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o Flat spacetime:

— —
O O
ECM ~ 2m0

o Curved spacetime:

Ecm > 2mg
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Related work

e Banados et al, PRL [arXiv:0909.0169]

The center-of-mass (CM) Energy for the collision of two
particles in the background of extremal Kerr black hole is
infinite.

Shao-Wen Wei Particle Collisions on Black Hole Background



Related work

e Berti et al, PRL [arXiv:0911.2243]
e Jacobson et al, PRL [arXiv:0911.3363]

The CM energy is finite for the astrophysical limitations,
such as the maximum spin a and back-reaction effects.
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Related work

e Wei et al, PRD [arXiv:1006.1056]
The CM energy is finite for an extremal Kerr-Newman
black hole if its spin a < 1/1/3.

e Zaslavskii, JETP Lett. [arXiv:1007.4598]
The charged black holes are also found to have the
similar property.
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Related work

e Harada et al, PRD [arXiv:1010.0962]
Collision of an innermost stable circular orbit particle.

e Harada et al, PRD [arXiv:1102.3316]
Collision of two general geodesic particles.
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Related work

@ Zhu et al, [arXiv:1103.3848]

Duality between the frame dragging effect and
electromagnetic interaction at horizon.
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Plan of the talk !:

© Brief review of Sen black hole
@ Equations of motion for particles
© Radial motion and effective potential
@ CM energy for Sen black hole
@ Extremal black hole
@ Non-extremal black hole

©® Near-extremal black hole
@ Back-reaction effects

@ Conclusion

'Wei, Liu et al, JHEP 1012, 066 (2010)



1. Brief review of Sen black hole

@ Sen black hole metric

ds? = — < zs'” Q)dt + = dr? 43Mr;”29dtd¢
+ Xdf?+ =sl 9d¢ (1)
with the metric functions given by
A = 32+A’;I(Q2+Mr2/\/l2>, (2)
Yy = ﬁ (02 + I\/lr> + a° cos? 6, (3)

2
= = <a2 + ﬁ((\)2 + Mr)) — a®*Asin? 0. (4)

M, @ and a are mass, charge and spin, respectively.
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1. Brief review of Sen black hole

o Horizon:
@ Non-extremal black hole:

2 2
TR A (TR A ®)

@ Extremal black hole:

fex = @ (6)

o Extremal black hole condition:

Q? =2M(M — a) (7)
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2. Equations of motion for particles

o Geodesic equation for Sen black hole

d?xH dx” dx°
- —— — =
d\2 T d\ dX\ 0 (8)
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2. Equations of motion for particles

@ Our method:

Lagrangian — <= Hamiilton-Jacobi equation
\

Equations of motion
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2. Equations of motion for particles

On the one side,

o The Lagrangian of a free particle:
1 .
E = Eg,U,VX’uX . (9)
@ Normalizing condition:
gu Xl = —62. (10)

82 = —1,0,1 are related to the spacelike, null and
timelike geodesics, respectively.
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2. Equations of motion for particles

e Conjugate momenta:

oL >
P“:ﬁzgm,x. (11)
@ Hamiltonian:
1
H=Px'—-L= 5g’“’PNPl,. (12)
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2. Equations of motion for particles

The conjugate momenta from (11)

A — a%sin4. B 2aMrsin 6 .

P, = — ¢ 1
t Z Z ¢7 ( 3)
Y
P, = %6, (15)
2aMrsin20. =sin%0 .
P, = — ) 1
% s —tt—~<—¢ (16)

Shao-Wen Wei Particle Collisions on Black Hole Background



2. Equations of motion for particles

On the other side,

o Hamilton-Jacobi equation:

oS 1
= — = —— i
5 = —H = —2g"(0.5)(0.5). (17)

o Separation of the Hamilton-Jacobi function:

S— %5% _Et+ 16+ S,(r) + So(0). (18)
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2. Equations of motion for particles

e Momenta from (18):

P = S =-F, (19)
o= 2 (20)
o= 2 (21)
P, = g;:/. (22)
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2. Equations of motion for particles

Inserting (18) in (17),

2
AP? = % [(r(r + Q%/M) + a*)E — al]
—(82r(r + Q*/M) + K), (23)
P92 = - [5232 cos? 6 + (/cscf — Easin 0)2] + K (24)

with IC the Carter constant.
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2. Equations of motion for particles

The four first-order geodesic equations for a free particle:

% — é(EE—WVIar!), (25)
@ Jj (26)
0 i@, (27)
% = A12<2I\/IarE+/csc20(Z—2Mr)>. (28)

with R and © given by

2
R = [(r(r + Q?/M) + a*)E — a/} — A(8%r(r + Q*/M) + K),
© = K- (I—aE)® - [32(62 — E?) + % esc? 9] cos? 6.
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3. Radial motion and effective potential

Plan of this section:

@ Purpose: determine the range of angular momentum for
particle to fall into the black hole

e Model: particle moves on the equatorial plane (¢ = 7/2)
and E=5=1,M=1

o Method: analyze the effective potential
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3. Radial motion and effective potential

o Rewrite the radial equation (26) as

,:2
> + V=0 (29)
with
R
Vesr ~oy2
2r2 + (2Q% — 1?)r + (2a% — 4al — 2(Q? - 2))

- 2r(Q2 + r)2 - (30)
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3. Radial motion and effective potential

o Conditions for the critical radius and angular momentum:

Veff =0 and 8, Veﬂ-‘ =0. (31)

Vet

97 .

1 \S I »lc

1 \

r \

L ‘SQ

: [;IA 1ln 1 20"

r e —— —ai
—1L
725 I < o
B

Shao-Wen Wei Particle Collisions on Black Hole Background



3. Radial motion and effective potential

@ Critical values:

L1’2 = —2= 4—2Q2+43,r172:2—02—{—a:!: 4—2Q2+4a,
L34 = 2F7V4-2Q2—4a, a=2-Q —aTV4-2Q>—4a

@ Numerical results:

Qnin<rnin<n
Q L[, <0, Ly>0and L] > |Ly
Q |Lz] = |Ls4| = 4 for a = Q = 0 (Schwarzschild black hole).
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3. Radial motion and effective potential

Range of angular momentum for particle to fall into the

black hole:
@ Non-extremal black hole: (L, L4)
@ Extremal black hole: (LS, LgX)
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4. CM energy for Sen black hole

CM energy formula

o Particle 1: (mo,/l, = (PP (1) (’1))>

o Particle 2: (mo, h, Pé) = (P(Oz)v P(iz))>

o Center of mass system: P* = (PY 0)

CM energy

PPy = Eéy < gu(Plyy + Ply)(Pliy + P(2) (32)

Ecm = \/§m0 1- g;wuéll)ué) (33)
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4.1 Extremal black hole

@ CM energy of collision for an extremal black hole:

(7o) ==zt ar—ap (34)
with K is given by
K= 4r+2(r—2a+3)(a—r)?—hh(r—_2a)—2a(h+h)
—\//12(23 —r)+4(r—ah)+2(r — a)?

x\/ (23— ) + 4(r — ah) +2(r — a)2. (35)
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4.1 Extremal black hole

o Limiting value of CM energy at horizon:

(h—h)?
h—=2)(h—-2)

EC|\/|(r = reX) = 2m0\/1 + 23( (36)

e Summary:
Q h=h= Ecm=2mg
Q h=2,0rbh=2= Ecm =00
© Ecm = oo can occur for [ =2 € (L§*, L§¥)
Q@ a=0= Ecm = oo (naked singularity case)
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4.1 Extremal black hole

En Eonlres)
30t 30
¥AI | 25

i ﬂ (=18, h=—468)
0! nf — (=15, (r=—468)

i . (=10, (r=—468)
15ty 158

1
1of % \

\ 0f \

\
5t Seen
: 5 e memm————
r L L 1 s a
0 § 00 02 04 06 08 10
(a) (b)

The behavior of CM energy for an extremal Sen black hole.
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4.2 Non-extremal black hole

@ CM energy of collision for a non-extremal black hole:

Eem \° H
(ﬁmo) D e N B
with

H= 2 422°(r+ Q> +1)—2r*(1-2Q?
—2rQ%(1 — Q®) —2a(h + h) — (r + Q> = 2)lhr
—\2a— b2+ @2 B)(r + Q?)

x\/2(a— R)2 4+ (2r — B)(r + @2). (38)
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4.2 Non-extremal black hole

e Limiting value of CM energy at outer horizon:

Ecm(r =ry) (h —h)?
CMzmo o= \/1 R TR EEATCETAL (39)

where . = 2r; /a.

e Summary (outer horizon):

(1] /1:/2:> ECM(I’:I’+):2I’T’IO
g/lzlc,OI’/QZ/CéECM:OO
© Ecm(r = ry) = oo could not occur for /. not in (Lp, L4)
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4.2 Non-extremal black hole
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The behavior of CM energy for a non-extremal Sen black
hole.
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4.3 Near-extremal black hole

@ CM energy at outer horizon of a near-extremal black
hole:

max

E;iM ~ 116612 4 O(c2) (40)
0

With Ezamax_3<<1 and amale_%2.

e A Planck-scale energy collision needs (mg ~ 1 Gev):
e~1073%, (41)

o It is very hard for the near-extremal black hole to be a
particle accelerator to Planck-scale energy.
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4.4 Back-reaction effects

Note on back-reaction effects:

Ecwm < 10%8 . [ -0 Clm Ny (42)
~ 1MeV 100Ms,

Example my ~ 1 MeV and M ~ 100M),
o Kerr black hole: Ecy ~ 1012 GeV?
e Sen black hole: Ecy ~ 10?8 GeV

Back-reaction effects has a weak effect on the CM energy
for the Sen black hole geometry.

2E. Berti et al, PRL, arXiv:0911.2243[gr-qc]
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4. Conclusion

Conclusion (without gravitational radiation):

© Arbitrarily high energy can be approached for the
extremal black hole.

@ CM energy is limited for a non-extremal black hole.

© Near-extremal black hole could not be a particle
accelerator to Planck-scale energy.

© Back-reaction effects has a weak effect on the CM
energy for the Sen black hole geometry.
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Thank you!
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