm

8BtB2
vf↵�9�c2 |↵S |2|�S |2, (6.28)

which vanishes to this order when we take �c “ 0 to satisfy the forward limit bounds. (Note

that the t derivative bounds only apply for definite transversity bounds; here the use of f↵� is

only for book-keeping, i.e., to write the various independent f⌧1⌧2 quantities in more compact

way.) The other t derivative bound may be written as

2M2
Plm

6 B
Btf↵�

ˇ̌
ˇ
t“0

“ ` 2↵2
T�

2
T ` X2

V`

ˆ
41

4
´ 33

2
c1 ` 27

4
c21

˙
` X2

V´

ˆ
8 ´ 12c1 ` 9

2
c21

˙

` X2
S

ˆ
925

36
´ 43c1 ` 21c21 ´ 32

9
d1 ` 32

9
�dp´6 ` 22

v

m2
q
˙

` XV T p4 ´ 3c1q

` XST p7 ´ 6c1q `
?
3↵S�S p↵S�T1 ` �S↵T1q

ˆ
´4

9
` 2c1 ´ 16

9
d1 ` 32

9
�d

˙

` p↵2
S�

2
V1

` �2
S↵

2
V1

q
ˆ
40

3
´ 21c1 ` 33

4
c21 ´ 32

3
�d

˙

` p↵2
S�

2
V2

` �2
S↵

2
V2

q
ˆ
44

3
´ 23c1 ` 45

4
c21 ´ 8

3
d1

˙

` ↵S�S↵V1�V1

ˆ
101

6
´ 33c1 ` 33

2
c21 ´ 176

3
�d

˙

` ↵S�S↵V2�V2

ˆ
43

6
´ 11c1 ` 27

2
c21 ´ 32

3
d1 ` 16�d

˙
. (6.29)

These tree level amplitudes can be used in the positivity bounds with M5 „ MPlm4 “ ⇤5
5 as

the cuto↵, and as we have discussed for the leading interactions it is consistent to take the

bounds (6.12)

B
Btf⌧1⌧2pv, tq ° 0, (6.30)

B3

BtBv2 rf⌧1⌧2pv, tqs ° 0. (6.31)

The latter simply sets �c “ 0 as before.

Assuming a hierarchy betweenm2 and µb Á ⇤5 (the scale at which the branch cut begins),

we can consider |v| in the range m2 ! |v| ! µb, and the first t derivative bound gives,

B
Btf⌧1⌧2pv, tq 9 v

⇤10
5

�d ` O
ˆ
m2

⇤10
5

˙
° 0 (6.32)
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As v can take either sign, this enforces the condition,

�d “ 0. (6.33)

Of the parameters which appear in the 2 to 2 scattering amplitude, analyticity requires the

dRGT ⇤3 tuning.

Goldstone Equivalence: The bound which forces �d “ 0 beyond the forward limit is

from SS scattering. While it is not yet known whether scattering arbitrary superpositions

of transversities should obey positivity conditions beyond the forward limit, this particular

combination,

✏S “ 1

2
✏⌧“0 `

?
6

4
p✏⌧“`2 ` ✏⌧“´2q (6.34)

becomes the scalar component (Goldstone) at high energies, where we expect similarities with

the Galileon. Therefore While it not yet known whether indefinite transversity combinations

satisfy t derivative positivity bounds in general, this particular SSSS amplitude does because

it has trivial crossing properties at high energies.

Significantly, while the forward limit bound strengthens gradually as �d is made more

negative (imposing ´0.3 À �d § 0), as shown in Fig. 2, the first t derivative bound imposes

the much stricter requirment that �d “ 0. It is this analyticity result that makes raising

the cuto↵ from ⇤5 a well-motivated thing to do in the massive spin-2 EFT, supposing that

the theory had come from an underlying, analytical, local, Lorentz-invariant UV completion,

then the näıvely eight-dimensional parameter space in tci, diu is (at least partially) projected

onto ⇤3 massive gravity.

7 ⇤3 Massive Gravity

In this section, we consider the consequences of the dRGT tuning [23] which raises the cuto↵

of massive gravity from ⇤5 to ⇤3.

Raising the cuto↵: Generic massive gravity has a unitarity cuto↵ at ⇤5 “ pm4MPlq1{5

due to the infamous Boulware-Deser ghost. In the EFT construction, this manifests itself as

an SSSS which scales as s5{⇤10
5 . This cuto↵ can be raised as high as ⇤3 “ pm2MPlq1{3 by

performing the tuning

c1 “ 2c3 ` 1

2
, c2 “ ´3c3 ´ 1

2
, d1 “ ´6d5 ` 3

2
c2 ` 5

16
, d3 “ 3d5 ´ 3

4
c3 ´ 1

16
. (7.1)

This removes the s5 and s4 contributions to every four-point function at tree level (and

projects out the Boulware-Deser ghostly degree of freedom). As discussed earlier, removing

ghosts in this way is not, a priori, a particularly natural thing to do in a bottom-up approach

of EFT. However, we have seen that positivity requires that the coe�cients are tuned so

that the cuto↵ is at least above ⇤4. It is interesting to study the case where the further
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These are precisely the tunings that raise the cutoff from 
⇤5 = (m4MPlanck)

1/5 ⇤3 = (m2MPlanck)
1/3

Application to Massive Gravity



Summary
We now know how to write down theories of multiple 
interacting massive spin 2 states and have examples of both 
hard and soft massive gravity theories

Phenomenology Dominated by Vainshtein Mechanism

Galileons arise UNIVERSALLY in the decoupling limit

Simulations of Binary Pulsars confirm that additional scalar radiation 
is suppressed

Biggest outstanding question is UV completion. Known 
examples appear to work on Anti-de Sitter spacetime

Positivity Bounds provide the most strongest constraints so far on the 
UV completion of the EFT - ongoing work with Prof. Zhou - 

WATCH THIS SPACE!


