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Fermion masses puzzle in SM

 Why fermion mass hierarchies?
 Why are neutrino masses so small?

NO or IO?
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Flavor mixing puzzle in SM

Quark  mixing Lepton  mixing
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[Gonzalez-Garcia et al., NuFIT4.1 (2019)][CKMfitter, Summer 2018]
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CP violation puzzle in SM

Quark  CP violation [CKMfitter, 2018 Summer]

δCP ≈ ̶ 90˚?

 What is the origin of 
CP violation?

1.7

1.1(91.6 ) 

 

[Gonzalez-Garcia et al., NuFIT4.1 (2018)]Leptonic CP violation
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Flavor symmetry approach to flavor puzzle

e

L

e

L

L

e
L

L

L

























  
  
  

   
           
  
  
  
  

3

One of the few tools we have, but with several obstacles

 alignment  of flavon VEVs (complicated dynamics)

For lepton sector, at leading order

(1, 0, 0) , (1,1,1)T T

l    For flavor group A4:

 extra symmetry Zn or U(1)R

 higher dimensional operators

[Altarelli, Feruglio,1002.0211]
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Modular invariance as flavor symmetry

Torus compactification in string theory leads to Modular Symmetery

2

1

, Im 0


 


 The shape of a torus T2 is characterized by a modulus 

The lattice (torus) is left invariant by modular transformations 
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generated by two independent lattice transformations
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: 1/ , : 1S T      2 3( ) 1S ST 
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Finite modular group 

Infinite normal subgroups: Principal congruence subgroups

1 0
( ) (2, ), (mod )

0 1

a b a b
N SL Z N

c d c d

      
         

      

 (2) (2) / , , ( ) ( ), 2I I N N N       

Projective congruence subgroups ( )NT N

 Homogeneous finite modular groups: quotient group

 2 3, | ( ) 1 1,N

NS T S S TT   

2 3 3 4 4 4 5 5, , ,S A S A       

 Inhomogeneous finite modular groups: quotient group

(2, ) / ( )N SL Z N  

[Feruglio, 1706.08749]

 2 3 2, | , ( ) 1,N

N S T ST R T TRS RTR     

[Liu,Ding,1907.01488]

(2, ) / ( )N PSL Z N  

Γ′N is the double covering group of  ΓN ,i.e. Γ′3≡T′
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Crucial element:  Modular forms
Modular forms are holomorphic functions transforming under

  ) ( ),)( (iji j

kf c d f     

  ( ) ( ), ( )kf c d f N      

k: modular weight, even integer

N: level, positive integer

Modular forms of weight k and level N form a linear space, they can be 
decomposed into irreducible representations of finite modular group ,

ρ is unitary representation of ΓN.

[Feruglio, 1706.08749]

 k > 0 odd/even integer, modular forms fall in representations of 
homogeneous finite modular group Γ′N

[Liu,Ding,1907.01488]
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Formalism: modular invariant theory

For N=1 global SUSY, the modular invariant action
4 2 2 4 2( , , , ) ( , ) h.c.I I IS d xd d K d xd W           

 Minimal Kahler potential 
2ln( ) ( ) | |Ik

I

I

K h i i i i    
       

 Modular invariant superpotential

are  modular forms  
1 2

( )
nI I IY 

Modular invariance requires 1 2

1
1

n

n

Y I I I

Y I I

k k k k

  

   


   

[Ferrara et al, 1989; 
Feruglio, 1706.08749]

kinetic terms
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Example: a minimal model based on Γ3=A4

 Three weight  2 modular forms transforming as a triplet 3 of A4

 1 2 3( ) ( ), ( ), ( ) 3
T

Y Y Y Y    A4 triplet

Dedekind eta function: 1/24 2

1

( ) (1 ) ,n i

n

q q q e   




  

[Feruglio, 1706.08749]

1 2
(3 )

3 3 3

  
    

      
     
     

S

T

Tensor products of Y1,2,3 generate higher weight modular forms

Γ3 is isomorphic to A4 , smallest non-abelian finite with 3-dimensional 
irreducible representation.

1/3 2/3

1 2 3( ) 1 12 ..., ( ) 6 (1 7 ...), ( ) 18 (1 2 ...)Y q Y q q Y q q            
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 Field content

Charged lepton mass terms
2

1 1 1( ) ( ) ( )c c c

e d d dW e LY H LY H LY H      

3 2 1

2 2 2

2 1 3 3 1 2 1 2 3

2 1 3

( ) ( ) ( )e d

Y Y Y

M Y YY Y YY Y Y Y v

Y Y Y

  

  

  

 
 

    
 
 

Neutrino mass terms

The couplings α, β and γ are fixed by charged lepton masses.

1 3 1 2 3 1 1(( ) ) (( ) ) ( )
S A

c c c c

u uW g N L Y H g N L Y H N N Y   

1 1 1 2 3 1 2 2 1 3 2

1 2 3 1 2 1 2 1 3 2 1

1 2 2 1 2 1 1 3 2 1 3

2 ( ) ( ) 2

( ) 2 ( ) , 2

( ) ( ) 2 2

D u N

g Y g g Y g g Y Y Y Y

M g g Y g Y g g Y v M Y Y Y

g g Y g g Y g Y Y Y Y

        
   

           
           

NO flavons

[Ding, King, Liu, 1907.11714]
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The complex modulus τ is the only source of modular symmetry breaking, 
best agreement with experimental data can be achieved for 

0.625

2 10.0428 2.105 , / 1.154 ii g g e    

2 2 2

12 13 23

21 31

1 2 3

2

sin 0.310, sin 0.0224, sin 0.580,

1.602 , 1.992 , 0.986 , 0.0

0.0805eV, 0.0810eV, 0.0949eV

003CP

m m m

  

     

  

  
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

[Ding, King, Liu, 1907.11714]

Input parameters:

Predictions:
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Classification of simplest A4 modular models

40 simplest A4

modular 
models without 
flavons

( )c

e d EW E LH f 
( ) / , Weinberg operator

( ) ( ), seesaw

u u W

c c c

u D N

LLH H f
W

N LH f N N f




 


 

 

neutrinocharged lepton 
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 8 phenomenologically viable minimal models for both NO and IO
as compared to only one D10 in previous analysis

 3 free parameters beside modulus τ for the neutrino sector (3 
masses + 3 angles + 3 phases)

 Dirac CP phase δCP≈ -π/2 and large neutrino masses still allowed by 
data
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Texture zeros

Imposing texture zeros: reduce the number of free parameters, thus 
lead to predictions for flavor mixing angles. 

[S. Weinberg; H. Fritzsch; F. Wilczek & A. Zee, 1977]
 Fritzsch texture
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How to generate texture zero structure exactly?
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Modular symmetry origin of texture zeros from Γ′3=T′

 Two weight  1 modular forms transforming as a doublet 2 of T′

 (1)

2 1 2( ) ( ), ( ) 2
T

Y Y Y   T′ doublet [Liu,Ding,1907.01488]

   

3 3(3 ) ( / 3)   

   

S

T

Γ′3 is the double covering of A4

7 /12 1/3 2 3

1 2( ) 2 (1 2 ...), ( ) 1/ 3 2 2 ...iY e q q q Y q q        

 

   

3
7 /12

1

3 3

2

(3 )
( ) 2

(3 ) 1 ( / 3)
( )

3

iY e

Y

  


 

   


   



 

Γ′3 A4

SU(2)         SO(3)
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Tensor products of Y1,2 generate higher weight modular forms

Weight 2:

Weight 3:

[Liu,Ding,1907.01488]

 Odd weight modular forms 
transform as  T′ doublets 
2,2′,2″

 Even weight modular forms 
transform as singlets 1,1′,1″
and triplet 3
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Quark sector from modular symmetry Γ′3=T′

Assignment: 1

3

2

1

3

2

2 (or 2 ,2 ), 1 (or 1 ,1 )

2 (or 2 , 2 ), 1 (or 1 ,1 )

D

c

c c

D c

Q
Q Q

Q

q
q q

q

 
     

 

 
      

 
Mass matrix:

? ? ?

? ? ?

? ? ?

qM

 
 

  
 
 
 

3

vanishing for even c
DQ q

k kvanishing for oddc
D D

Q q
k k

3
vanishing for even c

D
Q q

k k
3 3

vanishing for oddcQ q
k k

The 3rd generation quark is much heavier than the 1st and 2nd generation

[Lu, Liu, Ding, to appear]

Left-handed doublets

Right-handed singlets
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Texture zeros of quark mass matrices

Five texture zeros of quark mass matrices can be achieved from the T′
modular symmetry

 texture zeros arise from modular symmetry not assumption 

 Non-vanishing entries are correlated with each other.

New features:

[Lu, Liu, Ding, to appear]



 quark mass terms
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A viable model for quarks 

 Field content

NO flavons

After removing unphysical phases, we have 8 input parameters besides 
the modulus τ,

7 zero elements

explain  10 obervables: 3 up quark masses+3 down quark masses+ 3 
quark mixing angles+1 CP phase

1 2 3 4 1 2 2 3| |, | |, | |, | |, | |, | |, arg( ), | |u u u u d d d dy y y y y y y y

[Lu, Liu, Ding, to appear]



Charged lepton mass terms
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Extension to lepton sector

Neutrino mass terms: seesaw mechanism 
The couplings α, β and γ are fixed by charged lepton masses.

[Ding, King, Liu, 1907.11714]
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The complex modulus τ is common in both quark and lepton sectors, and 
it is the unique source of modular symmetry breaking.

2 1 3 1
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      

  

  

Input parameters:

Predictions: almost all observables are within the 1σ regions
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Precise measurements of θ23 , δCP and the effective mass mee in 0ν2β
decay can exclude this model.
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quark

lepton
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Summary

 Modular symmetry is a new promising approach to understand the 
fermion masses and flavor mixing puzzles with less free parameters. A 
systematic method of constructing the simplest modular symmetry 
models is proposed, A4 as an example for illustration.

Neutrino oscillation calls for convincing model of neutrino masses 
and mixings, with testable and confirmed predictions.

Thank you for your attention!

 Modular symmetry can generate quark mass matrices with texture 
zeros, and  the measured values of quark and lepton masses, CKM 
matrix and lepton mixing angles can be accommodated by the T′ 
modular symmetry simultaneously.   
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Quark and lepton masses and mixing parameters 

[Antusch,Maurer,1306.6879]


