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LIGO/Virgo 
detection of 
gravitational 
wave from 

compact binary 
coalescence

Nice agreement with GR prediction 
for binary black holes

• Inspiral: large mass and high compactness
• Merger: numerical relativity  
• Ringdown: least-damping quasinormal mode GW150914 
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Q: Do astrophysical black holes have event horizons? 

A: Maybe not if they are horizonless ultracompact objects 
(UCOs), which resemble BHs closely from the exterior… 
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Electromagnetic radiation: efficient trapping (appear black) 

Escape cone for outgoing 
particles, very small in the 

high redshift region

 esc

Q: Do astrophysical black holes have event horizons? 

A: Maybe not if they are horizonless ultracompact objects 
(UCOs), which resemble BHs closely from the exterior… 

 Cardoso and Pani, arXiv:1707.03021 [gr-qc]

In the high redshift region, the internal collisions produce particles with large 
L/E out of the escape cone. A large trapped phase space is populated, with the 
escape fraction.The luminosity is extremely small! 

Geodesic motion (short wavelength)
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Gravitational waves: similar ringdown at early time

4

-4
-2
0
2
4
6

-4
-2
0
2
4

Ψ
10

(t)

-100 0 100 200 300 400
t/M

-4
-2
0
2
4

wormhole

empty shell

gravastar

-0.4
-0.2
0.0
0.2
0.4

-0.5
0.0
0.5

Ψ
10

(t)

100 200 300 400
t/M

-0.5

0.0

0.5

wormhole

empty shell

gravastar

FIG. 2. Left: A dipolar (l = 1,m = 0) scalar wavepacket scattered o↵ a Schwarzschild BH and o↵ di↵erent ECOs with
` = 10�6M (r0 = 2.000001M). The right panel shows the late-time behavior of the waveform. The result for a wormhole, a
gravastar, and a simple empty shell of matter are qualitatively similar and display a series of “echoes” which are modulated
in amplitude and distorted in frequency. For this compactness, the delay time in Eq. (6) reads �t ⇡ 110M for wormholes,
�t ⇡ 82M for gravastars, and �t ⇡ 55M for empty shells, respectively.
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FIG. 3. Left panel: The waveform for the radial infall of a particle with specific energy E = 1.5 into a wormhole with
` = 10�6M , compared to the BH case. The BH ringdown, caused by oscillations of the outer PS as the particle crosses through,
are also present in the wormhole waveform. A part of this pulse travels inwards and is absorbed by the event horizon (for BHs)
or then bounces o↵ the inner (centrifugal or PS) barrier for ECOs, giving rise to echoes of the initial pulse. This is a low-pass
cavity which cleans the pulse of high-frequency components. At late times, only a lower frequency, long-lived signal is present,
well described by the QNMs of the ECO. Right panel: the same for a scattering trajectory, with pericenter rmin = 4.3M , o↵
a wormhole with ` = 10�6M . The main pulse is generated now through the bremsstrahlung radiation emitted as the particle
approaches the pericenter. The remaining main features are as before. We show only the real part of the waveform, the
imaginary part displays the same qualitative behavior.

express these results in a rotated frame [32, 33], and we
checked that the waveforms agree up to numerical errors

with our previous study [12] 2.
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express these results in a rotated frame [32, 33], and we
checked that the waveforms agree up to numerical errors

with our previous study [12] 2.
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express these results in a rotated frame [32, 33], and we
checked that the waveforms agree up to numerical errors

with our previous study [12] 2.

2
Note however the following typo in the original publication: the

？？
light ring

r = 3M

Schds BH

？？

x/M

Corrections close to  
horizon only appear 

after some time 

 Cardoso and Pani, arXiv:1707.03021 [gr-qc]

M!RD ⇡ 0.37� i0.089

circular 
photon 
orbit？
？
   
 

V
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tortoise coordinate

The dominant ringdown mode,                             , is directly associated with the light 
ring potential barrier instead of the ingoing boundary condition at horizon. Need multiple 
QNMs to establish the existence of the black hole horizon.    

Q: Do astrophysical black holes have event horizons? 

A: Maybe not if they are horizonless ultracompact objects 
(UCOs), which resemble BHs closely from the exterior… 
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different ECOs. Next we extend these results to the case of nonzero spin in Sec. III. A spin
changes the shape of the resonance pattern and it increases the number of narrow resonances.
For spins typical of the merger remnants of LIGO events, this turns out to be quite relevant for
search strategies. In Sec. IV we develop three types of window functions designed to isolate
signals from noisy data. Finally in Sec. V we apply our methods onto the LIGO data; we
describe our signals and estimate p-values for each event. In Sec. VI we study consistency
of the signals and other characteristics, including secondary peaks, that strengthen the echo
interpretation. We end that section with some implications for the neutron star merger. We
conclude in Sec. VII.

II. ECHOES FROM SPINLESS ECOS

A useful way to understand echoes is through their frequency content. On a static and spher-
ically symmetric background as described by the metric ds2 = �B(r)d t2 + A(r)dr2 + r2d✓ 2 +
r2 sin2 ✓d�2, the field equations for wave perturbations are greatly simplified by separating
out angular variables and focussing on the radial equation. Considering a single frequency
mode e�i!t !(x), the radial equation reduces to

�
@ 2

x +!2 � V (x)
�
 !(x) = S(x ,!) , (1)

where x is the tortoise coordinate implicitly defined by d x/dr =
p

A(r)/B(r), and S(x ,!)
denotes the matter source that generates the perturbation. The background spacetime deter-
mines the effective potential V (x) = V (r(x)),

V (r) = B(r)
l(l + 1)

r2 +
1 � s2

2r
B(r)
A(r)

✓
B0(r)
B(r)

� A0(r)
A(r)

◆
, (2)

for the field perturbation with spin s and angular momentum l.1 For Schwarzschild black
holes, the angular momentum barrier reaches a peak at xpeak, which is close to the light ring
radius r = 3M .

Fig. 1 presents the potential for different ECOs. A simple model is provided by a black
hole potential with the low end of the x range simply truncated at x0, and where the model
dependence is encoded in the boundary condition at x0. Some more physical models of ECOs
are basically ultracompact stars. The prime example is the gravastar [17, 18] characterized by
an exotic matter surface just outside the would-be horizon. There is no firm prediction for the
location of this surface. The standard centrifugal barrier of this regular spacetime corresponds
to a diverging potential and the behavior !(x) ⇠ (x � x0)l+1 ⇠ r l+1 near the origin. Recently

1 s = 0, 1 are for the test scalar field and electromagnetic radiation cases. s = 2 gives the Regge-Wheeler equation
that governs perturbations in general relativity.

sourceeffective potential
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Theoretical motivation for UCOs

• The black hole information loss paradox? Drastic modification close to the 
horizon expected. Maybe the event horizon is never formed, and UCOs provide 
a natural way out. 

• Fundamental connection with quantum gravity? Given the big hierarchy 
between the cutoff        and curvature scale at horizon of macroscopic black 
holes           , how UCOs associated with quantum gravity effects can be naturally 
produce (e.g. not clear in Fuzzball proposal)?

Mathur, Fortsch. Phys. 53, 793 (2005) Mazur and Mottola, gr-qc/0109035

m2
Pl/Mm2
Pl/Mm2
Pl/M

mPlmPlmPl
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• Gravitational wave echoes? After initial black hole ringdown, gravitational 
waves can be reflected out by the interior, and then impinge back on the 
potential barrier after some time delay, with some transmitted to the outside 
and some reflected back in. This process repeats and generates a distinct set 
of echoes.

• Echoes search in LIGO data? The matched filtering method suffers from 
great theoretical uncertainties for template construction. Need new method 
to extract generic features of echoes buried in the noise. 

light ring

3M

Schds BH

x/M (tortoise coordinate)
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are also present in the wormhole waveform. A part of this pulse travels inwards and is absorbed by the event horizon (for BHs)
or then bounces o↵ the inner (centrifugal or PS) barrier for ECOs, giving rise to echoes of the initial pulse. This is a low-pass
cavity which cleans the pulse of high-frequency components. At late times, only a lower frequency, long-lived signal is present,
well described by the QNMs of the ECO. Right panel: the same for a scattering trajectory, with pericenter rmin = 4.3M , o↵
a wormhole with ` = 10�6M . The main pulse is generated now through the bremsstrahlung radiation emitted as the particle
approaches the pericenter. The remaining main features are as before. We show only the real part of the waveform, the
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express these results in a rotated frame [32, 33], and we
checked that the waveforms agree up to numerical errors

with our previous study [12] 2.
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checked that the waveforms agree up to numerical errors

with our previous study [12] 2.

2
Note however the following typo in the original publication: the

？
？
   
 

V
M

2
New observation for UCOs

Quasi-periodic signal in time/freq
characterized by time delay td 



Outline
Asymptotically free quadratic gravity
• A plausible UV completion of GR
• A new perspective on quadratic gravity

A novel horizonless 2-2-hole  
• Horizonless UCOs sourced by dense matter
• Planckian deviation around would-be horizon

Gravitational wave echoes through new windows
• Extract generic properties of echoes with window functions
• Tentative signals from the LIGO data search

Summary and outlook
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Asymptotically free quadratic gravity
Holdom, Ren, arXiv: 1512.05305, 1605.05006

(Gravity Research Foundation 2016 essay competition, 4th prize)



GR is non-renormalizable: graviton loops create more powers of derivatives 

Asymptotically free extension of GR

4

Note on Quadratic Gravity 2-2-holes

Jing Ren⇤

Department of Physics, University of Toronto, Toronto, Ontario, Canada M5S1A7

I. INTRODUCTION
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�
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(U(1)Y gauge coupling), (Higgs self-coupling) (SM: r̂ = 0, x̂)

⇤ jren@physics.utoronto.ca
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GR is non-renormalizable: graviton loops create more powers of derivatives 

• Perturbatively renormalizable 

• Asymptotically free

Stelle, PRD 16, 953 (1977)

Asymptotically free extension of GR

Quantum Quadratic Gravity: an old candidate of quantum gravity, generalize 
GR with all quadratic curvature terms

Power counting changes behaviors:        propagator softens UV divergence

Fradkin,  Tseytlin, NPB 201, 469 (1982); Avramidi, Barvinsky, PLB 159, 269 (1985)

am > 0

4

2

Including the Einstein-Hilbert term, it is convenient to organize the quadratic action as follows

SQG =
Z

d4 x
p
�g

✓
1
2

M2R � 1
2 f 2

2
Cµ⌫↵�Cµ⌫↵� +

1
3 f 2

0
R2
◆

, (1)

with 1
2 Cµ⌫↵�Cµ⌫↵� = Rµ⌫Rµ⌫ � 1

3R2 up to the topological term.1 The R and R2 terms break

the conformal gauge symmetry of the second term, the Weyl tensor term. The action is char-

acterized by two dimensionless couplings and one mass scale. The mass scale M breaks the

classical scale invariance softly. In our later discussion M shall not be identified with the

Planck mass.

When (1) is considered as a fundamental theory, rather than the first few terms of a deriva-

tive expansion, it was found that this theory is perturbatively renormalizable [4][5]. The

reason comes from the dominance of the higher-derivative terms in the UV. Expanding around

the flat background gµ⌫ = ⌘µ⌫ + hµ⌫ , the gauge-fixed propagator for the metric fluctuation

hµ⌫ tends to 1/k4 in the UV times tensor structures. Renormalizability is also related to how

the classical scale invariance is only broken softly and by the trace anomaly. The latter corre-

sponds to the logarithmic running of the two dimensionless couplings.2

It is convenient to consider the running of f 2
2 and the ratio of couplings w = f 2

2 / f 2
0 . The

one-loop beta functions are the following [8][9]:

d f 2
2

d t
= �

✓
133
10
+ am

◆
f 4
2 ,

1
f 2
2

dw2

d t
= �


5
12
+ w

✓
5+

133
10
+ am

◆
+

10
3

w2
�

, (2)

where am > 0 denotes the matter contribution. With the same sign contributions from gravity

and matter, f 2
2 > 0 is always asymptotically free. For the coupling ratio w, there are two
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of gravity leads directly to a drastic modification of the Schwarzschild (Schd) spacetime start-
ing just at the location of the would-be horizon. In this case the metric description still holds
in the interior large curvature region where the volume of spacetime shrinks drastically. For
this gravity theory we have found what may be the generic endpoint of gravitational collapse
for a general matter distribution. The vacuum Schd solution still exists, and possibly other
solutions with a horizon, but these may not be the physically relevant, sourced-by-matter
solutions.

It is the link between the absence of a horizon after gravitational collapse and the absence
of the black hole information paradox that provides the impetus for this work. The proposed
theory of quantum gravity that underlies our study is far from new, and coming along with
it is a well-worn problem that needs to be faced. It could be said that we are trading one
problem for another, but we would like to argue that these two problems are not equal in
their intractability.

Quantum quadratic gravity (QQG) is characterized by two dimensionless couplings and
one mass scale,

SQQG =
Z

d4 x
p
�g
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This action was found to be perturbatively renormalizable and asymptotically free decades
ago [4–7]. In the standard picture the running couplings remain weak at the mass scale
⇠ | fiM|, below which the effective description is GR with M identified with the reduced
Planck mass. Unfortunately such a view suffers from the problem of a spin-2 ghost. Due to
the higher derivative terms the propagator for the metric perturbation on a flat background
has a massive pole with negative residue in the spin-2 sector. It implies either problems with
the probability interpretation and unitarity, or vacuum instability. A consensus on how to deal
with this problem is still lacking.

It appears to us that the apparent intractability of this problem is linked to the assumption
of weak couplings. Recently some thought has been given as to what happens if the theory
enters a strong phase [8][9]. In [8] we discussed the case where M is sufficiently small, so
that the couplings fi grow strong and another mass scale ⇤QQG >M appears. The poles in the
perturbative propagator then fall into the nonperturbative region in which case the physical
spectrum need not be the perturbative spectrum. A similar phenomenon occurs in quantum
chromodynamics (QCD). We discussed the analogy, both the similarities and differences, be-
tween the nonperturbative graviton propagator and the nonperturbative gluon propagator.
The analogy led to our conjecture that when M Æ ⇤QQG, the naive spin-2 ghost is removed
and a mass gap forms as determined by M. Since diffeomorphism invariance (like gauge
invariance in QCD) is preserved we further argued that GR emerges in the infrared (IR) in the
limit of a vanishing mass gap, M ! 0. (In [9] the analogy between quadratic gravity and a
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Standard picture: running couplings remain weak at the mass scale           , the 
perturbative spectrum has a massive, spin-2 ghost (different from the Faddeev-Popov ghost)

5

Wait … “the ghost problem” ?

�i
k2(k2�M2

2 )
= 1

M2
2

�
i
k2

�
� i

k2�M2
2

M2
2 = 1

2f
2
2M2

Negative energy (vacuum instability) or negative norm (unitarity problem)??  

2

of gravity leads directly to a drastic modification of the Schwarzschild (Schd) spacetime start-
ing just at the location of the would-be horizon. In this case the metric description still holds
in the interior large curvature region where the volume of spacetime shrinks drastically. For
this gravity theory we have found what may be the generic endpoint of gravitational collapse
for a general matter distribution. The vacuum Schd solution still exists, and possibly other
solutions with a horizon, but these may not be the physically relevant, sourced-by-matter
solutions.

It is the link between the absence of a horizon after gravitational collapse and the absence
of the black hole information paradox that provides the impetus for this work. The proposed
theory of quantum gravity that underlies our study is far from new, and coming along with
it is a well-worn problem that needs to be faced. It could be said that we are trading one
problem for another, but we would like to argue that these two problems are not equal in
their intractability.

Quantum quadratic gravity (QQG) is characterized by two dimensionless couplings and
one mass scale,

SQQG =
Z
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This action was found to be perturbatively renormalizable and asymptotically free decades
ago [4–7]. In the standard picture the running couplings remain weak at the mass scale
⇠ | fiM|, below which the effective description is GR with M identified with the reduced
Planck mass. Unfortunately such a view suffers from the problem of a spin-2 ghost. Due to
the higher derivative terms the propagator for the metric perturbation on a flat background
has a massive pole with negative residue in the spin-2 sector. It implies either problems with
the probability interpretation and unitarity, or vacuum instability. A consensus on how to deal
with this problem is still lacking.

It appears to us that the apparent intractability of this problem is linked to the assumption
of weak couplings. Recently some thought has been given as to what happens if the theory
enters a strong phase [8][9]. In [8] we discussed the case where M is sufficiently small, so
that the couplings fi grow strong and another mass scale ⇤QQG >M appears. The poles in the
perturbative propagator then fall into the nonperturbative region in which case the physical
spectrum need not be the perturbative spectrum. A similar phenomenon occurs in quantum
chromodynamics (QCD). We discussed the analogy, both the similarities and differences, be-
tween the nonperturbative graviton propagator and the nonperturbative gluon propagator.
The analogy led to our conjecture that when M Æ ⇤QQG, the naive spin-2 ghost is removed
and a mass gap forms as determined by M. Since diffeomorphism invariance (like gauge
invariance in QCD) is preserved we further argued that GR emerges in the infrared (IR) in the
limit of a vanishing mass gap, M ! 0. (In [9] the analogy between quadratic gravity and a

If       is small and     get strong at some higher scale                  . Perturbative poles 
could be drastically modified by strong interactions. Taking into account non-
perturbative effects, the theory in the strong phase could be well-defined?!

M f2
i ⇤QQG > M

May not be the end of the story!

• Holdom, JR, PRD 93, no. 12, 124030 (2016); IJMPD 25, no. 12, 1643004 (2016) (Essay awarded fourth prize in 
the Gravity Research Foundation 2016 essay competition)
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for a general matter distribution. The vacuum Schd solution still exists, and possibly other
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This action was found to be perturbatively renormalizable and asymptotically free decades
ago [4–7]. In the standard picture the running couplings remain weak at the mass scale
⇠ | fiM|, below which the effective description is GR with M identified with the reduced
Planck mass. Unfortunately such a view suffers from the problem of a spin-2 ghost. Due to
the higher derivative terms the propagator for the metric perturbation on a flat background
has a massive pole with negative residue in the spin-2 sector. It implies either problems with
the probability interpretation and unitarity, or vacuum instability. A consensus on how to deal
with this problem is still lacking.

It appears to us that the apparent intractability of this problem is linked to the assumption
of weak couplings. Recently some thought has been given as to what happens if the theory
enters a strong phase [8][9]. In [8] we discussed the case where M is sufficiently small, so
that the couplings fi grow strong and another mass scale ⇤QQG >M appears. The poles in the
perturbative propagator then fall into the nonperturbative region in which case the physical
spectrum need not be the perturbative spectrum. A similar phenomenon occurs in quantum
chromodynamics (QCD). We discussed the analogy, both the similarities and differences, be-
tween the nonperturbative graviton propagator and the nonperturbative gluon propagator.
The analogy led to our conjecture that when M Æ ⇤QQG, the naive spin-2 ghost is removed
and a mass gap forms as determined by M. Since diffeomorphism invariance (like gauge
invariance in QCD) is preserved we further argued that GR emerges in the infrared (IR) in the
limit of a vanishing mass gap, M ! 0. (In [9] the analogy between quadratic gravity and a
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could be drastically modified by strong interactions. Taking into account non-
perturbative effects, the theory in the strong phase could be well-defined?!
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May not be the end of the story!

• Holdom, JR, PRD 93, no. 12, 124030 (2016); IJMPD 25, no. 12, 1643004 (2016) (Essay awarded fourth prize in 
the Gravity Research Foundation 2016 essay competition)

Ongoing effort to resolve the ghost problem in the perturbative theory  

• Lee-Wick theory: Lee, Wick (1969, 1970); Cutkoski, Landshoff, Olive and Polkinghorne (1969); Tomboulis 
(1980); Boulware, Gross (1984)… 

• Lee-Wick theory (continue): Grinstein, O'Connell, Wise (2009); Anselmi, Piva (2017); Donoghue (2018)…  

• PT symmetry and non-Hermitian theory: Bender, Mannheim (2008)…  

• Modify quantum interpretation: Salvio, Strumia (2016)… 

• …
CERN workshop: https://indico.cern.ch/event/740038/timetable/#all

https://indico.cern.ch/event/740038/timetable/#all
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of gravity leads directly to a drastic modification of the Schwarzschild (Schd) spacetime start-
ing just at the location of the would-be horizon. In this case the metric description still holds
in the interior large curvature region where the volume of spacetime shrinks drastically. For
this gravity theory we have found what may be the generic endpoint of gravitational collapse
for a general matter distribution. The vacuum Schd solution still exists, and possibly other
solutions with a horizon, but these may not be the physically relevant, sourced-by-matter
solutions.
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theory of quantum gravity that underlies our study is far from new, and coming along with
it is a well-worn problem that needs to be faced. It could be said that we are trading one
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This action was found to be perturbatively renormalizable and asymptotically free decades
ago [4–7]. In the standard picture the running couplings remain weak at the mass scale
⇠ | fiM|, below which the effective description is GR with M identified with the reduced
Planck mass. Unfortunately such a view suffers from the problem of a spin-2 ghost. Due to
the higher derivative terms the propagator for the metric perturbation on a flat background
has a massive pole with negative residue in the spin-2 sector. It implies either problems with
the probability interpretation and unitarity, or vacuum instability. A consensus on how to deal
with this problem is still lacking.

It appears to us that the apparent intractability of this problem is linked to the assumption
of weak couplings. Recently some thought has been given as to what happens if the theory
enters a strong phase [8][9]. In [8] we discussed the case where M is sufficiently small, so
that the couplings fi grow strong and another mass scale ⇤QQG >M appears. The poles in the
perturbative propagator then fall into the nonperturbative region in which case the physical
spectrum need not be the perturbative spectrum. A similar phenomenon occurs in quantum
chromodynamics (QCD). We discussed the analogy, both the similarities and differences, be-
tween the nonperturbative graviton propagator and the nonperturbative gluon propagator.
The analogy led to our conjecture that when M Æ ⇤QQG, the naive spin-2 ghost is removed
and a mass gap forms as determined by M. Since diffeomorphism invariance (like gauge
invariance in QCD) is preserved we further argued that GR emerges in the infrared (IR) in the
limit of a vanishing mass gap, M ! 0. (In [9] the analogy between quadratic gravity and a

If       is small and     gets strong at some higher scale                 , perturbative poles 
could be drastically modified by strong interactions. Taking into account non-
perturbative effects, the theory in the strong phase could be well-defined!

M f2
i ⇤QQG > M

A new perspective: away from the perturbative regime!  

Holdom, Ren, PRD 93, no. 12, 124030 (2016); IJMPD 25, no. 12, 1643004 (2016)
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malisation close to Tinit = 0.45, it is important to keep
the step size especially small within the narrow critical re-
gion T ≃ 0.40 . . .0.41. Indeed, the distribution of the final
gauge-functional values (those of the local maxima after
simulated annealing and over-relaxation) is shifted to no-
ticeably higher values if the temperature step size ∆T is
reduced according to the rise of ⟨FU [g]⟩, i.e., if ∆T is taken
relatively small within the critical interval. This is in par-
ticular an efficient approach, as almost no improvement
was observed, when further reducing ∆T outside this in-
terval [41].

As an example, Fig. 1 shows the step sizes we use for
the different temperature intervals on a 964 lattice, where,
especially around T ≃ 0.40 . . . 0.41, ∆T is taken to be
very small. Such extremely long SA “chains”, with an or-
der O(104) of iterations, allow us with high probability to
reach local maxima of the gauge functional FU [g] close to
the global maximum (as far as possible for the computer
resources available), i.e., to the fundamental modular re-
gion, even with only one gauge-fixing attempt (“first-copy
approach”).

Note that we do not apply here Z(3) flips, the so-called
FSA method [30, 32] which in principle is capable of pro-
viding even larger FU [g] values than our SA algorithm
does. But we have seen the difference between SA and
FSA results decreases when L increases [32].

The computations presented are carried out at rather
strong coupling, β = 6/g2

0 = 5.70. The reason for this
choice is to get access to comparatively large physical vol-
umes at the price of a rather coarse lattice (a ≈ 0.17 fm).
In order to study the volume dependence we calculate the
gluon propagator for linear lattice sizes L ranging from
64 to 96. Thus, our largest lattice size corresponds to
(16 fm)4. The ghost propagator is studied for linear lat-
tice sizes L = 64 and L = 80. At larger lattice sizes and
the lowest momenta the inversion of the Faddeev-Popov
matrix turns out to converge only in rare cases. Obvi-
ously, this is due to the occurrence of very small eigen-
values which generate some algorithmic problems. There,
a modification of the used matrix inversion method (see
Sec. 4) or an even better gauge fixing, driving configura-
tions further away from the Gribov horizon [36], could be
valuable means of reducing such problems in future, but
it is beyond the scope of the current work.

3. Gluon propagator

The gluon propagator is defined by

Dab
µν(q) = ⟨Ãa

µ(k)Ãb
ν(−k)⟩

=

(
δµν −

qµqν

q2

)
δabD(q2) , (3)

where Ã(k) represents the Fourier transform of the gauge
potentials according to Eq. (1) with Landau-gauge fixed
links. The momentum q is given by qµ = (2/a) sin (πkµ/L)
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Figure 2: The bare lattice gluon propagator D(q2) versus q2 for
β = 5.70 and various lattice sizes. We also show data on D(0) (left).

with kµ ∈ (−L/2, L/2]. For q ̸= 0, one gets

D(q2) =
1

24

8∑

a=1

4∑

µ=1

Daa
µµ(q) , (4)

whereas at q = 0 the zero-momentum propagator D(0) is
defined as

D(0) =
1

32

8∑

a=1

4∑

µ=1

Daa
µµ(q = 0) . (5)

Our data for the gluon propagator obtained for various
lattice sizes is presented1 in Fig. 2. One can clearly see
a flattening of the gluon propagator as a function of q2

for small momenta. Note also the weak volume depen-
dence of the results. To illustrate the latter, in Fig. 3 we
present also the dependence of the zero-momentum prop-
agator D(0) (acc. to Eq. (5)) on the inverse lattice size
1/L. From this point of view it is natural to conclude
that in the infinite volume limit the gluon propagator will
approach some constant value as q2 → 0, i.e., the gluon
dressing function Z(q2) = q2D(q2) seems to decrease lin-
early with q2. The observed IR behaviour related to the
zero-momentum modes of the lattice gauge field Aµ(x) can
be associated with a massive gluon.

Our SU(3) IR gluon plateau results are in close agree-
ment with analogous SU(2) results found recently on huge
4D symmetric lattices [22, 27].

1In this letter the gluon and ghost propagator data has not been
renormalised in contrast to our former studies, in particular in [37].
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Bogolubsky et al, PLB 
676, 69 (2009)
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gion T ≃ 0.40 . . .0.41. Indeed, the distribution of the final
gauge-functional values (those of the local maxima after
simulated annealing and over-relaxation) is shifted to no-
ticeably higher values if the temperature step size ∆T is
reduced according to the rise of ⟨FU [g]⟩, i.e., if ∆T is taken
relatively small within the critical interval. This is in par-
ticular an efficient approach, as almost no improvement
was observed, when further reducing ∆T outside this in-
terval [41].

As an example, Fig. 1 shows the step sizes we use for
the different temperature intervals on a 964 lattice, where,
especially around T ≃ 0.40 . . . 0.41, ∆T is taken to be
very small. Such extremely long SA “chains”, with an or-
der O(104) of iterations, allow us with high probability to
reach local maxima of the gauge functional FU [g] close to
the global maximum (as far as possible for the computer
resources available), i.e., to the fundamental modular re-
gion, even with only one gauge-fixing attempt (“first-copy
approach”).

Note that we do not apply here Z(3) flips, the so-called
FSA method [30, 32] which in principle is capable of pro-
viding even larger FU [g] values than our SA algorithm
does. But we have seen the difference between SA and
FSA results decreases when L increases [32].

The computations presented are carried out at rather
strong coupling, β = 6/g2

0 = 5.70. The reason for this
choice is to get access to comparatively large physical vol-
umes at the price of a rather coarse lattice (a ≈ 0.17 fm).
In order to study the volume dependence we calculate the
gluon propagator for linear lattice sizes L ranging from
64 to 96. Thus, our largest lattice size corresponds to
(16 fm)4. The ghost propagator is studied for linear lat-
tice sizes L = 64 and L = 80. At larger lattice sizes and
the lowest momenta the inversion of the Faddeev-Popov
matrix turns out to converge only in rare cases. Obvi-
ously, this is due to the occurrence of very small eigen-
values which generate some algorithmic problems. There,
a modification of the used matrix inversion method (see
Sec. 4) or an even better gauge fixing, driving configura-
tions further away from the Gribov horizon [36], could be
valuable means of reducing such problems in future, but
it is beyond the scope of the current work.

3. Gluon propagator

The gluon propagator is defined by

Dab
µν(q) = ⟨Ãa

µ(k)Ãb
ν(−k)⟩

=

(
δµν −

qµqν

q2

)
δabD(q2) , (3)

where Ã(k) represents the Fourier transform of the gauge
potentials according to Eq. (1) with Landau-gauge fixed
links. The momentum q is given by qµ = (2/a) sin (πkµ/L)
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Figure 2: The bare lattice gluon propagator D(q2) versus q2 for
β = 5.70 and various lattice sizes. We also show data on D(0) (left).

with kµ ∈ (−L/2, L/2]. For q ̸= 0, one gets

D(q2) =
1

24

8∑

a=1

4∑

µ=1

Daa
µµ(q) , (4)

whereas at q = 0 the zero-momentum propagator D(0) is
defined as

D(0) =
1

32

8∑

a=1

4∑

µ=1

Daa
µµ(q = 0) . (5)

Our data for the gluon propagator obtained for various
lattice sizes is presented1 in Fig. 2. One can clearly see
a flattening of the gluon propagator as a function of q2

for small momenta. Note also the weak volume depen-
dence of the results. To illustrate the latter, in Fig. 3 we
present also the dependence of the zero-momentum prop-
agator D(0) (acc. to Eq. (5)) on the inverse lattice size
1/L. From this point of view it is natural to conclude
that in the infinite volume limit the gluon propagator will
approach some constant value as q2 → 0, i.e., the gluon
dressing function Z(q2) = q2D(q2) seems to decrease lin-
early with q2. The observed IR behaviour related to the
zero-momentum modes of the lattice gauge field Aµ(x) can
be associated with a massive gluon.

Our SU(3) IR gluon plateau results are in close agree-
ment with analogous SU(2) results found recently on huge
4D symmetric lattices [22, 27].

1In this letter the gluon and ghost propagator data has not been
renormalised in contrast to our former studies, in particular in [37].
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A QCD analogy for quadratic gravity
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UV behavior perturbatively renormalizable, asymptotically free

Strong scale gauge coupling strong at      d          gravitational couplings strong at       d 

Nonperturb
ative effects

the perturbative gluon removed 
from the physical spectrum and 
a mass gap developed as 
controlled by 

          : all perturbative poles removed 
from the physical spectrum and a mass 
gap now controlled by 

          : the massless graviton pole 
emerges as the only light state in the 
physical spectrum

IR effective 
description

color singlet states described 
by Chiral Lagrangian 

massless graviton described by GR with 
the derivative expansion,                d       

⇤QQG⇤QCD

mPl ⇠ ⇤QQG

M 6= 0

M = 0
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⇤QCD

(M . ⇤QQG)

GR emerges as the low energy effective theory! 
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Previous works treated this as a truncation and had problems with higher order 
terms when describing solutions with arbitrarily large curvatures. 

Our new perspective allows exploration of solutions containing both sub-Planckian 
and super-Planckian curvature regions. 

Find solutions in Classical Quadratic Gravity, a theory with the same limits for 
small and large curvatures (but it interpolates between the two in its own way)

energy 
curvature

A new picture for gravity

Large corrections to black holes?

7
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stability of the 2-2-holes against movement of the shell in Sec. III A. In Sec. III B we study point
particle geodesics and collisions inside the 2-2-hole which leads to a discussion of the trapping
mechanism. We diagnose the timelike singularity with a focus on classical field dynamics in
Sec. III C. In Sec. III D we estimate the size dependent time delay for 2-2-holes and further
describe the wave equation. A sketch of possible behaviors of a rotating 2-2-hole is given in
Sec. III E.

II. STATIC SPHERICALLY SYMMETRIC SOLUTIONS

The general line element for a static, spherically symmetric spacetime is

ds2 = �B(r)d t2 + A(r)dr2 + r2d✓ 2 + r2 sin2 ✓d�2. (3)

Due to the Bianchi identity only two field equations of the action (2) are independent. We use
the t t and r r components of the field equations, which can also be obtained by varying the
action with respect to B(r) and A(r). B(r) is affected by a rescaling of t, and this is reflected
in field equations that depend only on the normalized derivatives B(i)(r)/B(r). By convention
B(r) is set to unity at infinity in asymptotically-flat solutions. For generic CQG, ↵ 6= 0,� 6= 0,
five initial conditions are needed to determine a solution to the field equations, namely A00, A0,
A, B00/B, B0/B at some value of r [23]. We shall also consider the special case with � = 0; in
this case there are three initial conditions, A0, A, B0/B [23].

The solutions can be classified by the series expansion around r = 0 [10].

A(r) = asrs + as+1rs+1 + as+2rs+2 + ... ,

B(r) = bt(r t + bt+1r t+1 + bt+2r t+2 + ...) . (4)

There are three families of solutions as characterized by the powers of the first nonvanishing
terms (s, t) [10]. We list properties and the free parameters of these families in Tab. I. We
will not include the leading coefficient bt in parameter counting since it is determined by
B(1) = 1. The remaining infinite set of coefficients are all determined, and we illustrate this
up to some order in Appendix. A.

The nonsingular (0, 0) family has only even power terms, and the increase in the number
of free parameters in CQG indicates that Birkhoff’s theorem no longer applies. The (1,�1)
family includes the Schd solution as a special case, as all vacuum solutions of GR automatically
satisfy the field equations of CQG. It also includes other solutions with a horizon as found
recently [24]. Most interestingly CQG has a new type of solution, the (2, 2) family, that
has no counterpart in GR. It is characterized by five free parameters [11], the same as the
number of initial conditions needed to specify a solution of the field equations. At the origin
all components of the metric gµ⌫ vanish. As we will see later there is a subclass of the (2, 2)

New solutions for dense matter sources

8

Static, spherically symmetric, asymptotically-flat solution: no Birkhoff ’s theorem. 
Numerical solutions sourced by matter distributions with larger compactness. 



6

stability of the 2-2-holes against movement of the shell in Sec. III A. In Sec. III B we study point
particle geodesics and collisions inside the 2-2-hole which leads to a discussion of the trapping
mechanism. We diagnose the timelike singularity with a focus on classical field dynamics in
Sec. III C. In Sec. III D we estimate the size dependent time delay for 2-2-holes and further
describe the wave equation. A sketch of possible behaviors of a rotating 2-2-hole is given in
Sec. III E.

II. STATIC SPHERICALLY SYMMETRIC SOLUTIONS

The general line element for a static, spherically symmetric spacetime is

ds2 = �B(r)d t2 + A(r)dr2 + r2d✓ 2 + r2 sin2 ✓d�2. (3)

Due to the Bianchi identity only two field equations of the action (2) are independent. We use
the t t and r r components of the field equations, which can also be obtained by varying the
action with respect to B(r) and A(r). B(r) is affected by a rescaling of t, and this is reflected
in field equations that depend only on the normalized derivatives B(i)(r)/B(r). By convention
B(r) is set to unity at infinity in asymptotically-flat solutions. For generic CQG, ↵ 6= 0,� 6= 0,
five initial conditions are needed to determine a solution to the field equations, namely A00, A0,
A, B00/B, B0/B at some value of r [23]. We shall also consider the special case with � = 0; in
this case there are three initial conditions, A0, A, B0/B [23].

The solutions can be classified by the series expansion around r = 0 [10].

A(r) = asrs + as+1rs+1 + as+2rs+2 + ... ,

B(r) = bt(r t + bt+1r t+1 + bt+2r t+2 + ...) . (4)

There are three families of solutions as characterized by the powers of the first nonvanishing
terms (s, t) [10]. We list properties and the free parameters of these families in Tab. I. We
will not include the leading coefficient bt in parameter counting since it is determined by
B(1) = 1. The remaining infinite set of coefficients are all determined, and we illustrate this
up to some order in Appendix. A.

The nonsingular (0, 0) family has only even power terms, and the increase in the number
of free parameters in CQG indicates that Birkhoff’s theorem no longer applies. The (1,�1)
family includes the Schd solution as a special case, as all vacuum solutions of GR automatically
satisfy the field equations of CQG. It also includes other solutions with a horizon as found
recently [24]. Most interestingly CQG has a new type of solution, the (2, 2) family, that
has no counterpart in GR. It is characterized by five free parameters [11], the same as the
number of initial conditions needed to specify a solution of the field equations. At the origin
all components of the metric gµ⌫ vanish. As we will see later there is a subclass of the (2, 2)

regular & starlike

(would-be horizon)

53

0 `

GR limit

rH

(2, 2) for ` . rH (0, 0) for ` & rH

(mPl = 1)
low compactnesshigh compactness

Series expansion around the origin

New solutions for dense matter sources

8

Static, spherically symmetric, asymptotically-flat solution: no Birkhoff ’s theorem. 
Numerical solutions sourced by matter distributions with larger compactness. 

A spherical thin-shell model     d               (M, `)(M, `)(M, `)



6

stability of the 2-2-holes against movement of the shell in Sec. III A. In Sec. III B we study point
particle geodesics and collisions inside the 2-2-hole which leads to a discussion of the trapping
mechanism. We diagnose the timelike singularity with a focus on classical field dynamics in
Sec. III C. In Sec. III D we estimate the size dependent time delay for 2-2-holes and further
describe the wave equation. A sketch of possible behaviors of a rotating 2-2-hole is given in
Sec. III E.

II. STATIC SPHERICALLY SYMMETRIC SOLUTIONS

The general line element for a static, spherically symmetric spacetime is

ds2 = �B(r)d t2 + A(r)dr2 + r2d✓ 2 + r2 sin2 ✓d�2. (3)

Due to the Bianchi identity only two field equations of the action (2) are independent. We use
the t t and r r components of the field equations, which can also be obtained by varying the
action with respect to B(r) and A(r). B(r) is affected by a rescaling of t, and this is reflected
in field equations that depend only on the normalized derivatives B(i)(r)/B(r). By convention
B(r) is set to unity at infinity in asymptotically-flat solutions. For generic CQG, ↵ 6= 0,� 6= 0,
five initial conditions are needed to determine a solution to the field equations, namely A00, A0,
A, B00/B, B0/B at some value of r [23]. We shall also consider the special case with � = 0; in
this case there are three initial conditions, A0, A, B0/B [23].

The solutions can be classified by the series expansion around r = 0 [10].

A(r) = asrs + as+1rs+1 + as+2rs+2 + ... ,

B(r) = bt(r t + bt+1r t+1 + bt+2r t+2 + ...) . (4)

There are three families of solutions as characterized by the powers of the first nonvanishing
terms (s, t) [10]. We list properties and the free parameters of these families in Tab. I. We
will not include the leading coefficient bt in parameter counting since it is determined by
B(1) = 1. The remaining infinite set of coefficients are all determined, and we illustrate this
up to some order in Appendix. A.

The nonsingular (0, 0) family has only even power terms, and the increase in the number
of free parameters in CQG indicates that Birkhoff’s theorem no longer applies. The (1,�1)
family includes the Schd solution as a special case, as all vacuum solutions of GR automatically
satisfy the field equations of CQG. It also includes other solutions with a horizon as found
recently [24]. Most interestingly CQG has a new type of solution, the (2, 2) family, that
has no counterpart in GR. It is characterized by five free parameters [11], the same as the
number of initial conditions needed to specify a solution of the field equations. At the origin
all components of the metric gµ⌫ vanish. As we will see later there is a subclass of the (2, 2)

regular & starlikehorizonless 2-2-hole

(would-be horizon)

53

0 `

GR limit

rH

(2, 2) for ` . rH (0, 0) for ` & rH

(mPl = 1)
low compactnesshigh compactness

No need 
to form 
horizon!

Series expansion around the origin

A brand new  
family, the most 
generic solutions

New solutions for dense matter sources

8

Static, spherically symmetric, asymptotically-flat solution: no Birkhoff ’s theorem. 
Numerical solutions sourced by matter distributions with larger compactness. 

A spherical thin-shell model     d               (M, `)(M, `)(M, `)



                   =                               +                      +
Super-Planckian  

curvature 
interior

transition 
region

2-2- 
hole

9

Schd

series 
expansion

Sub-Planckian 
curvature 
exterior

b2r
2

a2r
2



                   =                               +                      +
Super-Planckian  

curvature 
interior

transition 
region

Sub-Planckian 
curvature 
exterior

2-2- 
hole

Schd

series 
expansion

b2r
2

a2r
2

9

Schd scaling 

• Exponentially small 
corrections to Schd 
solution 

• Curvatures highly 
suppressed for large 
objects



                   =                               +                      +
Super-Planckian  

curvature 
interior

transition 
region

Sub-Planckian 
curvature 
exterior

2-2- 
hole

Schd

series 
expansion

transition 
region

b2r
2

a2r
2

9

Deviation at 
Planck distance 

(determined by 
dynamics, applied for 

all               )M � mPlM � mPlM � mPl

Schd scaling 

• Exponentially small 
corrections to Schd 
solution 

• Curvatures highly 
suppressed for large 
objects



                   =                               +                      +
Super-Planckian  

curvature 
interior

transition 
region

Sub-Planckian 
curvature 
exterior

2-2- 
hole

Schd

series 
expansion

transition 
region

Super-Planckian  
curvature 
interior

b2r
2

a2r
2

9

Deviation at 
Planck distance 

(determined by 
dynamics, applied for 

all               )M � mPlM � mPlM � mPl

Schd scaling 

• Exponentially small 
corrections to Schd 
solution 

• Curvatures highly 
suppressed for large 
objects

Novel scaling 

• Small B(r): very large   
gravitational redshift 
(deep potential)

• Small A(r): shrinking 
radial size (~Planck 
proper length)



                   =                               +                      +
Super-Planckian  

curvature 
interior

transition 
region

Sub-Planckian 
curvature 
exterior

2-2- 
hole

Schd

series 
expansion

transition 
region

Super-Planckian  
curvature 
interior

Schd scaling 

• Exponentially small 
corrections to Schd 
solution 

• Curvatures highly 
suppressed for large 
objects

b2r
2

a2r
2

Naked (curvature) singularity

2

g2(µ) = � 8⇡2

b ln(µ/⇤)
, b = �11
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X
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3v2
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⇠
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3
⇤⇠ (7)

gµ⌫ = ⌘µ⌫ +
p

2
MPl

ĥµ⌫ , H = 1p
2
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↵,� ⇠ O(1) rH = 2M
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light ring modes

Time delay for astrophysical 2-2-hole

echoes

For                ,     is about 0.1s, i.e. longer than 
the damping time of BH dominant ringdown 
O(1ms) and shorter than the duration of stable 
strain data O(10s).

A new time scale for quantum gravity: 
contribution mainly from exterior, with only 
log(M/mPl) dependence on the mass hierarchy
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More properties of 2-2-hole 

For 2-2-holes, αC2 term essential, while βR2 is optional 

Einstein-Weyl gravity (β = 0): two scales (m2, mPl), R = 0 (traceless matter)

New results: 2-2-holes sourced by relativistic thermal gas (ρ = 3p)

• Expected form of in-falling particles in the high curvature interior after they interact 
for long time (thermal equilibrium:                       ) 

• One-parameter family solution with                (lower bound for minimum 2-2-hole)

• Novel scaling behavior for 2-2-hole interior: large and small mass limit

2

+AB
�
r3A0B02 + 2rBB0 �r2A00 + rA0� + 4B2

�
rA0 � r2A00�� + 8A3B3

i
. (3)

The matter contribution is a bit complicated. But if we focus on a traceless stress tensor,

T2 = Trr and field equations are greatly simplified,

H1 = 0, H2 =
1
2

Trr , (4)

The stress tensor satisfies the momentum conservation law in addition: rµTµr = 0.

II. THE THERMAL GAS MODEL FOR 2-2-HOLES

Since the 2-2-hole has super-Planckian curvature in the interior, any matter falling in would

be torn apart and become relativistic particles after certain time. The interaction between

particles will also become negligible if the fundamental theory is asymptotically free. So a

2-2-hole sourced by relativistic thermal gas is very likely to be the endpoint of gravitational

collapse in quadratic gravity, where matter inside has reached thermal equilibrium after long

enough time. In this section we study such a solution and discuss its properties.

The stress tensor of relativistic thermal gas is

Tµ⌫(r) = diag
�
B(r)⇢(r), A(r)p(r), r2p(r), r2s2

✓ p(r)
�

, (5)

where ⇢, p are proper energy density and pressure, satisfying ⇢ = 3p and Tµµ = 0. The

conservation law p0 + (p + ⇢)B0/2B = 0 then determines the matter profile up to a constant,

i.e. p(r)B(r)2 = p1. The relativistic thermal gas has the energy and entropy densities,

⇢(r) = 3p(r) = N
⇡2

30
T (r)4, s(r) =

⇢(r) + p(r)
T (r)

= N
2⇡2

45
T (r)3 , (6)

where p1 = N⇡2T 4
1/90 and T (r) = T1/

p
B is the Tolman’s law for thermal equilibrium in

curved background spacetime. N denotes the number of particle species. The total energy and

entropy are,

U =
Z

dr
p

A(r)B(r)4⇡r2⇢(r) = N
2⇡3

15
T 4
1

Z
dr

r
A(r)
B(r)3

r2

S =
Z

dr
p

A(r)4⇡r2s(r) = N
8⇡3

45
T 3
1

Z
dr

r
A(r)
B(r)3

r2 =
4
3

U
T1

. (7)

Given that A, B ⇠ r2 around the origin, the integral does not diverge. Compared to the thin-

shell model [1], relativistic thermal gas in thermal equilibrium implies a quite compact matter

distribution and naturally guarantees a 2-2-hole solution.

Substituting the conservation law, field equations (4) then become

H1 = 0, H2 =
A

2B2 p1 . (8)

4

deviation from the Schd metric occurs. As R = 0 for � = 0, Tµµ = 0 case, it is easy to show that

A/B reaches the peak when C2 = 0. This then provides a good definition of boundary for the

2-2-hole interior, within which A/B approaches a constant and C2 changes the behavior. For

smaller m2rH , the Compton wavelength of the massive spin-2 mode becomes more comparable

to the size of the object and gives rise to larger corrections. This pushes the A/B peak (or C2

zero) well within r = rH and implies a smaller interior along the radial direction. In the

exterior there is also a larger region with curvature C2 ⇠ m4
2. For 2-2-holes to exist we find

a lower bound m2rH ¶ 1. This shows some similarity to the boson star, which is viewed as

a macroscopic quantum state controlled by the uncertainty principle [4, 5]. The mini-boson

star composed of free massive scalar bosons has Mmax ⇠ m2
Pl/m0 and implies Rminm0 ⇠ 1, with

Rmin ⇠ Mmax/m2
Pl the minimal radius in the stable branch. Namely, the size of compact object

is no smaller than the Compton wavelength of the massive modes. For the 2-2-hole, it reaches

the minimal radius at Mmin ⇠ m2
Pl/m2, which then shows some relation to the uncertainty

principle.

Fig. 2 present various parameters as function of m2rH . In the following we discuss the large

and small m2rH limits one by one.

For large objects with m2rH � 1, the 2-2-hole interior is governed by a novel scaling behav-

ior at the leading order as we’ve already noticed before [1]. Here we keep the dependence on

all dimensional scales fully. The metric A(r)m2
2r2

H , B(r)m2
2r2

H are universal functions of r/rH ,

which then implies a2, b2 / r�4
H m�2

2 . The curvature invariant I(r)m�2n
2 with mass dimension

2n is a universal function of r/rH , and the radial proper length for the interior has `in / m�1
2 .

They are determined by m2 solely. For the matter properties, we find T1 / r�1
H

p
mPl/m2,

U / M , S / r2
H/`

2
Pl

p
m2/mPl, and T (r)/

p
m2mPl a universal function of r/rH . The transition

region is characterized by A/B peak at rpeak = rH(1 + �), with
p

A/Bpeak ⇠ ��1. This is also

roughly the place that we see significant deviation from Schd metric. We find � ⇠ (m2rH)�⌘,
with ⌘ 2 [1, 2] from numerical solutions. The boundary of the interior scaling region also get

more and more close to rpeak for larger m2rH . The interior properties of large 2-2-holes are

closely related to the fact that curvature invariants around rH are fixed by the external mass

scale m2.

With the explicit m2 dependence, we can see more clearly the competition between the

Weyl tensor and the Einstein term, in particular when there is a hierarchy between m2 and

mPl. In the classical theory, with increasing m2 (smaller ↵), the 2-2-hole interior becomes

thinner, more curved, and the deviation from Schds metric occurs more close to the would-be

horizon. The gas at far distance becomes colder due to the larger redshift, but it is hotter in

the interior and has larger total entropy. In the decoupling limit m2 ! 1, the 2-2-hole literally

approaches a fire wall with the singularity sitting right at rH and no interior. In the quantum

theory, m2 � mPl implies large quantum corrections from strong gravitational couplings, and

the classical approximation might be irrelevant. But for a given m2, the above description
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More properties of 2-2-hole 

For 2-2-holes, αC2 term essential, while βR2 is optional 

Einstein-Weyl gravity (β = 0): two scales (m2, mPl), R = 0 (traceless matter)

New results: 2-2-holes sourced by relativistic thermal gas (ρ = 3p)

3

For a 2-2-hole solution, four mass scales are relevant: the Planck mass mPl, the spin-2 mode

mass m2, the source property p1 in field equations and the physical mass M of 2-2-hole. It

is more convenient to treat M by the would-be horizon rH = 2M`2
Pl, which describes its size.

Putting the metrics as functions of dimensionless quantity r/rH , the two field equations can

be written schematically as

1
r2

H`
2
Pl

[...] = 0,
1

r2
H`

2
Pl

✓
[...] +

1
m2

2r2
H
[...] + p1r2

H`
2
Pl[...]

◆
= 0 (9)

where [...] denotes dimensionless quantities. This shows that a class of solution for A, B as

functions of r/rH is defines by m2rH = const. and p1r2
H`

2
Pl = const.. The two constants are

also correlated. Using the shooting from inside and requiring an asymptotically flat solution

at larger r, a unique p1 is selected for a given pair of (m2, a2). The physical mass M (and

the size rH) are found by a fit of the numerical solution with a Schd metric outside of the

transition region (where the exponentially small correction from m2 is negligible). So the

2-2-hole sourced by relativistic thermal gas is a one-parameter family of solution.
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FIG. 1. The ratio A/B, Weyl tensor square Cµ⌫⇢�Cµ⌫⇢� and the thermal gas temperature T as function

of r/rH for m2rH =1.21 (red), 1.23 (orange), 1.31 (yellow), 1.76 (green), 4 (cyan), 10 (blue), 100

(purple).

Now let’s examine the solutions more closely. Fig. 1 shows the ratio A/B, Weyl tensor

square Cµ⌫⇢�Cµ⌫⇢� and the thermal gas temperature T as function of r/rH for different m2rH .

When m2rH � 1, A/B reaches a peak slightly outside the would-be horizon, where significant

• Expected form of in-falling particles in the high curvature interior after they interact 
for long time (thermal equilibrium:                       ) 

• One-parameter family solution with                (lower bound for minimum 2-2-hole)

• Novel scaling behavior for 2-2-hole interior: large and small mass limit

2

+AB
�
r3A0B02 + 2rBB0 �r2A00 + rA0� + 4B2

�
rA0 � r2A00�� + 8A3B3

i
. (3)

The matter contribution is a bit complicated. But if we focus on a traceless stress tensor,

T2 = Trr and field equations are greatly simplified,

H1 = 0, H2 =
1
2

Trr , (4)

The stress tensor satisfies the momentum conservation law in addition: rµTµr = 0.

II. THE THERMAL GAS MODEL FOR 2-2-HOLES

Since the 2-2-hole has super-Planckian curvature in the interior, any matter falling in would

be torn apart and become relativistic particles after certain time. The interaction between

particles will also become negligible if the fundamental theory is asymptotically free. So a

2-2-hole sourced by relativistic thermal gas is very likely to be the endpoint of gravitational

collapse in quadratic gravity, where matter inside has reached thermal equilibrium after long

enough time. In this section we study such a solution and discuss its properties.

The stress tensor of relativistic thermal gas is

Tµ⌫(r) = diag
�
B(r)⇢(r), A(r)p(r), r2p(r), r2s2

✓ p(r)
�

, (5)

where ⇢, p are proper energy density and pressure, satisfying ⇢ = 3p and Tµµ = 0. The

conservation law p0 + (p + ⇢)B0/2B = 0 then determines the matter profile up to a constant,

i.e. p(r)B(r)2 = p1. The relativistic thermal gas has the energy and entropy densities,

⇢(r) = 3p(r) = N
⇡2

30
T (r)4, s(r) =

⇢(r) + p(r)
T (r)

= N
2⇡2

45
T (r)3 , (6)

where p1 = N⇡2T 4
1/90 and T (r) = T1/

p
B is the Tolman’s law for thermal equilibrium in

curved background spacetime. N denotes the number of particle species. The total energy and

entropy are,

U =
Z

dr
p

A(r)B(r)4⇡r2⇢(r) = N
2⇡3

15
T 4
1

Z
dr

r
A(r)
B(r)3

r2

S =
Z

dr
p

A(r)4⇡r2s(r) = N
8⇡3

45
T 3
1

Z
dr

r
A(r)
B(r)3

r2 =
4
3

U
T1

. (7)

Given that A, B ⇠ r2 around the origin, the integral does not diverge. Compared to the thin-

shell model [1], relativistic thermal gas in thermal equilibrium implies a quite compact matter

distribution and naturally guarantees a 2-2-hole solution.

Substituting the conservation law, field equations (4) then become

H1 = 0, H2 =
A

2B2 p1 . (8)
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Pl/m0 and implies Rminm0 ⇠ 1, with

Rmin ⇠ Mmax/m2
Pl the minimal radius in the stable branch. Namely, the size of compact object

is no smaller than the Compton wavelength of the massive modes. For the 2-2-hole, it reaches

the minimal radius at Mmin ⇠ m2
Pl/m2, which then shows some relation to the uncertainty

principle.

Fig. 2 present various parameters as function of m2rH . In the following we discuss the large

and small m2rH limits one by one.

For large objects with m2rH � 1, the 2-2-hole interior is governed by a novel scaling behav-

ior at the leading order as we’ve already noticed before [1]. Here we keep the dependence on

all dimensional scales fully. The metric A(r)m2
2r2

H , B(r)m2
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H are universal functions of r/rH ,

which then implies a2, b2 / r�4
H m�2

2 . The curvature invariant I(r)m�2n
2 with mass dimension

2n is a universal function of r/rH , and the radial proper length for the interior has `in / m�1
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They are determined by m2 solely. For the matter properties, we find T1 / r�1
H

p
mPl/m2,
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m2/mPl, and T (r)/
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m2mPl a universal function of r/rH . The transition

region is characterized by A/B peak at rpeak = rH(1 + �), with
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A/Bpeak ⇠ ��1. This is also

roughly the place that we see significant deviation from Schd metric. We find � ⇠ (m2rH)�⌘,
with ⌘ 2 [1, 2] from numerical solutions. The boundary of the interior scaling region also get

more and more close to rpeak for larger m2rH . The interior properties of large 2-2-holes are

closely related to the fact that curvature invariants around rH are fixed by the external mass

scale m2.

With the explicit m2 dependence, we can see more clearly the competition between the

Weyl tensor and the Einstein term, in particular when there is a hierarchy between m2 and

mPl. In the classical theory, with increasing m2 (smaller ↵), the 2-2-hole interior becomes

thinner, more curved, and the deviation from Schds metric occurs more close to the would-be

horizon. The gas at far distance becomes colder due to the larger redshift, but it is hotter in

the interior and has larger total entropy. In the decoupling limit m2 ! 1, the 2-2-hole literally

approaches a fire wall with the singularity sitting right at rH and no interior. In the quantum

theory, m2 � mPl implies large quantum corrections from strong gravitational couplings, and

the classical approximation might be irrelevant. But for a given m2, the above description
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FIG. 2. The series expansion parameters a2, b2, interior radial proper length `in (dash, solid for

integration up to rpeak, 0.9rpeak), the thermal gas temperature at infinity T1, total interior energy U

and total interior entropy S as functions of m2rH . For T1 and S we assume N = 1 (dash, solid for

integration up to rpeak, 2rpeak).

applies to object with rH ! 1.

When m2rH gets close to the lower bound, we see significant deviation from the large mass

scaling behavior. For exmaple, a2r4
H m2

2 increases and b2r4
H m2

2 decreases dramatically at smaller

m2rH . Actually there is a new leading order scaling behavior in this small mass limit. With

growing a2, the contribution of m2 is negligible as we can see from the series expansion, and

a2 is the only relevant dimensional quantity in the interior. As a result, we find that A(r),
(a2/b2)B(r) are universal functions of r/ra, where ra ⌘ 1/

p
a2 defines a new radius that

almost decouples from the would-be horizon radius rH . The curvature invariant I(r)r2n
a with

drop dramatically in small mass limit 

area law 
(finite)

(large mass)

(small mass)
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mass dimension 2n is a universal function of r/ra. 1 The radial proper length for the interior

has `in / ra. For the gas, the temperature at infinity drops dramatically at smaller mass with

T1 /
p

b2ra/`Pl, while the temperature in the interior receives a large enhancement from

the transition region with T (r)
p

ra`Pl a universal function of r/ra. We find U / b1/2
2 (r2

a/`
2
Pl),

S / (r2
a/`

2
Pl)3/4 from the interior contribution and they also become smaller. In this small mass

limit the asymmetric transition region has a quite different shape. The constant interior value

for the ratio A/B / a2/b2, which is approached by the peak from right, grows significantly

and becomes comparable to the peak value. While the region in between the A/B peak and

rH becomes much broader, corresponding to larger corrections from m2. The physical mass is

found by numerical fit at large r and is quite insensitive to the increasing a2 in this limit.

TABLE I. Novel scaling behavior for 2-2-hole interior in the large and small mass limit

Metric Curvature Temperature `in U S

m2rH � 1 A(r),
a2

b2
B(r) I(r)m�2n

2 T (r)
r
`Pl

m2

1
m2

M
r2

H

`2Pl

r
m2

mPl

m2rH ¶ 1 A(r)m2
2r2

H I(r)r2n
a T (r)

p
ra`Pl ra

p
b2

r2
a

`2Pl

✓
r2

a

`2Pl

◆3/4

The minimum 2-2-hole then has a shrinking interior, with vanishing radius, speed of light,

entropy and infinite interior temperature. Its physical mass is roughly Mmin ⇠ m2
Pl/m2. For

a large 2-2-hole, it will evaporate when the temperature at the weak gravity region ⇠ T1 is

larger than that of the cosmic microwave background. The evaporation rate gradually increase

for smaller objects until T1 reaches a maximum at about m2rH ⇠ 1.5. Afterwards, the rate

as well as T1 drops significantly. At certain point the 2-2-hole is so cold that it appears stable

for the age of universe and could serve as a dark matter candidate with mass ⇠ Mmin. The

parameter region m2 ⌧ mPl is naturally realized in weakly interacting quartic gravity. Small

m2 is expected to be constrained from some solar system test of GR with m2 ¶ 10�10 eV.

We’ve seen that the 2-2-hole in large mass limit naturally provides a brick-wall model for

the black hole. Its entropy scales with the area of the would-be horizon in the unit of `2
Pl. But

the coefficient has additional dependence on the mass difference m2/mPl and the number of

particle species N , making it quantitatively different from the geometric entropy for the black

hole. To maintain the same p1 and the same 2-2-hole solution, T1 can vary as N�1/4, which

leads to S varying as N 1/4. So increasing N can give a quite large (small) S (T1) in comparison

to that of BH.

1 The Weyl tensor square is one exception. When p1/b2
2 becomes quite small and negligible, C2 ⇠ 27m4

2r4
a/r4

has cancellation at the leading order, so it is a universal function of r/ra.
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mass dimension 2n is a universal function of r/ra. 1 The radial proper length for the interior
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T1 /
p
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limit the asymmetric transition region has a quite different shape. The constant interior value

for the ratio A/B / a2/b2, which is approached by the peak from right, grows significantly

and becomes comparable to the peak value. While the region in between the A/B peak and

rH becomes much broader, corresponding to larger corrections from m2. The physical mass is

found by numerical fit at large r and is quite insensitive to the increasing a2 in this limit.

TABLE I. Novel scaling behavior for 2-2-hole interior in the large and small mass limit
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The minimum 2-2-hole then has a shrinking interior, with vanishing radius, speed of light,

entropy and infinite interior temperature. Its physical mass is roughly Mmin ⇠ m2
Pl/m2. For

a large 2-2-hole, it will evaporate when the temperature at the weak gravity region ⇠ T1 is

larger than that of the cosmic microwave background. The evaporation rate gradually increase

for smaller objects until T1 reaches a maximum at about m2rH ⇠ 1.5. Afterwards, the rate

as well as T1 drops significantly. At certain point the 2-2-hole is so cold that it appears stable

for the age of universe and could serve as a dark matter candidate with mass ⇠ Mmin. The

parameter region m2 ⌧ mPl is naturally realized in weakly interacting quartic gravity. Small

m2 is expected to be constrained from some solar system test of GR with m2 ¶ 10�10 eV.

We’ve seen that the 2-2-hole in large mass limit naturally provides a brick-wall model for

the black hole. Its entropy scales with the area of the would-be horizon in the unit of `2
Pl. But

the coefficient has additional dependence on the mass difference m2/mPl and the number of

particle species N , making it quantitatively different from the geometric entropy for the black

hole. To maintain the same p1 and the same 2-2-hole solution, T1 can vary as N�1/4, which

leads to S varying as N 1/4. So increasing N can give a quite large (small) S (T1) in comparison

to that of BH.

1 The Weyl tensor square is one exception. When p1/b2
2 becomes quite small and negligible, C2 ⇠ 27m4

2r4
a/r4

has cancellation at the leading order, so it is a universal function of r/ra.

in

6

mass dimension 2n is a universal function of r/ra. 1 The radial proper length for the interior

has `in / ra. For the gas, the temperature at infinity drops dramatically at smaller mass with

T1 /
p

b2ra/`Pl, while the temperature in the interior receives a large enhancement from

the transition region with T (r)
p

ra`Pl a universal function of r/ra. We find U / b1/2
2 (r2

a/`
2
Pl),

S / (r2
a/`

2
Pl)3/4 from the interior contribution and they also become smaller. In this small mass

limit the asymmetric transition region has a quite different shape. The constant interior value

for the ratio A/B / a2/b2, which is approached by the peak from right, grows significantly

and becomes comparable to the peak value. While the region in between the A/B peak and

rH becomes much broader, corresponding to larger corrections from m2. The physical mass is

found by numerical fit at large r and is quite insensitive to the increasing a2 in this limit.

TABLE I. Novel scaling behavior for 2-2-hole interior in the large and small mass limit
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The minimum 2-2-hole then has a shrinking interior, with vanishing radius, speed of light,

entropy and infinite interior temperature. Its physical mass is roughly Mmin ⇠ m2
Pl/m2. For

a large 2-2-hole, it will evaporate when the temperature at the weak gravity region ⇠ T1 is

larger than that of the cosmic microwave background. The evaporation rate gradually increase

for smaller objects until T1 reaches a maximum at about m2rH ⇠ 1.5. Afterwards, the rate

as well as T1 drops significantly. At certain point the 2-2-hole is so cold that it appears stable

for the age of universe and could serve as a dark matter candidate with mass ⇠ Mmin. The

parameter region m2 ⌧ mPl is naturally realized in weakly interacting quartic gravity. Small

m2 is expected to be constrained from some solar system test of GR with m2 ¶ 10�10 eV.

We’ve seen that the 2-2-hole in large mass limit naturally provides a brick-wall model for

the black hole. Its entropy scales with the area of the would-be horizon in the unit of `2
Pl. But

the coefficient has additional dependence on the mass difference m2/mPl and the number of

particle species N , making it quantitatively different from the geometric entropy for the black

hole. To maintain the same p1 and the same 2-2-hole solution, T1 can vary as N�1/4, which

leads to S varying as N 1/4. So increasing N can give a quite large (small) S (T1) in comparison

to that of BH.

1 The Weyl tensor square is one exception. When p1/b2
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mass dimension 2n is a universal function of r/ra. 1 The radial proper length for the interior

has `in / ra. For the gas, the temperature at infinity drops dramatically at smaller mass with
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p

b2ra/`Pl, while the temperature in the interior receives a large enhancement from

the transition region with T (r)
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ra`Pl a universal function of r/ra. We find U / b1/2
2 (r2
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Pl)3/4 from the interior contribution and they also become smaller. In this small mass

limit the asymmetric transition region has a quite different shape. The constant interior value

for the ratio A/B / a2/b2, which is approached by the peak from right, grows significantly

and becomes comparable to the peak value. While the region in between the A/B peak and

rH becomes much broader, corresponding to larger corrections from m2. The physical mass is

found by numerical fit at large r and is quite insensitive to the increasing a2 in this limit.
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The minimum 2-2-hole then has a shrinking interior, with vanishing radius, speed of light,

entropy and infinite interior temperature. Its physical mass is roughly Mmin ⇠ m2
Pl/m2. For

a large 2-2-hole, it will evaporate when the temperature at the weak gravity region ⇠ T1 is

larger than that of the cosmic microwave background. The evaporation rate gradually increase

for smaller objects until T1 reaches a maximum at about m2rH ⇠ 1.5. Afterwards, the rate

as well as T1 drops significantly. At certain point the 2-2-hole is so cold that it appears stable

for the age of universe and could serve as a dark matter candidate with mass ⇠ Mmin. The

parameter region m2 ⌧ mPl is naturally realized in weakly interacting quartic gravity. Small

m2 is expected to be constrained from some solar system test of GR with m2 ¶ 10�10 eV.

We’ve seen that the 2-2-hole in large mass limit naturally provides a brick-wall model for

the black hole. Its entropy scales with the area of the would-be horizon in the unit of `2
Pl. But

the coefficient has additional dependence on the mass difference m2/mPl and the number of

particle species N , making it quantitatively different from the geometric entropy for the black

hole. To maintain the same p1 and the same 2-2-hole solution, T1 can vary as N�1/4, which

leads to S varying as N 1/4. So increasing N can give a quite large (small) S (T1) in comparison

to that of BH.

1 The Weyl tensor square is one exception. When p1/b2
2 becomes quite small and negligible, C2 ⇠ 27m4

2r4
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has cancellation at the leading order, so it is a universal function of r/ra.
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Precise waveforms of echoes suffer huge theoretical uncertainties, e.g. 
the effective potential in perturbation wave equations depends on the 
background spacetime (UCOs)

Challenge for the template method?

12

• Truncated black hole: reflecting 
wall at some x0

• Ultracompact stars: potential 
blows up at origin x0

• 2-2-holes: potential deviates by a 
small negative step

• …

3

Planck distance outside the horizon, td Æ 103M , which is of order 0.1s for astrophysical ECOs
with M of order 10M�.

The potentials for ECOs can be quite different at small x , as shown in Fig. 1. A toy model
is provided by a truncated black hole with an interior boundary at some finite x0, where the
model dependence is encoded in a reflection boundary condition at x0. One class of physical
models of ECOs is the ultracompact star, for example the gravastar [17, 18], with an exotic
matter surface just outside the would-be horizon. The surface location depends on the micro-
scopic physics underlying the exotic matter and no quantitative prediction has yet been made.
Such a spacetime is regular and the centrifugal barrier corresponds to a diverging potential at
the origin. Recently two of us found another type of ECO, the 2-2-hole [19], with a Planck-
scale distance of deviation and a unique interior determined by gravitational field equations.
In this case there is no centrifugal repulsion and instead the potential for a test scalar field
approaches a finite constant at the origin. The result is a slightly negative deformation small
enough to avoid instability. The boundary conditions could also vary significantly for different
ECOs. For 2-2-holes a Dirichlet boundary condition automatically emerges at the origin. For
ultracompact stars the diverging potential implicitly fixes the boundary condition. Note that
we fix �x/M = 80 for all ECOs in both Fig. 1 and later Fig. 2 for illustrative purposes. For a
2-2-hole, the prediction for �x/M is closer to 400.
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◆ gravastar

◆ 2-2-hole

FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

In Sec. II we study how the variety of potential shapes and boundary conditions will affect
the echo properties, in both the time and frequency domains. We identify properties that are
mainly determined by the time delay and that are less sensitive to differences of ECOs. Then
in Sec. III we provide search strategies based on windowing methods that can extract the time
delay of an echo signal buried in noise. Three methods are developed. In Sec. IV we apply these

x0 xpeak

ultracompact star

3

different ECOs. Next we extend these results to the case of nonzero spin in Sec. III. A spin
changes the shape of the resonance pattern and it increases the number of narrow resonances.
For spins typical of the merger remnants of LIGO events, this turns out to be quite relevant for
search strategies. In Sec. IV we develop three types of window functions designed to isolate
signals from noisy data. Finally in Sec. V we apply our methods onto the LIGO data; we
describe our signals and estimate p-values for each event. In Sec. VI we study consistency
of the signals and other characteristics, including secondary peaks, that strengthen the echo
interpretation. We end that section with some implications for the neutron star merger. We
conclude in Sec. VII.

II. ECHOES FROM SPINLESS ECOS

A useful way to understand echoes is through their frequency content. On a static and spher-
ically symmetric background as described by the metric ds2 = �B(r)d t2 + A(r)dr2 + r2d✓ 2 +
r2 sin2 ✓d�2, the field equations for wave perturbations are greatly simplified by separating
out angular variables and focussing on the radial equation. Considering a single frequency
mode e�i!t !(x), the radial equation reduces to

�
@ 2

x +!2 � V (x)
�
 !(x) = S(x ,!) , (1)

where x is the tortoise coordinate implicitly defined by d x/dr =
p

A(r)/B(r), and S(x ,!)
denotes the matter source that generates the perturbation. The background spacetime deter-
mines the effective potential V (x) = V (r(x)),

V (r) = B(r)
l(l + 1)

r2 +
1 � s2

2r
B(r)
A(r)

✓
B0(r)
B(r)

� A0(r)
A(r)

◆
, (2)

for the field perturbation with spin s and angular momentum l.1 For Schwarzschild black
holes, the angular momentum barrier reaches a peak at xpeak, which is close to the light ring
radius r = 3M .

Fig. 1 presents the potential for different ECOs. A simple model is provided by a black
hole potential with the low end of the x range simply truncated at x0, and where the model
dependence is encoded in the boundary condition at x0. Some more physical models of ECOs
are basically ultracompact stars. The prime example is the gravastar [17, 18] characterized by
an exotic matter surface just outside the would-be horizon. There is no firm prediction for the
location of this surface. The standard centrifugal barrier of this regular spacetime corresponds
to a diverging potential and the behavior !(x) ⇠ (x � x0)l+1 ⇠ r l+1 near the origin. Recently

1 s = 0, 1 are for the test scalar field and electromagnetic radiation cases. s = 2 gives the Regge-Wheeler equation
that governs perturbations in general relativity.
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Planck distance outside the horizon, td Æ 103M , which is of order 0.1s for astrophysical ECOs
with M of order 10M�.

The potentials for ECOs can be quite different at small x , as shown in Fig. 1. A toy model
is provided by a truncated black hole with an interior boundary at some finite x0, where the
model dependence is encoded in a reflection boundary condition at x0. One class of physical
models of ECOs is the ultracompact star, for example the gravastar [17, 18], with an exotic
matter surface just outside the would-be horizon. The surface location depends on the micro-
scopic physics underlying the exotic matter and no quantitative prediction has yet been made.
Such a spacetime is regular and the centrifugal barrier corresponds to a diverging potential at
the origin. Recently two of us found another type of ECO, the 2-2-hole [19], with a Planck-
scale distance of deviation and a unique interior determined by gravitational field equations.
In this case there is no centrifugal repulsion and instead the potential for a test scalar field
approaches a finite constant at the origin. The result is a slightly negative deformation small
enough to avoid instability. The boundary conditions could also vary significantly for different
ECOs. For 2-2-holes a Dirichlet boundary condition automatically emerges at the origin. For
ultracompact stars the diverging potential implicitly fixes the boundary condition. Note that
we fix �x/M = 80 for all ECOs in both Fig. 1 and later Fig. 2 for illustrative purposes. For a
2-2-hole, the prediction for �x/M is closer to 400.
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FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

In Sec. II we study how the variety of potential shapes and boundary conditions will affect
the echo properties, in both the time and frequency domains. We identify properties that are
mainly determined by the time delay and that are less sensitive to differences of ECOs. Then
in Sec. III we provide search strategies based on windowing methods that can extract the time
delay of an echo signal buried in noise. Three methods are developed. In Sec. IV we apply these
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Planck distance outside the horizon, td Æ 103M , which is of order 0.1s for astrophysical ECOs
with M of order 10M�.

The potentials for ECOs can be quite different at small x , as shown in Fig. 1. A toy model
is provided by a truncated black hole with an interior boundary at some finite x0, where the
model dependence is encoded in a reflection boundary condition at x0. One class of physical
models of ECOs is the ultracompact star, for example the gravastar [17, 18], with an exotic
matter surface just outside the would-be horizon. The surface location depends on the micro-
scopic physics underlying the exotic matter and no quantitative prediction has yet been made.
Such a spacetime is regular and the centrifugal barrier corresponds to a diverging potential at
the origin. Recently two of us found another type of ECO, the 2-2-hole [19], with a Planck-
scale distance of deviation and a unique interior determined by gravitational field equations.
In this case there is no centrifugal repulsion and instead the potential for a test scalar field
approaches a finite constant at the origin. The result is a slightly negative deformation small
enough to avoid instability. The boundary conditions could also vary significantly for different
ECOs. For 2-2-holes a Dirichlet boundary condition automatically emerges at the origin. For
ultracompact stars the diverging potential implicitly fixes the boundary condition. Note that
we fix �x/M = 80 for all ECOs in both Fig. 1 and later Fig. 2 for illustrative purposes. For a
2-2-hole, the prediction for �x/M is closer to 400.

FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

In Sec. II we study how the variety of potential shapes and boundary conditions will affect
the echo properties, in both the time and frequency domains. We identify properties that are
mainly determined by the time delay and that are less sensitive to differences of ECOs. Then
in Sec. III we provide search strategies based on windowing methods that can extract the time
delay of an echo signal buried in noise. Three methods are developed. In Sec. IV we apply these
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FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

two of us found another type of ECO, the 2-2-hole [19], a generic solution of quadratic gravity
with a roughly Planck-scale distance of deviation. In this case there is no centrifugal repulsion.
Instead the potential approaches a finite constant and  !(x) ⇠ x � x0 ⇠ r for any l near the
origin. This implies a Dirichlet boundary condition for  !(x) at x = x0.

Previous studies [11, 12] have carried out analyses of echoes in the frequency domain.
However those methods cannot be applied to ECOs with potentials significantly different from
that of a black hole, such as the gravastar and 2-2-hole. So in the rest of this section we will
first discuss a more general method, and then we find both the universal features of echoes
and the non-universal features that can distinguish different spinless ECOs.

The solution of (1) can be found with the help of the Green’s function, which satisfies

@ 2G!(x , x 0)
@ x2 + (!2 � V (x))G!(x , x 0) = �(x � x 0). (3)

The Green’s function can be constructed from the two homogeneous solutions that satisfy
boundary conditions on the left (x = x0) and the right (x =1) respectively,

G!(x , x 0) =
 left(min(x , x 0)) right(max(x , x 0))

W ( left, right)
. (4)

The Wronskian W ( left, right) =  left 0
right � 0

left right ⌘ W (!), which is independent of x ,
contains the essential information of the ECO.  right is determined by the outgoing boundary
condition right ! ei!x when x ! 1. The response to a given source, at spatial infinity x ! 1
and at frequency !, is then

 ! = ei!x · K(!) ·
Z 1

�1
d x 0 left(x 0)S(x 0,!). (5)

transfer function UCOs source frequency content
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Planck distance outside the horizon, td Æ 103M , which is of order 0.1s for astrophysical ECOs
with M of order 10M�.

The potentials for ECOs can be quite different at small x , as shown in Fig. 1. A toy model
is provided by a truncated black hole with an interior boundary at some finite x0, where the
model dependence is encoded in a reflection boundary condition at x0. One class of physical
models of ECOs is the ultracompact star, for example the gravastar [17, 18], with an exotic
matter surface just outside the would-be horizon. The surface location depends on the micro-
scopic physics underlying the exotic matter and no quantitative prediction has yet been made.
Such a spacetime is regular and the centrifugal barrier corresponds to a diverging potential at
the origin. Recently two of us found another type of ECO, the 2-2-hole [19], with a Planck-
scale distance of deviation and a unique interior determined by gravitational field equations.
In this case there is no centrifugal repulsion and instead the potential for a test scalar field
approaches a finite constant at the origin. The result is a slightly negative deformation small
enough to avoid instability. The boundary conditions could also vary significantly for different
ECOs. For 2-2-holes a Dirichlet boundary condition automatically emerges at the origin. For
ultracompact stars the diverging potential implicitly fixes the boundary condition. Note that
we fix �x/M = 80 for all ECOs in both Fig. 1 and later Fig. 2 for illustrative purposes. For a
2-2-hole, the prediction for �x/M is closer to 400.

FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

In Sec. II we study how the variety of potential shapes and boundary conditions will affect
the echo properties, in both the time and frequency domains. We identify properties that are
mainly determined by the time delay and that are less sensitive to differences of ECOs. Then
in Sec. III we provide search strategies based on windowing methods that can extract the time
delay of an echo signal buried in noise. Three methods are developed. In Sec. IV we apply these
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FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

two of us found another type of ECO, the 2-2-hole [19], a generic solution of quadratic gravity
with a roughly Planck-scale distance of deviation. In this case there is no centrifugal repulsion.
Instead the potential approaches a finite constant and  !(x) ⇠ x � x0 ⇠ r for any l near the
origin. This implies a Dirichlet boundary condition for  !(x) at x = x0.

Previous studies [11, 12] have carried out analyses of echoes in the frequency domain.
However those methods cannot be applied to ECOs with potentials significantly different from
that of a black hole, such as the gravastar and 2-2-hole. So in the rest of this section we will
first discuss a more general method, and then we find both the universal features of echoes
and the non-universal features that can distinguish different spinless ECOs.

The solution of (1) can be found with the help of the Green’s function, which satisfies

@ 2G!(x , x 0)
@ x2 + (!2 � V (x))G!(x , x 0) = �(x � x 0). (3)

The Green’s function can be constructed from the two homogeneous solutions that satisfy
boundary conditions on the left (x = x0) and the right (x =1) respectively,

G!(x , x 0) =
 left(min(x , x 0)) right(max(x , x 0))

W ( left, right)
. (4)

The Wronskian W ( left, right) =  left 0
right � 0

left right ⌘ W (!), which is independent of x ,
contains the essential information of the ECO.  right is determined by the outgoing boundary
condition right ! ei!x when x ! 1. The response to a given source, at spatial infinity x ! 1
and at frequency !, is then

 ! = ei!x · K(!) ·
Z 1

�1
d x 0 left(x 0)S(x 0,!). (5)
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Planck distance outside the horizon, td Æ 103M , which is of order 0.1s for astrophysical ECOs
with M of order 10M�.

The potentials for ECOs can be quite different at small x , as shown in Fig. 1. A toy model
is provided by a truncated black hole with an interior boundary at some finite x0, where the
model dependence is encoded in a reflection boundary condition at x0. One class of physical
models of ECOs is the ultracompact star, for example the gravastar [17, 18], with an exotic
matter surface just outside the would-be horizon. The surface location depends on the micro-
scopic physics underlying the exotic matter and no quantitative prediction has yet been made.
Such a spacetime is regular and the centrifugal barrier corresponds to a diverging potential at
the origin. Recently two of us found another type of ECO, the 2-2-hole [19], with a Planck-
scale distance of deviation and a unique interior determined by gravitational field equations.
In this case there is no centrifugal repulsion and instead the potential for a test scalar field
approaches a finite constant at the origin. The result is a slightly negative deformation small
enough to avoid instability. The boundary conditions could also vary significantly for different
ECOs. For 2-2-holes a Dirichlet boundary condition automatically emerges at the origin. For
ultracompact stars the diverging potential implicitly fixes the boundary condition. Note that
we fix �x/M = 80 for all ECOs in both Fig. 1 and later Fig. 2 for illustrative purposes. For a
2-2-hole, the prediction for �x/M is closer to 400.

FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

In Sec. II we study how the variety of potential shapes and boundary conditions will affect
the echo properties, in both the time and frequency domains. We identify properties that are
mainly determined by the time delay and that are less sensitive to differences of ECOs. Then
in Sec. III we provide search strategies based on windowing methods that can extract the time
delay of an echo signal buried in noise. Three methods are developed. In Sec. IV we apply these
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FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

two of us found another type of ECO, the 2-2-hole [19], a generic solution of quadratic gravity
with a roughly Planck-scale distance of deviation. In this case there is no centrifugal repulsion.
Instead the potential approaches a finite constant and  !(x) ⇠ x � x0 ⇠ r for any l near the
origin. This implies a Dirichlet boundary condition for  !(x) at x = x0.

Previous studies [11, 12] have carried out analyses of echoes in the frequency domain.
However those methods cannot be applied to ECOs with potentials significantly different from
that of a black hole, such as the gravastar and 2-2-hole. So in the rest of this section we will
first discuss a more general method, and then we find both the universal features of echoes
and the non-universal features that can distinguish different spinless ECOs.

The solution of (1) can be found with the help of the Green’s function, which satisfies

@ 2G!(x , x 0)
@ x2 + (!2 � V (x))G!(x , x 0) = �(x � x 0). (3)

The Green’s function can be constructed from the two homogeneous solutions that satisfy
boundary conditions on the left (x = x0) and the right (x =1) respectively,

G!(x , x 0) =
 left(min(x , x 0)) right(max(x , x 0))

W ( left, right)
. (4)

The Wronskian W ( left, right) =  left 0
right � 0

left right ⌘ W (!), which is independent of x ,
contains the essential information of the ECO.  right is determined by the outgoing boundary
condition right ! ei!x when x ! 1. The response to a given source, at spatial infinity x ! 1
and at frequency !, is then

 ! = ei!x · K(!) ·
Z 1

�1
d x 0 left(x 0)S(x 0,!). (5)
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FIG. 4. (a) Examples of |K�R (!)| for a truncated Kerr black hole with spin � = 2/3 and R ⌘ Rwall =
�1, 0, 1 with ln(�) = �34. (b) Examples with m = ±2 and ln(�) = �155, which corresponds to a time
delay more typical of our data analysis. The vertical lines show the respective ringdown frequencies
!RD. The frequency resolutions used in (a) and (b) are 16000 and 32000 respectively, and so in (b)
there are about 280 steps between spikes.

We see that a substantial spin causes the m = ±2 transfer functions to be very different.
The frequency content of m = �2 echoes is significantly lower than for m = 2. Even though
the m = �2 mode may be excited to a lesser amount than the m = 2 mode, it could still give
a non-negligible contribution to the strength of the lower frequency spikes. For m = 2 we
see that resonances of comparable height exist over a wider range frequencies as compared
to the spinless case. The resonances are also very narrow throughout the region ! < m⌦H ,
gradually becoming less narrow above this region. So a wide range of frequencies needs to be
probed at a high frequency resolution to properly resolve the signal. At the lowest frequencies
a relative shift in the resonance positions for m = ±2 can be seen; the two lowest resonant
frequencies !1 and !2 are related by !1 ⇡ (1 ⌥ 1/8)(!2 �!1).6

The resonance spikes correspond to modes nearly trapped in a cavity and they are associated
with complex poles of the transfer function. From (8), the pole at ! = !R + i!I can be
6 Evidence for the situation with !2 = 2!1 is presented in [29]. A phase introduced in the boundary condition

would need to be tuned to arrive at this situation.
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FIG. 4. (a) Examples of |K�R (!)| for a truncated Kerr black hole with spin � = 2/3 and R ⌘ Rwall =
�1, 0, 1 with ln(�) = �34. (b) Examples with m = ±2 and ln(�) = �155, which corresponds to a time
delay more typical of our data analysis. The vertical lines show the respective ringdown frequencies
!RD. The frequency resolutions used in (a) and (b) are 16000 and 32000 respectively, and so in (b)
there are about 280 steps between spikes.

We see that a substantial spin causes the m = ±2 transfer functions to be very different.
The frequency content of m = �2 echoes is significantly lower than for m = 2. Even though
the m = �2 mode may be excited to a lesser amount than the m = 2 mode, it could still give
a non-negligible contribution to the strength of the lower frequency spikes. For m = 2 we
see that resonances of comparable height exist over a wider range frequencies as compared
to the spinless case. The resonances are also very narrow throughout the region ! < m⌦H ,
gradually becoming less narrow above this region. So a wide range of frequencies needs to be
probed at a high frequency resolution to properly resolve the signal. At the lowest frequencies
a relative shift in the resonance positions for m = ±2 can be seen; the two lowest resonant
frequencies !1 and !2 are related by !1 ⇡ (1 ⌥ 1/8)(!2 �!1).6

The resonance spikes correspond to modes nearly trapped in a cavity and they are associated
with complex poles of the transfer function. From (8), the pole at ! = !R + i!I can be
6 Evidence for the situation with !2 = 2!1 is presented in [29]. A phase introduced in the boundary condition
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Planck distance outside the horizon, td Æ 103M , which is of order 0.1s for astrophysical ECOs
with M of order 10M�.

The potentials for ECOs can be quite different at small x , as shown in Fig. 1. A toy model
is provided by a truncated black hole with an interior boundary at some finite x0, where the
model dependence is encoded in a reflection boundary condition at x0. One class of physical
models of ECOs is the ultracompact star, for example the gravastar [17, 18], with an exotic
matter surface just outside the would-be horizon. The surface location depends on the micro-
scopic physics underlying the exotic matter and no quantitative prediction has yet been made.
Such a spacetime is regular and the centrifugal barrier corresponds to a diverging potential at
the origin. Recently two of us found another type of ECO, the 2-2-hole [19], with a Planck-
scale distance of deviation and a unique interior determined by gravitational field equations.
In this case there is no centrifugal repulsion and instead the potential for a test scalar field
approaches a finite constant at the origin. The result is a slightly negative deformation small
enough to avoid instability. The boundary conditions could also vary significantly for different
ECOs. For 2-2-holes a Dirichlet boundary condition automatically emerges at the origin. For
ultracompact stars the diverging potential implicitly fixes the boundary condition. Note that
we fix �x/M = 80 for all ECOs in both Fig. 1 and later Fig. 2 for illustrative purposes. For a
2-2-hole, the prediction for �x/M is closer to 400.

FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

In Sec. II we study how the variety of potential shapes and boundary conditions will affect
the echo properties, in both the time and frequency domains. We identify properties that are
mainly determined by the time delay and that are less sensitive to differences of ECOs. Then
in Sec. III we provide search strategies based on windowing methods that can extract the time
delay of an echo signal buried in noise. Three methods are developed. In Sec. IV we apply these
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FIG. 1. The effective potential for a test scalar field (s = 0, l = 1) on the background of a truncated
black hole (black), a gravastar (blue) and a 2-2-hole (red).

two of us found another type of ECO, the 2-2-hole [19], a generic solution of quadratic gravity
with a roughly Planck-scale distance of deviation. In this case there is no centrifugal repulsion.
Instead the potential approaches a finite constant and  !(x) ⇠ x � x0 ⇠ r for any l near the
origin. This implies a Dirichlet boundary condition for  !(x) at x = x0.

Previous studies [11, 12] have carried out analyses of echoes in the frequency domain.
However those methods cannot be applied to ECOs with potentials significantly different from
that of a black hole, such as the gravastar and 2-2-hole. So in the rest of this section we will
first discuss a more general method, and then we find both the universal features of echoes
and the non-universal features that can distinguish different spinless ECOs.

The solution of (1) can be found with the help of the Green’s function, which satisfies

@ 2G!(x , x 0)
@ x2 + (!2 � V (x))G!(x , x 0) = �(x � x 0). (3)

The Green’s function can be constructed from the two homogeneous solutions that satisfy
boundary conditions on the left (x = x0) and the right (x =1) respectively,

G!(x , x 0) =
 left(min(x , x 0)) right(max(x , x 0))

W ( left, right)
. (4)

The Wronskian W ( left, right) =  left 0
right � 0

left right ⌘ W (!), which is independent of x ,
contains the essential information of the ECO.  right is determined by the outgoing boundary
condition right ! ei!x when x ! 1. The response to a given source, at spatial infinity x ! 1
and at frequency !, is then

 ! = ei!x · K(!) ·
Z 1

�1
d x 0 left(x 0)S(x 0,!). (5)
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FIG. 4. (a) Examples of |K�R (!)| for a truncated Kerr black hole with spin � = 2/3 and R ⌘ Rwall =
�1, 0, 1 with ln(�) = �34. (b) Examples with m = ±2 and ln(�) = �155, which corresponds to a time
delay more typical of our data analysis. The vertical lines show the respective ringdown frequencies
!RD. The frequency resolutions used in (a) and (b) are 16000 and 32000 respectively, and so in (b)
there are about 280 steps between spikes.

We see that a substantial spin causes the m = ±2 transfer functions to be very different.
The frequency content of m = �2 echoes is significantly lower than for m = 2. Even though
the m = �2 mode may be excited to a lesser amount than the m = 2 mode, it could still give
a non-negligible contribution to the strength of the lower frequency spikes. For m = 2 we
see that resonances of comparable height exist over a wider range frequencies as compared
to the spinless case. The resonances are also very narrow throughout the region ! < m⌦H ,
gradually becoming less narrow above this region. So a wide range of frequencies needs to be
probed at a high frequency resolution to properly resolve the signal. At the lowest frequencies
a relative shift in the resonance positions for m = ±2 can be seen; the two lowest resonant
frequencies !1 and !2 are related by !1 ⇡ (1 ⌥ 1/8)(!2 �!1).6

The resonance spikes correspond to modes nearly trapped in a cavity and they are associated
with complex poles of the transfer function. From (8), the pole at ! = !R + i!I can be
6 Evidence for the situation with !2 = 2!1 is presented in [29]. A phase introduced in the boundary condition

would need to be tuned to arrive at this situation.

Search target: nearly evenly spaced resonances pattern within an intermediate 
frequency range around or below       (reduce model dependence on source and UCOs)
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FIG. 5. (a) The envelope of heights of the resonance peaks of the continuum transfer function, for the
truncated Kerr black holes for different spins. (b) The reconstructed transfer function, and envelopes
of peak heights, relative to noise, for different numbers of echoes. The overall scale of the vertical axis
has no meaning.

by
p

NE, we can compare the relative effectiveness of different choices of NE. Fig. 5(b) displays
the resonance pattern for NE = 280 echoes, where NE is also the number of frequency steps
between spikes. The envelope of peak heights for this case is given by the red curve, which
bounds the fluctuating peak heights. The blue and green curves show the envelope of peak
heights relative to noise for NE = 28 and 2800 respectively. As NE increases, the dominant part
of the spectrum shifts to lower frequencies. The envelope curves indicate that the growth of the
peak height can compensate for the increase in noise as longer ranges of data containing more
echoes are used. The envelope is ⇡ (hn + |TBH|)/pNE at the high end and is well described by
hn|1 � exp(NE ln |RBH|)|/pNE for the narrow resonances (! Æ 0.9!RD). The latter expression
reduces to

p
NE|TBH| at the low end or for ! close to m⌦H , that is when |RBH| ! 1.

The peculiar enhancement of the envelope curve for NE = 2800 at mid-frequencies is a
sign of another phenomenon, the ergoregion instability. It implies that the series expansion
of the transfer function is actually not converging, and the resulting enhancement only be-
comes apparent at high enough NE (the order of the expansion). We first discuss the related
phenomenon of superradiance. Superradiance can be seen in a steady state situation by fo-

!RD!RD!RD

Observation at 
spatial infinity                        

source frequency content



Reduce noise with window functions

1) For each LIGO detector, take absolute value of the Fourier transform of whitened 
strain data after merger; high frequency resolution               needed to resolve 
more narrow resonances

2) Apply a frequency window function (defined by spacing, shift, bandpass) to data sets 
from two detectors; find the amplitude of windowed data

3) Maximize correlation of two amplitudes with respect to window parameters, 
(average over a range of echoes number NE); obtain the best-fit

�f = 1/T
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f0�f = 1/�t
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To extract resonance pattern, multiply a quasi-periodic window function onto 
data to reduce noise (in between matched-filtering method and unmodelled search)

�t = td
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• Signal search: time delay range ±30% from the central peak; applying the same 
procedure to data before merger (one background search)

• Initial p-value estimation: the probability of finding a highest peak of equal or greater 
height by applying the same procedure to LIGO data away from the event 

Tentative echoes signals in LIGO data

signal peak
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FIG. 10. Event GW170104, method II.

FIG. 11. Event GW170608, method II.

signal plots and our background analysis plots for the four events are collected in the four
figures Figs. 9-12. On each signal plot the red curve denotes the final correlations between
two detectors as a function of the time delay. For comparison the blue curve in each plot shows
the result of applying the same procedures to data of the same duration occurring just before
merger. Each plot shows the range of time delays covering ±30% from the central peak, and
each curve is adjusted to have zero mean.

To assess the significance of each signal peak we find the p-value. We follow our same
procedure for the same time delay range on some number of trials, based on various time-
translated parts of the LIGO data. The black curve shows the probability of finding a highest
peak of equal or greater height compared to the midpoint bin value. The red dot denotes
the signal peak, and the resulting p-value estimate may be limited by the number of trials.
Methods I and III only require a short range of data and so with the full one hour of LIGO data
we can generate a sufficient number of independent background trials. Method II uses larger
echo numbers and needs a longer range of data. To generate a sufficient number background
trials in this case we employ random time shifts between pairs of segments from the two

td = 0.201s



Tentative signals for multiple events

22

FIG. 13. Correlation vs. time delay for different NE for GW170104 with method II.

TABLE I. The best-fit td , p-value, bandpass and window parameters for the six signals.

Event (method) Best-fit p-value Bandpass Window parameters for average
td (sec) (%) ( fmin, fmax)td (others defined in Sec. IV)

GW151226 (I) 0.0786 < 0.13 a (34, 62) NE = (1-29), (5-29), (9-29) b

GW151226 (II) 0.0791 0.76 (12, 58) NE = (260, 270)

GW170104 (II) 0.201 < 0.18 (16, 62) NE = (100, 125, 150, 175, 200)

GW170608 (II) 0.0756 < 0.4 (14, 60) NE = (140, 200, 260)

GW170814 (II) 0.231 4.1 (12, 58) NE = (170, 190) c

GW170814 (III) 0.228 0.77 (30, 80) NE = 10-17, tw = 40, 80 d

GW170817 (II) 0.00719 0.33 (9, 50) NE = (200, 220, 240, 260)

a upper bounds are just limited by the number of trials
b echoes 9 through 29 were used
c the whole time range used was shifted 10 seconds later
d the explicit sets used: (NE , tw/M) = (15, 40), (10, 80), (15, 80), (3-15, 40), (5-17, 40), (3-15, 80)

number of echoes is used.
Methods I and III are able to determine the optimal t0 (the time of the first echo) at the best-

fit time delay td . We find t0 � tpeakamp = 1.012td and t0 � tpeakamp = 1.006td for GW151226
and GW170814 respectively,8 where we expect modelling uncertainties at the percent level.

Our values of td are a little smaller than those considered in [7]. Our p-values are essentially

8 The peak amplitude times tpeakamp we use are at X .646 s and X .530 s respectively.16



Assuming a truncated Kerr black hole with a 
universal deviation for boundary at r0            

doing fit with final objects properties (mass M, 
spin 𝜒, redshift z) reported by LIGO 

Tentative signals for multiple events

Consistency of best-fit time delay 
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FIG. 13. Correlation vs. time delay for different NE for GW170104 with method II.

TABLE I. The best-fit td , p-value, bandpass and window parameters for the six signals.

Event (method) Best-fit p-value Bandpass Window parameters for average
td (sec) (%) ( fmin, fmax)td (others defined in Sec. IV)

GW151226 (I) 0.0786 < 0.13 a (34, 62) NE = (1-29), (5-29), (9-29) b

GW151226 (II) 0.0791 0.76 (12, 58) NE = (260, 270)

GW170104 (II) 0.201 < 0.18 (16, 62) NE = (100, 125, 150, 175, 200)

GW170608 (II) 0.0756 < 0.4 (14, 60) NE = (140, 200, 260)

GW170814 (II) 0.231 4.1 (12, 58) NE = (170, 190) c

GW170814 (III) 0.228 0.77 (30, 80) NE = 10-17, tw = 40, 80 d

GW170817 (II) 0.00719 0.33 (9, 50) NE = (200, 220, 240, 260)

a upper bounds are just limited by the number of trials
b echoes 9 through 29 were used
c the whole time range used was shifted 10 seconds later
d the explicit sets used: (NE , tw/M) = (15, 40), (10, 80), (15, 80), (3-15, 40), (5-17, 40), (3-15, 80)

number of echoes is used.
Methods I and III are able to determine the optimal t0 (the time of the first echo) at the best-

fit time delay td . We find t0 � tpeakamp = 1.012td and t0 � tpeakamp = 1.006td for GW151226
and GW170814 respectively,8 where we expect modelling uncertainties at the percent level.

Our values of td are a little smaller than those considered in [7]. Our p-values are essentially

8 The peak amplitude times tpeakamp we use are at X .646 s and X .530 s respectively.16

the whitening is obtained by averaging over some number
of time segments, whose length determines the resolution
for the whitening. Shorter segments tend to leave more
detector artifact spikes in the whitened data. But longer
segments modify the raw data on finer frequency scales,
and so there is risk of modifying the sharp spikes of the
signal. This seems to be the case for method II where
the signal is diminished for longer time segments. For
method II we use 1 s segments, and we find that the results
change little whether we manually remove the resulting
obvious noise spikes or do not. For method I (III), 1 s (4 s)
segments are used.
Finally we discuss the look-elsewhere effects in our p-

value estimates. For method II we have mentioned that the
window parameters were fixed from the toy model and
from initial study of GW150914, GW151226, and
GW170104 events, of which two show signals. Biases
are thus avoided for the GW170608 and GW170814
events, as well as for GW170817 in the next section, all
of which show signals. We learn from the toy model that
there is a rough prior NE ∼ 100–300 that peaks somewhere
in the middle of this range. For GW170104 and GW170608
a sizable portion of the 100–300 range is used. For
GW151226 and GW170814 only a small part is used,
thus implying a larger look-elsewhere effect. The frequency
bandpass is fixed by the signal search for each event, but we
have seen that these are quite consistent with each other.
Methods I and III find only one signal each, and thus there
are more sources of look-elsewhere effects. Note though
that our p-value estimates do not account for the agree-
ments between different methods.
Further studies can help refine the prior on the window

parameters, e.g., by injecting realistic model signals into
real data. The signal detection efficiency should also be
studied further. The noise inherent in the LIGO detectors
has non-Gaussian characteristics, and in particular the
instrumental spectral lines need to be considered. But
not only would it be difficult for instrumental effects to
yield our p-values, no combs of spectral lines as reported

by the collaboration thus far [36] are similar to our signals
for any of the events.

VI. FURTHER ANALYSIS AND THE NEUTRON
STAR MERGER

We have reported that methods I and III have yet to
find signals in events where method II produces rela-
tively strong signals. As we have mentioned, the
development of the three methods and the data analysis
was completed before the effects of spin, as displayed in
Figs. 4(b) and 5(b), were known. These figures show
that the m ¼ 2 resonance spikes of comparable height
remain very narrow over a wide range of frequencies.
This means that properly resolving these spikes will
benefit from a high frequency resolution. Method II has
high resolution by utilizing high numbers of echoes,
which suggests why this method is the most successful.
Furthermore, the final spin for different events are all
close to χ ¼ 2=3, and the choice of bandpass for this
method as determined by the data shows consistency

TABLE I. The best-fit td, p-value, bandpass, and window parameters for the six signals.

Event (method)
Best-fit
td [s]

p-value
[%]

Bandpass
ðfmin; fmaxÞtd

Window parameters for average
(others defined in Sec. IV)

GW151226 (I) 0.0786 <0.13a (34,62)b NE ¼ ð1–29Þ, (5–29), (9–29)c
GW151226 (II) 0.0791 0.76 (12,58) NE ¼ ð260; 270Þ
GW170104 (II) 0.201 <0.18 (16,62) NE ¼ ð100; 125; 150; 175; 200Þ
GW170608 (II) 0.0756 <0.4 (14,60) NE ¼ ð140; 200; 260Þ
GW170814 (II) 0.231 4.1 (12,58) NE ¼ ð170; 190Þd
GW170814 (III) 0.228 0.77 (30,80) NE ¼ 10–17, tw ¼ 40, 80e

aUpper bounds are just limited by the number of trials.
bThe bandpass ranges in units of Hz are (433,789), (152,733), (80,308), (185,794), (52,251), (132,351).
c(i–j) means echoes i throughj were used.
dThe whole time range used was shifted 10 s later.
eThe explicit sets used: ðNE; tw=MÞ ¼ ð15; 40Þ, (10,80), (15,80), (3–15, 40), (5–17,40), (3–15,80).

FIG. 12. Consistency of the four measurements of td=M after
accounting for the mass and spin with a simple model and using
lnðδÞ ¼ −η lnðMÞ where δ ¼ ðr0 − rþÞ=M.
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with the range of dominant spikes of Fig. 5(b).8

[ðfmin; fminÞtd ∼ ðn1; n2Þ corresponds to the range from
the n1th to the n2th peak in that figure, but it should
also be remembered this figure does not include the
modulation from an unknown source function.] This
suggests that echoes are already showing the effects
of spin.
It is interesting to consider the ratios of the time delays

and the final masses for the four events td=M=ð1þ zÞ,
where the redshift factor is due to td (M) being measured in
the detector (source) frame. These ratios from the four
events are consistent with each other and with the predicted
range 700≲ td=M ≲ 860 for a spinless 2-2-hole [19]. In
that reference it was found that the main contribution to
td=M is from the exterior, as with the truncated black hole
model, and it takes the form −4 lnðδÞ ∼ 4η lnðMÞ where
δ ¼ ðr0 − rþÞ=M ∼ 1=Mη. η ¼ 2 (η ¼ 1) corresponds to
r0 − rþ being a proper (coordinate) Planck length. In [19] it
could only be determined that η ≈ 2 for astrophysical sized
objects. The resulting range of td=M motivated the range
over which we first searched.

To consider both the mass and the spin dependence, we
can use the truncated Kerr black hole model as we
discussed before, where the effect of spin is known.
This model relates td=M to χ and lnðδÞ as in (7). Given
that the χ dependence of lnðδÞ is insignificant, it is
convenient to define η from lnðδÞ ¼ −η lnðMÞ. Then
the deviation of η from 2 is a measure of the deviation
of r0 − rþ from a proper Planck length. We can express η in
terms of td, M, χ, and z, and so we can view our results
for the four black hole merger events as four measurements
of η. Incorporating the experimental errors for M, χ, and z
in these events we combine the four measurements to
arrive at η ¼ 1.7% 0.1.9 The fit is shown in Fig. 12
where ðchi-squaredÞ=ðd:o:f:Þ ¼ 0.38.
We now discuss a further reinforcement of the

echo interpretation of a signal peak that shows up at a
certain time delay td. This is due to the existence of
secondary peaks that may be expected at exactly td=2,
2td, 2=3td, 3=2td;…. In these cases the window function
would be either undersampling or oversampling the actual
periodic spikes in the data. We will see that a signal peak
faked by random noise is less likely to have the

FIG. 13. Signal plots showing secondary peaks. The plots are obtained by rescaling and averaging over the echo numbers indicated in
Table I.

8Other than numerous spectral lines and artifacts, the LIGO
noise curve that is within our bandpasses is not dramatically
varying, and thus is not that dissimilar to the flat Gaussian noise
that we used to produce Fig. 5(b).

9Since lnðMÞ ≈ 91, this gives the lnðδÞ ¼ −155 that was used
in Figs. 4(b) and 5(b).
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Planckian length deviation

� = (r0 � rH)/rH ⌘ (rH/`Pl)
�⌘

td = ⌘ rH ln(rH/`Pl)(1 + 1/
p

1� �2)(1 + z)



With the new perspective on quadratic gravity, sufficiently dense matter 
are found to produce novel horizonless 2-2-holes. Planckian deviation 
around the would-be horizon naturally occurs for all 

Gravitational wave echoes provide a smoking-gun for near-horizon new 
physics. We suggest to use the windowing methods to extract the 
preferred time delay of echoes for various UCOs. Tentative signals are 
found for multiple LIGO BBH events. 

Open questions

• Quadratic gravity: test “the idea” by toy models on lattice 

• 2-2-holes: rotation (ergoregion instability),  gravitational collapse (transition from 
regular solutions to 2-2-holes), absorption of GW (boundary condition for echoes)…   

• Echoes search: more systematic study of the methods, more rigorous background 
estimation, signal detection efficiency…  

Summary and outlook

19

M � mPlM � mPlM � mPl



Yes, but the data provide great opportunities…  



Thank You!



• There are Gribov copies in sensible gauges. Need to 
construct nontrivial measure. 
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Analogy in view of Gribov copies

• For a gauge theory path integral is defined in the space 
of gauge orbits. With gauge-fixing Faddeev-Popov trick 
extends the path integral to the full configuration space. 

Gribov, Nucl.Phys.B139 (1978) 1; Singer, 
Commun.Math.Phys. 60, 7 (1978). 

QCD:

Gravity:

Number of copies

Counting copies to 
determine the full 

gluon propagator     f 

• Infinitesimal version: find similar Gribov horizon as in QCD

• The nontrivial measures set the similarity between gravity and gauge theory,  
which may cure problems of the tree-level action

F (k2)

[Holdom, PRD 79, 085013 (2009)]

Use path integral as a nonperturbative definition of the quantum theory 



Shell energy density and pressure Radial stability           

1 � c2s > c2s0

Matter properties and stability of 2-2-holes

21

Energy conservation: 



Timelike curvature singularity?!

Geodesic 
incompleteness?

KG equation:  

May appear regular as 
probed by finite energy 

wave-packets?

• Near the 2-2-singularity, all waves behave like 
the s-wave on a nonsingular spacetime. Only 
one solution has finite energy.          

A Neumann boundary condition is imposed

?

• The initial value problem of the wave equation is well-posed if     has a unique 

positive self-adjoint extension  Wald, JMP. 21, 2802 (1980); Ishibashi, Wald, CQG. 20, 3815 (2003);
Horowitz, Marolf, PRD 52, 5670 (1995) Ishibashi, Hosoya, PRD 60, 104028 (1999) 
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“A brick wall” and 2-2-hole entropy

Entropy well defined for 2-2-holes sourced by relativistic thermal gas, i.e. the 
brick wall is replaced by the origin with a reflecting boundary condition

L

rH + h

 brick wallThe brick wall model: attribute black hole entropy to ordinary 
entropy of its thermal atmosphere located just outside the horizon. 
If                    , recover the area law for           (proper length).     

QUE: need artificial UV cutoff? why d.o.f. localized outside the 
horizon?  

T1 = 1/8⇡M h ⇠ `Pl

 [’t Hooft, NPB 256, 727 (1985)]

• Both S and U are finite, and dominated by the interior contribution. The area law 
recovered due to the novel scaling in the large mass limit 

• For number of species N>1 (m2 not too small), S>SBH, i.e. 2-2-hole favored than BH

• The timelike singularity is covered by its own fireball (T becomes infinite at origin)         

23
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                                  weak             strongest                         weak !

previously reported! event with largest final mass and spin !

•  weakest and strongest echo signals are indicated (nothing to do with error bars)!
*  weakest and strongest echo signals are indicated (nothing to do with error bars) 

Update of echoes search (new BBH events)
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Echoes search from other groups

Abedi, Dykaar, Afshordi, PRD 96, no. 8, 082004 (2017) 

One LIGO team reexamined the analysis, concluded no observational evidence 
for or against echoes: found some problems with prior range and background 
estimation and lower significance by analyzing the same data
Westerweck, Nielsen, Fischer-Birnholtz et al., PRD 97, no. 12, 124037 (2018)

Tentative evidence by using matched filtering method with a toy model template 
(the time delay is fixed by Planck distance deviation) 

Abedi, Afshordi, arXiv:1803.10454

Quite model independent search for GW170817 by using the lowest QNM


