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1. Introduction: a review of past calculations

The importance of the NLO (next-leading-order)
computation:

1) Experiments (Tevatron, LHC and ILC) do
need more precise computations. Most of these
computations are not done. a (M)

2) The difficulty with the traditional (Feynman
diagrammatic) method (largely due to the complexity
of the ( ) tensor reduction)




What needs to be done at NLO?

Experimenters to theorists:

“Please calculate the following at NLO”

Run Il Monte Carlo Workshop, April 2001

Single boson

Diboson

Triboson Heavy flavour

W+ <57
W+bb+ <33
W+ecc+ <33
Z+ <35y

Z +bb+ < 3§
Z+cc+ <35
v+ <5)

v+ bbb+ < 33
V4 e+ < 33

WW +bb+ < 3y
WW +ecc+ <3y
Z7 + < 5j
2L+ bb+ < 37
2L +cec+ <37
1y + < 5j

vy 4+ bbb+ < 33
vy +cc+ < 33
WZ+ <57

WZ +bb+ < 3;
WZ+ce+ < 3j
W+ <3y
Zy+<3j

WWW + < 3j
WWW +bb+ < 3j

tt + < 3j
tt+ +<2j
o+ W+ < 2

Zyy + < 3j tt+ Z + < 2j
WZZ+ < 3j it + H + < 2j
ZZZ + < 3j th + < 2j

bb + < 33

Theorists to experimenters:

“In your dreams”




More Realistic Experimenter’s Wish List

Les Houches 2005

process background to

(V e{Z. Wb

1. pp — V V jet ttH . new physics

2. pp — H + 2jets H production by vector boson tusion (VBF)
3. pp — ttbb ttH

4. pp — tt + 2jets ttH

5.pp— V' Vb VBF— H — V'V _ttH, new physics

6. pp— V'V +2jets | VBF— H —- VV

7. pp — V + 3jets various new physics signatures

8.pp— VVV SUSY trilepton

Bold action is required even for this



3) Methods developed: color decomposition,
spinor helicity, (Berends-Giele) recursive relations,
supersymmetric relations, string-inspired method
(Bern-Kosower rules), cut method, ....

4) New development from December 2003: twistor

string theory, CSW theory, BCFW recursive relations,
BST method, ....

5) Complete analytic results for the 6-gluon one-loop

amplitude in QCD were obtained in July 2006, due to
the efforts of many people.




Status July 2006

# Status of six-gluon amplitude — progress by a lot of young people

# analytic computation of one-loop corrections Bedford, Berger, Bern,
Bidder, Bjerrum-Bohr, Brandhuber, Britto, Buchbinder, Cachazo, Dixon, Dunbar, Feng,
Forde, Kosower, Mastrolia, Perkins, Spence, Travaglini, Xiao, Yang, Zhu

Amplitude N =4 N=1 N=0 N=0
cut rat

— —++ 4+ || BDDK ‘94 BDDK ‘94 BDDK ‘94 BDK ‘05
—+ — 4+ ++ || BDDK ‘94 BDDK ‘94 BBST ‘04 BBDFK ‘06 XYZ ‘06
—++ — ++ || BDDK ‘94 BDDK ‘94 BBST ‘04 BBDFK ‘06 XYZ ‘06
— — — 4+ ++ || BDDK ‘94 BBDD ‘04 BBDI ‘05 BFM ‘06 BBDFK ‘06
— —+ — ++ || BDDK ‘94 |BBDP ‘05 BBCF ‘05 BFM ‘06 XYZ ‘06
—+ —+ —+ || BDDK ‘94 |BBDP ‘05 BBCF ‘05 BFM ‘06 XYZ ‘06

# Numerical evaluation Ellis, Giele, Zanderighi ‘06

Sven-Olaf Moch Recent developments in QCD at NLO — p.15
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Color decomposition

Tree amplitude

A ({ki, hiyai}) = g2 Y Tr(T%0 ... T%w) An(k(’j‘(’g), - kj;gg;»,
0c€ESL/Zn
Sn/Zy: the set of non-cyclic permutations of {1,---,n}.

One-loop amplitude

n/2)+1
Aone loop({k“ hz7 az — Z nj Z Z Grn C A,[»L{ ( )
J= 0,%71 c=1 O'ESn/Snc

Grp1 = N Tr(T - - - T97),
Grp.c = Te(T% .- - T% 1) Tr(T%- - - T™).




Spinor helicity (Chinese magic)

Xu et. al. choose the following explicit
representation for the polarization vectors:
COY7 ORI U /71 L0 RS VPR ' /1L 2
6u(7Q>_ __,_7 €M(7Q>_ _|__7
V2(q~ k) V2(k*|q~)

where Lk is the momentum of the polarization null
vector and ¢ is the reference null vector. In terms of
the 2 component spinors:

kozo'z = O-gd k,u — )\045\(547 Qo — 770477(547




< )\> 9 045 y q _ 5\~ 9
7 A7)

(+) /1. _
€0 (k;q) =

where (7)) = ¢*’n )5 and [7)] = —edﬁﬁd'j\ﬁ-. Setting
e = +/2¢, we have:

(ej_(kj; qj), el—(kl,ql)) — Ej_(kj;%') '81_(7*61,(11) — Ejéi}[[qll?ﬁ '

Moreover,

~

p-q=2(An)[nA].




Recursive relations

D2
Pln

n—1 n—2

+ZZ PO voent) Jo(t+1,.00,9) JL(G+ 1,

7=1+1 =1

Z“/g,ul/p Pl’“PZ—I—ln) Jy(].,,’&> Jp(Z+1,,n




where the V; are just the color-ordered gluon self-interactions,

VIYP(P,Q) = (n"P(P — Q)" + 2nPHQY — 20" PP)

5l

VETPT = S (20T — 0T — ),

DO | .

and
Pi,j — kz+kz+1—|——|—k3
(See below in sect. 5 for more explicit rules.)

MHV (maximally helicity violating) amplitude (Parke-Taylor, 1986):

_ _ . (i j)*
A(1—|—7... +)_Z<12><23>,”<(n_1)n><n1>’




The Bern-Kosower rules

‘

ip

2

ip—l

(47T)€/2 1 Tin—1 i3 iz
D = 167T2 F(nl — 9 + 6/2) /O dxinl—l /0 dxinl—z ce /O dxig /O dxil
Kred

( l<m Pll zmele (]‘ me’ll)

X




Referring to the last picture we obtained the reduced factor K,.4 as follows:

e The master K factor:

K = H exp{ki : ijij + (k@ " €5 — kj : 67;) G%J — €€y GZ]}|€ multi—linear

i<j

e Partial integration to remove all G. This is always possible but quite tedious.

677,,1

o Tree reduction rules: (GV)" — R R
it

T — 7.
e Rules for substituting G and G and adding various contributions (next page).

Summing all the contributions and doing the Feynman parameter integration
give the final result for the one-loop amplitude. 5-gluon amplitude in 1993.

10



The loop substitution rules for various particle contents.

e Gluon in Loop:

o 1
CL) : Overall 2(1 — 5R€/2), G'" —» 5(—Sig($ij) + 256@'),
b) : G2 (120 __y 9 182 (312,83 L. (Pm—1tm (imstl ] (m > 2) ;
e Real Scalar in Loop:
i,j 1.
Overall N, , G" —» 5(—Slg($ij) + 2513@]) ;
e Fermion in Loop: Overall —4N, for Dirac and —2N,, for Weyl,
i1, iy 1 M
Qiviz ... (imiil (2) [H —8ig(Tiyip, 1) T2%apip, 1) — H Sig (i, g } .

k=1

11



2. Witten’s TST and the CSW theory

Twistor space:

a) light-like momentum p can be written in terms of two 2 component spinors:

~

Paa = UZdPu = AaAg-

b) Fourier transformations only for one spinors \:

Ao = [ &32 exp(i[ }] A\, V).

c) (A, u) constitute the twistor space coordinates: C P> and C P34

()‘17 )\27 :ula “2) — (£>‘17 5)\27 ‘5:“17 £H2)

12



Witten studied the topological string theory on this super-twistor space
(type B) and established a weak-weak duality between this string theory and
the N=4 SUSY Yang-Mills theory. In particular, the Yang-Mills amplitudes in
twistor space have the following special property:

The n particle scattering amplitude in twistor space is nonzero only if the
points P, are all supported on an algebraic curve in twistor space. This
algebraic curve has degree d given by

d=q—1+1,

where ¢ is the number of positive helicity gluons in the scattering process,
and [ is the number of loops. It is not necessarily connected. And its genus g
is bounded by the number of loops, g <.

In particular, MHV (g = 2) tree (! = 0) amplitude is non-vanishing only on
complex line: d = 1.

13



The logic of CSW theory: for tree amplitudes, the algebraic curve consists
of the intersection of several complex lines. In diagrammatic language, tree
amplitude can be obtained from the products of MHV tree amplitudes.

instanton sums: connected diagram vs the sums of disconnected diagram
sums.

CSW theory:
e dram all diagrams with MHV vertices
e the propagator is p%

o off-shell continuation of the MHV amplitudes (A = > . ), [5\1' 1))

e sum all possible contributions

14



Parity conservation in QCD: It has been proved that the above rules give
the correct googly (mostly minus heliicty) amplitude.

Extension to include fermions. Must introduce New MHYV vertices.

9gr

B B )G, 1)

V(AY, g7, .9 Gn s Ag) = — o

(A 91 I q (@, 1)(1,2) -+ (n, 7){q, q)
f I

VA .o .01 gr, A7) = \q m. P

(AR A—ha Aha A —h
V (i\gl y 915 s 9ny s i\@z 3 ;qu s Ini+1s " 7y Gns ‘\le )

{1, @) y (%2, 01)
(g1, 1){1,2) - - {n1, q2)  {g2,m1+1)---(n, @)

= Ag(hq, ho)

In  YGni+1


zhucj
图章


3. The BCFW recursive relations

Choosing any two gluons (named k& and n), and setting

~

pe(2) = A ( Ak — zS\n), pn(2) = (An + 2Ak) \,,.

The “amplitude” A(z) = A(p1,---,pr(2), - -,pn(z)) is a physical, on-shell
amplitude for all z. (Momentum is conserved and all p?(z) = 0.) A(0) is the
real physical amplitude.

A(z) is a rational function of 2z and has only simple poles (and no pole at
z = 00). This gives (P;;(z) = P;; + zAx\, contains p,):

Rz
A(Z) ZZ_Z o ZZ Zz] (Z'L])7

2V

16



and
P2

ZZ sz h(ZZ])7 ZZ] _ 1] _ .
(Ak| Pij| An)

Usefulness: very compact formulas for tree amplitude.

(6-|(L+2)]37)°

A2 I6) = T ] o T T
(471(5 + 6)]1)°

T (23) (34) [56] [6 1] 5501 (2= (6 + 1)[5-)

For more gluons, BCFW gives more compact expressions.

17



4. The computation of the cut part

By Passarino-Veltman reduction, a general one-loop amplitude can be
written as follows:

Aone— loop __ Z Z (J) D(Z }

1 1=2,4

where ij(i)[l]’s are scalar integrals. Expanding in D = 4 — 2¢ gives

Aone loop Z Z (.7) D(Z) ]+ (rational part)

1 9=2,4

The coefficients C’,L-(j) can be computed by cut-method.

The rational part is identically 0 for SUSY theory.

18



For N =4 SUSY Yang-Mills theory, only box integrals (; = 4) appear. The
coefficient can be easily computed by quadruple cut: cutting all the four lines
in the box integral. The equations

PP=p-K) =p-K —Ky)?=(p+K4)?*=0

(4)

)

lead to solutions: p; and p_. The coefficient c
products of 4 tree-amplitude.

are given as a sum over the

BCF also showed that this is still true if some of the external lines are
massless.

The computation of the coefficients of the triangle and bubble integrals is
more involved but systematic method is developed by using spinor integration.
The method was applied to compute all the triangle and bubble coefficient for

the 6-gluon QCD amplitude: Britto-Feng-Marstrlia, hep-ph/0602178.

19



5.

The computation of the rational part

try and error, check by numerical computation of Feyn-

man diagrams (BDK, obsolete)

D-dimensional unitarity (BDDK, Brandhuber-McNamara-
Spence-Travaglini, hep-th/0506068 up to A;(172737475™))

bootstrap recursive (inspired from tree recursive relation
of BCFW) (Bern-Dixon-Kosower)

directly computing Feynman diagrams, keeping only term
contributing to rational part. Quite old-fashion but with

tricks from string theory. (Xiao-Yang-Zhu)


zhucj
文本框
4. 有理(割线不可构)部分的计算
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Why it is feasible to compute the rational part
directly from Feynman integral?

The Bern-Dunbar-Dixon-Kosower theorem:

D - d"p f(p)
]m[f(p)] — / i D/2 p2(p — K1) (p_l_Km)Qa

The rational part is 0 if f(p) is a polynomial function of the

internal momentum p of degree m —2 or less. For phenomeno-
logically interesting models and by choosing a suitable gauge,
the degree of f(p) is always not greater than m.

Our strategy: do calculation while keeping only the leading

and sub-leading polynomial terms in p.



Feynman diagrams and Feynman rules

P
q
koo

I/}w\ NG (%p( = Dp + (@ = K)oy 10 (k= p)y

p

p v Z.

(66" — inupnb’)\ T 5(77,%/77)0)\ + 77#)\77”19)
A p
\ \ a

N H ? N 7
SO0 = —&=(p—¢ > — 3
// \/5 ( )M ///§I/ 2 77“
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Feynman diagrams and Feynman rules (I): Trees

>
—_—— q

\/?\g/
\«/x/

(d)

Ci(i+1) — P(Eiaki§€i+1aki+1) 2 Eza z—l—l €i+1
+kz—i—1
1

- (€i+17 ki) € + 2(% €z+1) ( z—l—l))a

Ci(i+1)(i+2) — P(Ez’(i—l—l)aki(i—l—l);ei—|—27kz’-l—Q) ‘I‘P(Eiaki§€(i+1)(i—|—2)7k(z’—|—1)(i—|—2))

1 1 1
+ ((ei, €i+2) €i+1 — = (E’ia €i+1) €i+2 — = (€i+17 €z'+2) €z'>
Si(i-+1)(i+2) 2 2
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Feynman diagrams and Feynman rules (II): Tree to loop

i+ 1 i+1

i+1
- = +

1

P i i

(b)
i+ 2 i+
+ i+1 >< + i+1
i
(c)

i+
i+
i

= 7

Pz(p) — (eiap) — (eiap T kz))
1
Pz’(i—l—l)(p) — (ei(i—l—l)ap) "9 (E’L'a Ez'—l—l)a

1
Pi(i—|—1)(i—|—2) (p) — (Gi(i—l—l)(i+2)7p) — 5 ((Ei(i+1)a €i+2) + (Gia €(i+1)(z‘+2)))
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Deriving the rational part (I): Feynman parametrization

By using Feynman parametrization we have

d” 1
P o= [
imP/2 p2(p — k)2 (p+ kp)?
o1 —> " a,
= (=1)"I'(n—D/2) /d”a ( ZZCLZZ)
(@-S-a)" 2
Ks o« o o "
where Q'S'@_Z@fi@j&j
ij=1
(0 B (kithe)® oo (ot ha)? )
p+ K, ' x* 0 /,f N Oy Ry /*-'7;:’.—1)2
S = _E .
0 k%—l

An n x n symmetric matrix of external kinematic variables.
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Deriving the rational part (II): recursive relations

Pla(@)a] = o (n—1—1- D)% IP"[g(a)
b S I )] + 5 3 S I 0 (0),
Plaif@] = Py (IPD1f ()] + 1220, f(@)]) + 1 1P [f(0)]
Vi = Zsi}la A:Z%ﬁ
1 1 Vi
Py = & (- )



Deriving the rational part (III): the bubble integral

Bubble integrals:
2wl = [ ) Em
2 WEE i pr (p+ K2 \EJ/

K is the sum of momenta of consecutive external gluons

on one side of the bubble diagram. For K? # (0 we have
(D =4 — 2¢):

B = g (CK
] = 120
et = fla3] = =g 1M
:-ﬁﬂu+i+0m.
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Deriving the rational part (IV): higher dim. scalar integral

1 7D
]7?+2[1] _ (n — D) X 2[D ZVJ (J)

Rational part arises because [” is dlvergent and the pre-

factor depends on D =4 — 2e.

D+27117 K2 D+2 1 D2 D+2

]2 _1_ — _, [3 [1] — _, ]4 [1] ] [CLZ] — O,
N 1 1 1 1 5

JPHM] = Zx 24 - x2x ==

b 3 X9 TR XeXg T g

[P = IPPa] = 19 [a;a5) = I27H1) = I3 a;] = 0,
N 1 5 1 1 13

P01 = = — S X2X - =

1718 2 6 144



Deriving the rational part (V): Triangle integral

D _ d”p  (e,p) (e2,p)
15 (61,62) — _/,L'ﬂ.D/Z (p kl) (p—I-K3)2
= cut part — 25((2 kit )) (€1, k1) (€2, k1) — % (€1, €2)
— ((en, k) (€2, k) + (61, k) (€2, K2) + (61, K3) (€2, k1))
2 (K3 — K3) |
]f’R(el, 62) = — (621&[((222)_(6[2(’,51) — % (61, 62), (61, /€1) = 0,
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]3(67;)

/ de (elap) (627p o kl) (637]))
P2 p2 (p—k1)? (p + K3)?

1

_ %((62,4KQ — Tky) (€1, €3) — (2 = 3) + 4(e1, K2) (e2, 63))

(K2 + K2)
-z (K2 K2)? (€1, K3) (€9, k1) (€3, k1)
(€1, K2) ((€2, k1) (€3, K3) — (€2, Ka) (€3, k1))
6 (K35 — K3)
(K3 + K3)

T @g- Ky Lo Rl a) e k)

Very complicated Feynman-like rules. And indeed the 3

mass triangle is much more complicated.



dPp (er. p)(es, p— K1)(e3. p+ K3)
Iier,e2.63)= | —55 5 5 5
i P/? p=(p—Ki)=(p+ K3)
= —Fo(s1.52.53)((e1. K1) (€2, K1)(€3, K2) + (€1. K3) (2. K2)(€3. K»)
+ (€1, K3)(e2, K1) (€3, K3) + (€1, K3) (€2, K1) (€3, K2)

— (1. K1)(€2. K2)(e3. K3)) — Y (€1, Ki)(e2. Ki) (3. Ki) Fi(s1. 52. 53)
i=1
l

— ﬂ((ffl — 52 —53)(€1, K1)(e2. Ky)(€3, K3)

+ (52 — 53 — s1) (€1, K1) (€2, K2)(€3. K2)
+ (53 — 51 — 52) (€1, K3) (€2, K2) (€3, K3))

7
+ %((61552)(5;%5 K3 — K>)+ (e2,€3) (€1, K1 — K3)
+ (€3, €1)(e2, Ko — K1)

_ 10515253 (514 52 + 53)
SfZK.,-Z,FO(SlsSLSZ%): ’

. 3A2 6A
METY ((e1.€2)(e3. K3 — K2)s1(s2 + 53 — 51) Fi(s1. 5,50y = SSTES2 = 8305283 (51 = 53)
_I_(Eiaé?!)(éla K] _K}\}SZ(S}—I—Sl —Sj) 122293 3A2 3A ’

F>(sq, s S;)ZS(SE+S3_S1)S3SI + (52 —s1)

+ (€3, €1) (€2, Ko — Kq)s3(s] —i—52—53)) 2(51, 52, 5: VE T
| _ _ S(sz3+s1—s2)s152 | (53— 52)
"'@((flfz)(@eﬁ'])(ﬁ—52}(524-53—51) F3(s1.52,83) = IA2 +t—

A= 512 +S22 +S§ — 2(s152 + 5253 + 5351),

+ (€2, €3) (€1, K2)(s1 — 53)(53 + 51 — 52)
+ (€3, €1)(€2, K3) (52 — 51)(51 + 52 — 53)).
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Deriving the rational part (VI): 2 mass easy box integral
The basic strategy: decomposition into simple ones (equiv-
alent to tensor reduction)

For 2 mass easy box with ¢, = 7715\1 and e; = 7735\3, we have:

1 3 ~ ~
If’R(Eh €2, €3, 64) — <771<1>3<>7723 > If’R()%)\l, €2, A1 A3, 64)
3 1
T <771<1>3<>7723 > ]f,R(k17€27k37647)
+<771 3) 7D.R (n3 1) 7D.R

4 (k17€27€3764)+ 4 (617627k37€4)'
(13) (31)
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K22 + S (
6(K22 — 5)2
K;+t
G(Kj% _ t)2 (617 K4)(€27 kl)(€4, kl)

1 [K2+s K2+t
- K22 _;_Ki%_t ((€1,€2)(€q, k1) + (€1, €4) (€2, k1)

If,R<€17 €2, k37 €4> —

€1, K2><€27 kl)(€47 kl)

_|_

+ GEQ’ Ki) (€2, k1) (€4, k3) + 62;1(;?1) (€2, 3)(€a, k)
+ 1((61, 62) €4 + (61, 64) €y + (627 64) €1, kS)

where s = (k) + K,)* and ¢ = (K, + k3)?. Invariant under the
interchange 2 < 4 (s < t).



By setting ¢; = k| we get

If’R(kla €2, k37 64)
1

a 1_8(2(k1, k3) (€2, €4) — ((€2, k1)(€a, k) + (€2, k3)(€a, k1))).

One more:

~ ~ 4
If’R()\?))\l; €2, )\1)\3, 64) — 5 ((62, kl)(€4, k3) + (627 k3)(€4, kl))

5 1 [ K2+s K2+t
— (k. Kk =22 4 k k
ot n)(ened) — § (b + g ) (eah)Cenk)

1 [/ K2+t K?
(  + ”S) (62, ks ) (ea, Ks).

4 K22—t+Kf—s




Deriving the rational part (VII): 2 mass hard box integral

1" (€1, €2, €3, €45 3, ca)
= Li[(e1. p)(ea. p — ki) ((e3, p + K4) + c3) (€4, p + K4) + ¢4)]

_[ dPp (e1, p)ea, p— k1) (€3, p+ K1) + c3) ((ea, }7‘|’K4)+C4)
) inb”2 P2(p—kD2(p — ki) (p + Ku)?

2mh ~ Y .o
;777 (M. mako, €3, €45 ¢3, ¢4)

= (2|K3|1][_6(’72“(2]{3!(]“7])(6% 1) — t(m 207 117" (1 2. €3, €4)

_ 1
+ f(’?2|k2|ﬁl:|l33m(€3s €1) + (n22)[m 1](5((1|€3|2]C4 + (1]e4]2]e3)

18(( l€312]eq + (1es|2]es, Thy + 2k +9K4))

1
18('722)[?712]((6% ki2) (€4, k12) — 2s12(€3, €4))

1
18(?72|(’<2+K3)|?71]((63 k> + K3) (€4, ko + K3) — 21 (€3, €4))

18(?72|K3|m]((€% K3)(es. K3) — 2K (€3, €t (2| K3 |in) (13" (272, €3, €4)

+ 17" (n222, (c3 — (e3, K3))es + (ca+ (€4, Ka+ ky))e3))
+ 3" (v, €3, €4) + " (v, (3 — (e3, K3))es + cq€3),

+ (K4l 113" (i €3, €4)
+ 13" (M1, (3 — (63, ko + K3))es + (e + (4, Ka))es) ],

v = (| K3|11x1m1 + (2| K53|2]1A2n1 — (k2. K3)n2m1.
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The rational part (VIII): Pentagon, hexagon and higher point
Basic method: tensor reduction
For 2737, 5 = )\35\2 and ¢; = )\25\3, we have

(62,]?)(63,2? - k2) n (62372?) - (62, E3)/2

P*(p — k2)?(p — kas3)?) P*(p — kas3)?
1 1/2 1/2

+ + .
(P - k2)2 p2 (p — k‘23)2

2
1

For 273747, much more complicated.
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MHV: Ag(172737475767)
Total of 51 diagrams. Can be classified into the following

10 sets. Computed them in sets.
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results for 7 sets (31 diagrams) are:
1 1
= —% 8345(6345, 6612), Rg(l) — _1_8 5123(61237 6456)7
1
— —= 512 (612, 63456)7
9
1 1
= 3 So3 (€45, €61) + (€4, €561) + (€456, €1)) — o S23(€4561, K2),
1 1
— e (61’ kQ) (64, le) —|_ _(617 k612) (647 k345>
36 2
1 1
=+ 1(61, k123) (€4, k456)> + 5(4312 — 28345 — s123) (€1, €4),
1 1
= 13 (€1, ko) (€456, k3) + 13 (2512 — 5123 — 3523) (€1, €456),
1
= o (€45, k3) (€61, k2) + 36 (28345 — S45 — S61 — 3523) (€45, €61)-



Ry

The pure rational part is

= l{EB:-E'ij (€2, €581 ) — ]l{{frnf—m]' + (€sa, €1)) (€2, €34)

4
1
Eﬂm{ B-LE-J-E-IE] = ESIEE[EIE,EMJ = a-‘?l! |:'Elz1f3-!l.l'-l5_:| 3 3_15{?{1,_31%]{&&1,#2] = ?{E31 Eﬁljifm,kﬂ _‘1{5315:.531]{521&:61”
1 -
Esm {{EHJEEI:I g {.EJJEE'BI:I ¥ EE&EB:‘EI}} E ]2 SES{EJ-SEh k:} - %{Eﬁ El]{EI;.E.H.E-} T %{{531 'EdE} i {EM,EE}}EEE;.E'EIJ
1
35 ({El’kﬂ {E'l kiz) + {El’kﬁ”] I:E”’“ Faas) Ly —{2{531 ]'['El ka) — -3{5311‘-1]{'5315& kz) — 2{eq45e, fl]{fhkl}}
1 1
Effl’kuﬂ {q*hmj) i ﬁidsu ~ 253 — s1m) (@1, €a) - %l[{lrzsi €is6) + (€345, €8) + (€34, €z8)) |(€2,€1) — (ea, hs};{:!: 2)
1 |
5 4 — 2 - —3 O
13 '{El;. 2] {Ed.sﬂ kﬂ] 118{ L8117 — 3128 .5‘23} KE: Ea.-.a]' 3 E,: {El-. -ii?zzll:fz,h]{fnm,kﬂ + I:E1,-kﬂ{Em; ,ii;zj é %
T (€45, ka) (€a1, k2) + = (28345 — Sas — Sa1 — 3523) (€45, €1) . -
1 The simple pole terms are:
ﬁfl:igi Eg.g']E'l =+ I:E:,El::lf.m + {E11E34:|£3, kg — F.g} [ h }
1 1 B — o Vel : Bl = (e, ,
— {{EEJEM]{EI1 ka) + {Ez1 fﬂ{fad,kzﬂ X EEEEI kﬂ{f,‘u; i EkEHEI; k:?]l 1 G{.’:‘rm = SME} ((€aa, ka)ler, ka) — (€34, ks ){ €1, k2 ))
E (2, kaa)
1 2 I - : e
R (s, €a){€1, ka)(ea, ky) + j{;ﬁ}} [E? 1]'['5113‘:}(&3?\5-:.5] + (€34, €5)) 12( 554 — S954) (€54, Kz){ €1, Fss)
{EIE} ; : — TOTIE (g, enler, Ea) + (€2, 1) (esa, K2))
0{25) {{€2, €3a)€a1 + (€2, €an)esa + (€34, €61 )2, k) 12{s61 — S345) i S
834 T Soa4
5 ri S { :Ik 1 } 'l‘l:l
i e e R e B G E—— (€2, €34 )€1, k2 ) + (€2, €1 ) (€34, k)
1 = (€3, €4) 'El,i??] [9{% ka1 ) {E21k3-:l,l|
5 {Iif: €345 )€1 + (€2, €1) €345, ko) + s (€1, ka)(e2, Ky )(€a45, ko — ku]l] Sa1 — Sus 534 — Sz
f~"3:' [ (€2, ka) (€2, ke
h {23)(56 1 (35 + —
(k. kg ) (€34, €81 [%% o %} toams EPEr - EHJ (€3, £4){ €61, Kz )
. o (26} | e, k) (€2, ka1 ) ]
2 hi 1 {3526 - . k
({ens, ke )(ear, ks) + (esa, ks)(eo1, ka)) [ Q%Jrﬁﬁl LB e (€1, €6)(E34, k2)
. (25) [ (e, ke
(K2, ka )€1, £245) [__M s I 1 (36)(2 }] LE 1(26) s —53-45.] (€1, ka)( (€3, €a5) + (€34, €5))

(262 18 (26)?

" ~ {26) [1 [S34+ %234  Ser+ Sms :
ehbalineh) IE{ET}E} + %%‘ t @y [sm SR —swa] ({2, enaenc + {1, em e, o)
i F [{e: hoa ) (ess, ko) (emr ) (2, :m}{m ks)(es1, ﬁ:ﬂ”
BT ( Tlea, Em}ffaﬂl,kﬂ — T(€x2, €za1 )| €aa, k2) + 4{E34,f5ﬁ1:|':f‘11ku]|:| .- 6( 234 — Sas4) 551 Sa45 )



29 Se1 + S345
N < ) [ ((52a5345)E1—|—(59351)5345;;32)

12(s61 — S345)
(El‘_: kﬁ) :|

6(561 a 3345)

+ (€2, k1) (€345, k2)

S61 + Sa345 | 1 <23><5 6} 1 <23>(5 6)
— k. k. ~  hoe K
+ pr——— [4 [25)? (€34, k2) (€61, k) + 1 (26)2 (€345, ko) (€1, k2)
894 T 5994 1 <2 3)(:5 6>
— i &
i Sza — Saza 4 (29)? s o)
Sas + 8
~ 5 (jm — Z‘;) (€2, €34) (€561, ka) + (€2, €561) (€34, k2))
1 (EE; kﬂil)(fﬁﬁla kz) 1 (Em kgzi)(fm;. kz-)
4(533 €4) PR 4((E5: 1) + (€56, €1)) Sus — Hoa
Sq1 + S
+ 12(:1 — 3;1) ((€2, €345 ) (€61, ko) + (€2, €61) (€345, K2))
1 (EE:- kﬁl)(fgqa;. kz) 1 (EE: kﬁl)(fﬁh kz)
4(&'3 1) S61 — S345 4(('?3: c15) + (€a4, €5)) S61 — Sa45

The double pole terms are:

Ry = 6(:11 j: Zi)z [(Eg; k1) (€345, ko) (€61, ko) — (€2, kg1) (€34, ko) (€1, ko)
_ E; zi (€2, ko1) (€345, ko) + EZ gi (€34, k2) (€61, ko)
(834 + S231) [(26)
¥ (834 — S934)? [( 5) (€34, k2) (€61, k2) (€2, Kaa)

6
1
5 (E‘E: k?.nl}(f:}ﬁl: kz)(t’h kﬂ) — (EE: km)(fzat, *"-'32)(6551:. kz}]



36) 126)

For A¥70(1-,2+,3%,4-,5%,67) we can make use of the symmetry to write the rational

remainder as

Rg(1,4) = Rg(1,4) + Rg(1,4)| (B2)
flip

where

X(1,2,3,4,5.6)| = X(1,6,5,4,3,2) (B3)
i

and Beware of and make sure the 2/9A" 5 right. Also make sure sublraction of boundary

af eut is properly included!!!

Re(1,4)
B 8(13){14)" ({14)[43] + 2(15)[53]) (17| (44 5) |37} {1 5)%[3 5]
TO(12)(16)(23)(34)(35)(56) 6(125(16)(25)(35)(56)[3 4] tas
" (27 (1+4) 673 (57| ( 1—4}|G‘}{1e‘3}"*[:‘iﬁ]t.m

2306 (3| 1+ 4)[67) (5| (2+3) [47) (23V{25}2(56)[4 6]
35P46]° | (17 (2 4+ 4) 37)" [24]
(2 |(3+5) ) [14][16)[34][45]  3{5T[(2+3)[47) (L6){23)(56)[3 4]tus,
L@+ 4) 37 (12)[23]((17] (2+4) [37) + {12)[23)
G{16)( :r?.}{f:' 5105 6)[3 4]2taas
(1 |{2+4 370 (12(15)[23]
2(17](2 I4 ) (16)(25) 'il“[““u
{: (14+4) 673 {143{153[56]t4s
B8 (3T[(1+4)[67) (5[ (2+3)] -.‘a (23)(25)(56)
(12){14)%[23] 15)(23)
" H{16)(23)(25)(3 4)¢ rf}[ﬁll( 3 {H} 2! u)
. @ 1(1+4) 673 (37| (2 +5) |47) [23][46]
323+ EA+9670 (G (24 3) |47 {23421 4][16]

1

(14)%{15)%[35] 3(12)(35
+ﬁ{l2}{1ﬂH?-:‘i:'{MHﬂﬁ}r;ﬁﬁ:'[MJ(” (13)(2: }j
{1 4)(1 5)[23][5 6] (114;+3{1 {2 +4) IH‘HH})
6 {17 (3+4)[27) (25)(56)ta3s \ {23} ({17[(2+3)|47) (25)

1(1 (3+4)|57) (13){26}(35) {1-|{2+m{3+5)iz+}{12}{35}) 0

—_

(17| (3 +5) |4‘}‘[Fi;‘i]3

6(27[(3+5) [47) (67 (3 +5) |4~ {If’}{li‘ (35)[3 4[4 5]y,
(1| (3 + 5) 473" (26) [?r[%l'

61| (3+4)[57) (1| (4+5) |37 (2" ["f-+: 147 (671 (34 5) |47 [34][4 5]tsus
(1= (2 +6)(3+ 5) r+} (16}[26][35]

TRIEF O U@+ 5) ) (61 (3+5)[4) 26BE0HE 0t

AL {163[3 5]
(2{35} TG [(3+5) |4'})
(57| (24 3) 673 [56],6([1 4](1 25{1 5) + (25)({16}[46])

3 2713+ 4 a7 (1 +4) 673724+ 3) 473 {16)42 3){H6}[16]{25)[14]

{15)7[23]7[5 6]
617 [(3+4)[27) (57| (2 + 3) [47) (2515 6)tany
3(17](2+4)|37) { 5)(23)  2(15}{26)[23]
".
: (3{”*‘ (17[(243) |47} (25} {(56)[34]
{14)*(15)[25]

T3+ 4) 12 (3| (1+4)67) (13{1672(23)(2 5)%(3 4){5 6)

+

_|_

x ([{1-|ﬁf2+5} 3%) 4+ (17| (5 + 6)2 |3+)) ({1 3){25) — 3(1 5){23))
—3{12}{15}{23}{35}[95])

{14)3(36)[26]
6 (1| (3+4)[57) (37[(1 + 4)|27) {1 2){1 3}{26)2(3 4}(3 5)2(5 6)

x (2(17] 205 +6) [37) + (17| (24 6)5|37)) (1 3)(26)
—3(2 (17| 2(5+ 6) [3*) + (17| 65[3%))(16)(23) )
{1~ (4 +5) |’-;-}{15}#[f-:--']]

(1~ | B) |4~ :I{l':'} (16) {:2"'5 }H? DD 63 4)tays
iy + L¥
'i | +4)167) thae
T e (2134 5) ) (3| (L+ 4) [6-) (23)(251(26)[1 4]
 (UoeEoliote @10+ Dle)aa e
(5 17) {(57[{2+3) 167}
(271 (1+4) [67)" (1 2)[2 6]t 146

|
2516 (27| (3+3) 4 A1+ D67 G| (1 +4)|67){23) -:.:3 53263 {56)[46
. (cz"r|u—4 67 (15)(26)  (671(1+4)]67) (16)(25)  (14)¢ rﬂmﬂ])
(25} (2 6)
1‘|i°+f‘f’i ’]lf‘*"“{lf‘}l?ﬁ][’ﬁ]
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In[72]:= p00 = %70

=

out[72]=
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NMHV: Ag(17273747576™)

Some terms are:

I

137 (kv €3, €4) + (€4, k5) 137 (K1, €3)

~

I§m(4)(e4, ki1,€3) + (S56 — S234) j??m(4)(€4, 63)}

[??m(g) (637 €4, kl?) + 512 ]32m(3) (637 E4)i|

1
a6 _6((63’ ko)(€q, k3) — 2593(€3, €4))
1

3
— ((ea, kz) (€, ki) + 2s123(€3, €4))

L DN =N

- 934 (6347 ]ﬁQ) —



+ + |

_|_

- <4 3> [3 2] (Ith(Q) ()\2)\1, )\6)\37 E61) flm(2) ()\25\1, )\65\37 €61))
<5 4> [4 3] ([1m (3) ()\4)\1, >\6>\57 661) ]2mh ()\4)\1, )\6>\57 661)

IQm(S ()\6)\37 €61, )\4)\1
1

I (>\4)\17 )\6)\37 €61

(€61, Fa3) — 1(66, €1)

]33m()\45\1, €61 )\6)\3) —

7
18

‘(A
((5617k45) (66761) 12m3 ()\6)\37>\4 1)
(
)

) —
)
) +
) I3

<6|/f45\3] 2m 3) )\17661)

<4!k23!1] ) )\6)\37 661)

12 (A3, A

1 - -
((6617 kzs) — 5(66, 61)) I§’m(>\4>\1, )\6)\3)

1
— S34(€34, €61) + 1 (64) [13] (€61, ks — kq)



(Compact) formula for rational part of tensor

box integral — 3m and 4m cases

]D _/ de Hgl(eiap)
4m —

imP/2 p2(p+ K1)%(p + K3)2(p + K3)?

Kl,g,g and K = €uvpo K1VK2PK§. detKZ . Kj X K2.
Expanding ¢; in terms of K; and K:

3
€, — Z&ij Kj -+ CiK
7=1

(Ki,p) = (p+ K;)* —p* — K?



An example: linear box integral

]D / de (E,p)
4,1 — .

1P p?(p+ K1) (p + K2)* (p + K3)?

3
= (= Y wK?) 1 +Z IPON] — (@ + ay + az) PO

=1
We note:

—Zasz 5 ((e.p) + ()

with p? =0 and (p+ K;)*=0. (K,p") = —(K,p™)
(Quadruple cuts to compute box coefficients: BCF, hep-
th/0412103).



/ dPp (K,p)?
imP2 p2(p+ K1)2(p + K3)2(p + K3)?

1
— —51(2 IPT2[1] — 0
/de (K,p)*
imP2 p?(p+ K1)?(p + K3)2(p + K3)?
3 3 5

= 7 (P L] = 5 x = (K7)°,



Compact formula for triangle integral?

[D / de HZl(eiap)
3m

imP2 p?(p+ K1)%(p + K3)?

Expanding ¢, in terms of:

K17 K27 la l_7



An example: linear triangle integral

17y = —(a K7+ axK3) P[] = (a1 + az) I[1]
tay I,V + ap 1P [1],

by expanding € = a1 K1 + as Ky + ¢l + cl.
See recent paper: G. Ossola, C. Papadopoulos and R. Pit-
tau, hep-ph/0609007, eq. (2.4).



6. Perspective

e Seems feasible for n = 7,6,---: both cut-part
(triangle and bubble coefficients) and rational part

— high-point tensor integrals: direct reduction by
inserting “spinor-string” (BDK 98) and keeping
only n,---,n — 3 tensors (BDDK theorem)

— box and triangle integrals: red. by expanding ¢,.
(See also: Binoth et. al., hep-th/0609054)

e Attacking the wish lists (proposal already submitted).
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