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Introduction

@ Bondi and collaborators established an elegant framework to
study Einstein gravity in asymptotic flat spacetime, first focus on
the axisymmetric case. [Bondi, van der Burg, Metzner, 1962]

@ Later the assumption of axisymmetric is relaxed. [Sachs, 1962]

@ In this framework, the gravitational radiation is characterized by
the news functions and the mass of the system always decreases
whenever news functions exist.

@ This demonstrates that gravitational waves exist in the full Einstein
theory rather as an artifact of linearization.
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Introduction

@ A surprising result of BMS is that they found the asymptotic
symmetry group is an infinite-dimensional one, instead of just 4d
Poincare symmetry.
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Introduction

@ A surprising result of BMS is that they found the asymptotic
symmetry group is an infinite-dimensional one, instead of just 4d
Poincare symmetry.

@ In the last several years, Strominger proposed triangle relation
among asymptotic symmetry, soft theorems for graviton
amplitudes and gravitational memory effects.
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integer powers in terms of the inverse of the radial coordinate.
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@ For extending Bondi’s framework to include a matter coupled
system with the same power series expansion, the matter fields
are necessarily massless.

Jun-Bao CJQsS-TJU



|
Introduction

@ The asymptotic expansion of the metric functions are typically of
integer powers in terms of the inverse of the radial coordinate.

@ For extending Bondi’s framework to include a matter coupled
system with the same power series expansion, the matter fields
are necessarily massless.

@ The Einstein-Maxwell theory in Bondi gauge was studied in [van
der Burg, 1969][Bieri, Chen, Yau, 2011].
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Introduction

@ The asymptotic expansion of the metric functions are typically of
integer powers in terms of the inverse of the radial coordinate.

@ For extending Bondi’s framework to include a matter coupled
system with the same power series expansion, the matter fields
are necessarily massless.

@ The Einstein-Maxwell theory in Bondi gauge was studied in [van
der Burg, 1969][Bieri, Chen, Yau, 2011].

@ However, the effect of other types of matter fields is less stressed
in literatures.
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@ On the other hand, when spacetime dimensions are higher than
four, application of the Bondi gauge is restricted.
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Introduction

@ On the other hand, when spacetime dimensions are higher than
four, application of the Bondi gauge is restricted.

@ In particular, it was observed in [Tanabe, etal, 2009][Tanabe, etal,
2011] that the news functions associated with gravitational
radiation must appear in the half-integer powers of the radial
expansion in five dimensions.

@ In this work, we study asymptotic structure of 4d
Einstein-Maxwell-Dilaton theory.

@ lIts uplift gives the asymptotic structure of 5d pure gravity where
the topological of infinity is S? x S! instead of S3.
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4d Einstein-Maxwell-Dilaton(EMD) Theory

@ 4d EMD theory includes gravity, Maxwell field and massless
scalar. The Lagrangain is

1
L=+v—g|R- %e“@FQ — 5(a<p)2 ., F=dA. (1)
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@ 4d EMD theory includes gravity, Maxwell field and massless
scalar. The Lagrangain is

L=+—g|R 'wFQ (&p)Q, F =dA. (1)

@ When a is one of 0, f, 1,+/3, the EMD theory can all be
embedded in the A/ = 2 STU supergravity , which is pure N' = 2
supergravity with three vector multiplets [Duff, Liu, Rahmfeld,
hep-th/9508094].
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4d Einstein-Maxwell-Dilaton(EMD) Theory

@ 4d EMD theory includes gravity, Maxwell field and massless
scalar. The Lagrangain is

L=+—g|R WFQ (&p)?, F =dA. (1)

@ When a is one of 0, f, 1,+/3, the EMD theory can all be
embedded in the A/ = 2 STU supergravity , which is pure N' = 2
supergravity with three vector multiplets [Duff, Liu, Rahmfeld,
hep-th/9508094].

@ The a = 0 case can be reduced to Einstein-Maxwell theory which
is the bosonic sector of N' = 2 supergravity.

@ The a = /3 case can be Kaluza-Klein theory obtained from the
circle reduction from pure gravity in five dimensions.
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Equations of motion

@ The dilaton, Maxwell and Einstein equations are

a v
Ou(vV/—99"" 0up) — Z\/—gea‘pF2 =0, Oy (v/—gePF*) =0,

1 1 1 1
(R,uu - EQ}LI/R) - §ea<pFuprp + gguuea(pFQ - §3m03u90
1
+*guu(890)2 =0. (2)

4
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Equations of motion

@ The dilaton, Maxwell and Einstein equations are

a v
Oulv/=99" Do) = TV/=ge IR =0, u(V=geEM) =0,

1 1 1 1
(R,uy - iguuR) - ieawFuprp + gguuea(pFQ - iau‘PaVSD
1
+*guu(890)2 =0. (2)

4

@ The Einstein equation is equivalent to

1 1 1
Ep,y = R,uu - §ea(pF,uprp + gguueawFQ - 5(9#()061190 =0, 3)
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Bondi gauge

@ We study the above EMD theory in four dimensions in Bondi
gauge. The metric has the form [Bondl, van der Burg, Metzner,
1962]

ds? — _W625(u,r,9) +U(u,r, 9)2T2€27(u,r,0):| du

— 228w 0) qudy — 2U (u,r, 9)T2627("”"’9)dud9
+ 2 |20 qg? 4 o= 2w 0) gin? 9d¢2} . (4)

A= Ay(u,r 0)du+ Ag(u,r,6)db. (5)
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Bondi gauge

@ The inverse metric is simple

0 —e~26 0 0
o —e28 %e_w —Ue 268 0 5
g 0 —Ue? <f o | (©)
0 0 0 _e
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Boundary conditions

@ The falloff conditions for the functions 3,~, U,V are

B = O(T_l)v Y= O(T_1)7 U= O(T_Q)v V= 0(7’) (7)
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Boundary conditions

@ The falloff conditions for the functions 3,~, U,V are
B=00"", y=00""), U=0("?), V=0(@r). (7)
@ The boundary conditions for gauge fields are

A, =00, Ag=0(1), ¢=0(01). (8)
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Constraints among equations of motion

@ Since the EMD theory has gauge symmetry and diffeomorphism
invariance, the equations of motion are not all independent.
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@ Since the EMD theory has gauge symmetry and diffeomorphism
invariance, the equations of motion are not all independent.

@ The constraints among them are the following identities

V(GH —TH) =0, 8,8,(v/—ge"?FM) = 0. 9)
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Constraints among equations of motion

@ Since the EMD theory has gauge symmetry and diffeomorphism
invariance, the equations of motion are not all independent.

@ The constraints among them are the following identities
V(G =TH) =0,  0,0,(/—ge®F') =0. 9)

@ Making use of these constraints, we are able to arrange the fifteen
equations of motion into four classes.
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Arranging the equations of motion

@ Class 1: five hypersurface equations:
0y (\/=ge" F™) =0,
Err = Lpp — Er(b - 07 (10)
Egggge + E¢¢g¢¢ =0.
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Arranging the equations of motion

@ Class 1: five hypersurface equations:

Oy (v/—ge®PF") =0,
Eyr = Erg = Er(b =0, (10)
Egggge + E¢¢g¢¢ =0.

@ Class 2: five standard equations:
Ou(V=ge" ™) = 8,(V=ge"* F*") = 0,

v a a
0u(V=99" Dup) — v/ =ge ?F? =0, (11)
FEgg = E9¢ =0.

Jun-Bao CJQs-TJU



|
Arranging the equations of motion

@ Class 3: one trivial equation:

By = 0. (12)
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Arranging the equations of motion

@ Class 3: one trivial equation:
E.,=0. (12)
@ Class 4: four supplementary equations:

Oy (v/—ge®PF™) =0,
Ew=FEuy = Ey, =0.
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Arranging the equations of motion

@ Class 3: one trivial equation:
E.,=0. (12)
@ Class 4: four supplementary equations:

Oy (v/—ge®PF™) =0,
Eu= Eud) = Fu, =0.

@ Once the hypersurface equations and standard equations are
satisfied, the(constraint) identities (9) yield that the trivial equation
is satisfied automatically
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Arranging the equations of motion

@ Class 3: one trivial equation:
E.,=0. (12)
@ Class 4: four supplementary equations:

Oy (v/—ge®PF™) =0,
Eu= Eud) = Fu, =0.

@ Once the hypersurface equations and standard equations are
satisfied, the(constraint) identities (9) yield that the trivial equation
is satisfied automatically

@ and the supplementary equations are left with only one order in
the 1 expansions.
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Hypersurface equations

— C 2 f 2 i ap—2y A 2 14
0,8 = 5(0,7)" + G (Orp)” + "7 (0r Ag)". (14)
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Hypersurface equations

- 2, T 2, L ap-2y A,)2 14
0,8 = 5(0,7)" + G (Orp)” + "7 (0r Ag)". (14)

@ Let us define L to be

L= (0,A, +Ud,Ag) r2er=2, (15)
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Hypersurface equations

o
— C 2 f 2 i ap—2y A 2 14
o, 2(@7) + 8(87«90) + 3¢ (0rAp)~. (14)
@ Let us define L to be
L= (0,A, +Ud,Ag) r2er=2, (15)
° 1
Oy L = ——0p [sin0e*? =270, Ay , (16)
sin 0
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Hypersurface equations

°
_r 2, r 2, L ap-2y A,)2 14
o8 = 2(ar7) + 8(87“90) + 87"6 (87“ 9) . (14)
@ Let us define L to be
L= (0.A, + U, Ag) r?e®?=2, (15)
° 1
Oy L = ——0p [sin0e*? =270, Ay , (16)
sin @
°

20,
0, [r“ez(V‘B)GTU } = 272 [&%(ﬁ — ) + 20,70g7y — TQB

—20,7y cot 0] + 120,009 + L0, Ag. (17)
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Hypersurface equations

0,V = 2royU + %7"287«89U — }17“462(7_5) (&«U)2 + %TQ&U cot 8
+ 2rUcot§ + e2F=7) [1 — (89B8)% — Bg3 cot O + 2055y

4+ 30pycotf — 2(0py)? — 03B + 392’4

1 —a 1 B
_ m[ﬂez@ w_Zez(/o’ 7)(30@2 (18)
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Hypersurface equations

@ 3is fixed by v, ¢, Ag.
U is fixed by 3,7, @, Ag.
A, is fixed by 8,7, U, ¢, Ap.
V is fixed by 38,7, U, ¢, Ag, Au.
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Hypersurface equations

@ 3is fixed by v, ¢, Ag.
U is fixed by 3,7, @, Ag.
A, is fixed by 8,7, U, ¢, Ap.
V is fixed by 38,7, U, ¢, Ag, Au.

@ Initial data: v, ¢, Ay.
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Hypersurface equations

@ 3is fixed by v, ¢, Ag.
U is fixed by 3,7, @, Ag.
A, is fixed by 3,7, U, ¢, Ag.
V is fixed by 3,7, U, ¢, Ag, A...

@ Initial data: ~, ¢, Ay.

@ Their time evolutions (w. r. t. u) are controlled by the standard
equations.

Jun-Bao CJQsS-TJU
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Standard equations

@ Eyy, = 0and d,(,/—ge®F?") = 0 are held automatically due to no
¢-dependence in our system.
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Standard equations

@ Eyy, = 0and d,(,/—ge®F?") = 0 are held automatically due to no
¢-dependence in our system.

@ The rest three equations,

%remEWW =0, (19)
1
%eQV_QWOV(\/—ge““OFG”) =0, (20)
2sin 6
1 a
— uv Y T ap 2 —_
s [%(x/ 99" 0up) 1V 9eE 0, (21)

will determine the time evolution of ~, ¢ and Ay, which will be
calculated in this subsection.
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Standard equations

@ Eyy, = 0and d,(,/—ge®F?") = 0 are held automatically due to no
¢-dependence in our system.

@ The rest three equations,

%T€2BE¢>¢>9¢¢ =0, (19)
1
,7627_““"81,(\/—96““’F9”) =0, (20)
2sin 6
1 a
— uv Y T ap 2 —_
s [(%(x/ 99" 0up) 1V 9eE 0, (21)

will determine the time evolution of ~, ¢ and Ay, which will be
calculated in this subsection.

@ There is no constraint at the order O(%) of v and ¢, and at the
order O(1) of Ay from those three equations. They are related to
the “news” functions in the system which indicating radiations.
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Solution space in series expansion

@ Suppose that v, ¢ and Ay are given in % series expansion as initial

data -
y= A0 5 rld) 22)
r = r
— ©a(u, 0
=3 P 23)
(u 0)
Ap = Ao(u,0) +Z : (24)
a=1
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Solution space in series expansion

@ Then hypersurface equations gives

_402 + ¢i P12

12¢73 + 23 + 31903 + 5.A .

_ _ -5
P=""T6r o 1671 or™),
(25)
Bpc + 2ccot§  de (Dge + 2ccot 0) — N(u, 0 B
U _ oC + 2cco N ¢ (Ope + 0(303 ) (u )—f—(’)(r 4)7 (26)
r 3r
A, — _q(u,@) _A1cot9+892A1—aq<p1 o3, (27)
T 2r
and
V o= r—Mu,0)+0@F"), (28)

where M (u, ), N(u,8) and q(u,#) are the integration “constants”
from solving the partial differential equation associate with r.
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@ Standard equations determine the time evolution of the whole
series of v, ¢ and Ay except for their leading order terms.
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@ Standard equations determine the time evolution of the whole
series of v, ¢ and Ay except for their leading order terms.

@ In particular the first order of the standard equations are listed as
follows:

1
auQOQ = _5(83S01 + cot 0(99901) (29)

1 1
Ou A1 = 0, Ag — 539(1 - §a9018u-/40- (30)

1
Ouy3 = 9% ?(16 — 32 csc® B) — 4 cot AN — 3 cot 09011 — 3(Fpr)>

+ 301051 + 4c (6M + 3 cot 00pc + 50;¢) + 4 (9pN + 5(0pc)?

—-3A4,0,40) |- (31)
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News functions

@ All the time evolution equations of the sub-leading terms in ~, ¢
and Ay can be derived recursively order by order. However the
time evolution of ¢, Ay and ¢; are not constrained. Hence, ¢, A
and ¢, are the news functions of this system that indicate
gravitational, electromagnetic, and scalar radiations.

"An overdot denotes a time derivative 9,.
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Supplementary equations

@ There are four supplementary equations to be solved and we only
need to solve them at one order in the % expansion.
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Supplementary equations

@ There are four supplementary equations to be solved and we only
need to solve them at one order in the % expansion.

@ Equation E,; = 0 holds automatically, again from the assumption
that the system is ¢-independent.

Jun-Bao CJQsS-TJU



|
Supplementary equations

@ There are four supplementary equations to be solved and we only
need to solve them at one order in the % expansion.

@ Equation E,; = 0 holds automatically, again from the assumption
that the system is ¢-independent.

@ The rest three supplementary equations determine the time
evolution of the integration constants M, N and q.
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Conservation of the electric charges

@ From 0, (y/—ge® F™) = 0, we obtain

Ouq = — cot 00, Ag — 0y, 0 Ag. (32)
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Conservation of the electric charges

@ From 0, (y/—ge®F™) = 0, we obtain
Ouq = — cot 00, Ay — 9,09 Ag. (32)
@ From the identity
7{ sin 0(cot 00y Ao + DudyAo)d0d = 270, Agsind [T=0,  (33)

we can conclude that the total electric charge @, defined by

Q= fq(u, 0) sin Odfd o, (34)

is conserved. This is not surprising because the dilaton scalar
field is real and it cannot carry electric charges.
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Mass-loss formula

@ The supplementary equation E,,, = 0 leads to

oM = —2(&)2—%(,40)2—%(@)2—1—3cot 00,0pc+0,05c—20,c. (35)

This is the generalized Bondi mass-loss formula in the four
dimensional EMD theory.
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Mass-loss formula

@ The supplementary equation E,,, = 0 leads to

oM = —2(6)2—%(,40)2—%(@)24—3cot 00,0pc+0,05c—20,c. (35)

This is the generalized Bondi mass-loss formula in the four
dimensional EMD theory.
@ We define the mass density

m=M — ;89 (2cosfc+ sinfyc) . (36)
sin 0

Inserting the mass density into the generalized Bondi mass-loss
formula (35), one obtains

dum = —2(ef — S (Ao)? — 5(&)" (37)
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Mass-loss formula

@ Thus, we have the following theorem in four dimensional
Einstein-Maxwell-dilaton theory:
The mass density at any angle of the system can never
increase. It is a constant if and only if there is no news.
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Asymptotic symmetries

@ The complete set of local symmetry involves a pair (¢, x) of a
vector field £ = £#0,, and an internal gauge parameter x.
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Asymptotic symmetries

@ The complete set of local symmetry involves a pair (¢, x) of a
vector field £ = £#0,, and an internal gauge parameter x.

@ The generating infinitesimal transformations are given by

5(§,x)9uv = LeGuv, 5(£,x)Au = Oux+LeAy, 5(§,x)90 = Lep. (38)
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Asymptotic symmetries

@ The complete set of local symmetry involves a pair (¢, x) of a
vector field £ = £#0,, and an internal gauge parameter x.

@ The generating infinitesimal transformations are given by

Oe )9 = Leguvs  Oex)Ap = Oux+LeAp, ey = Lep. (38)

@ The infinitesimal transformation parameters are independent of ¢
in order to keep the ¢-independence of the fields.
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Asymptotic symmetries

@ Gauge conditions
Grr = Gr¢ = Gro = Gus = 9o = Ar =0, (39)
lead to
Legrr = Legrg = Legro = LeGup = 0Legog = 0,6(¢ ) Ar = 0. (40)

We have one more gauge condition from angular part of metric
elements

Q(Z%) —0. (41)
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Asymptotic symmetries

@ The transformation should also respect the boundary conditions
B=0"1, y=0"1, U=00r"%, V=0(r). (42

Ay =001, Ag=0(1), »=0("") (43)
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Asymptotic symmetries

@ The results
€= f=T+uycosb,
T
¢ = ) ((’*)‘950 + cot 950 - gregur89f) )

N (44)
€0 = ysind + 9y f / dr grag®,
¢ = g9,
and ~
X=c / dr Agg?g,u00 . (45)
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Asymptotic symmetries

@ The resulis

= f =T+ uycosh,

r
&=—3 (a(,g@ + cot 0¢7 — g’“egw@ef) ;
N (44)
59 =ysinf + 89f/ dr grug%’
g=e,
and 00
X =€— / dr Aeg%gmaef' (45)

@ Notice that ¢7, £, x depend on the coupling constant a through
their dependence on the metric and Maxwell field.
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Asymptotic symmetry algebra

@ The asymptotic symmetry transformations satisfy a modified
algebra introduced in [Barnich etal, 2001][Barnich etal, 2013]

[(&1,x1), (€2, x2)]ar = (€, %), (46)

where
é [gla 52] - 6(51,)(1)52 + 5(52,)(2)517 (47)
X = §f8#X2 - 658,»(1 - 5(517X1)X2 + 6(527X2)X1 (48)
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Asymptotic symmetry algebra
@ The algebra is closed which can be seen from straightforward
computation
éu = f = y1 8in 0(9pTa — cot 0Ty) — ya sin O(0yTy — cot OT7),
0r(€%) = —gurg™ s,
&

o (7)) = % 06(9” gur0o f) + cot 6(9” gurdp f) + 8r(gregur39f))] :
Or(R) = Apg™ gruOs f.
(49)
@ When r — oo, the algebra is reduced to
(T1,y1. 1), (To,y2, €2)] = (1,9, €), (50)
where
T = y1 sin (9 Ty — cot 0T3) — (1 +» 2), (51)

g = = Y1 sin f0yea — (1 <~ 2).

, €
Jun-Bao Wu CJQS-TJU
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Mode expansion

@ To implement mode expansions, we define ¢ = tan g In the new
coordinate, we have

t2

T = (0T - 5T — (162), (53)
y=0, (54)
€ = yi1toeg — (1 <> 2). (55)
The basis vectors are chosen as

Ty = (14:2) 00, Yo =t em = 1™ (56)

In terms of the basis vector, the asymptotic symmetry algebra is
[T, Tn) = [€ms €n] = [T, €n] =0, (57)
Y0, T,] = nTh, [Yo,€n] = nep. (58)
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Uplifting to five dimensions

@ When a = /3, the above 4d EMD theory can be obtained from S*
reduction of pure Einstein gravity in 5d.
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Uplifting to five dimensions

@ When a = /3, the above 4d EMD theory can be obtained from S*
reduction of pure Einstein gravity in 5d.

@ So in the case the above solutions of 4d EMD theory can be
uplifted to solutions of 5d Einstein gravity theory.

ds? = e V3%ds3 + V54 (dz + Adat)?. (59)
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Uplifting to five dimensions

@ When a = /3, the above 4d EMD theory can be obtained from S*
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Uplifting to five dimensions

@ When a = /3, the above 4d EMD theory can be obtained from S*
reduction of pure Einstein gravity in 5d.

@ So in the case the above solutions of 4d EMD theory can be
uplifted to solutions of 5d Einstein gravity theory.

ds? = ¢ Vi?ds? + eV3®(dz + A,dat)?. (59)

@ The different types of news functions ¢, Ap and 1 in 4d are now
purely gravitational in five dimensions. They represent
gravitational radiations in five dimensions.

@ The extra news functions arises because the asymptotic
spacetimes in five dimensions is a product of four-dimensional
Minkowski spacetimes and a circle.
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5d Asymptotic symmetries

@ 5d gauge conditions are

9rr = Grd = Gr¢p = Grz = Gué = 99¢ = Yoz = 07 (60)

9229
EE( ggg(w) = 0. (61)
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5d Asymptotic symmetries

@ 5d gauge conditions are

9rr = Grd = Gr¢p = Grz = Gué = 99¢ = Yoz = 07 (60)

,cg(gzgegfqﬁ) — 0. (61)

@ The asymptotic Killing vector £* is independent of ¢, .
@ 5d boundary conditions:

Gur = _1+O(T_1)7 GJuo = 0(1)7 Guz = O(r_l)a goo = T2+O(T)'
(62)
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5d Asymptotic Killing vectors

@ The solutions are
=f=T+ %(&;Y" + cot Y ¥)u,
¢ = _r (8950 + cot 950 - gregura&f) )
2
=Y 4yt / dr grug”, (63)
¢ =¢,
E=ctanf [ drong”.
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5d Asymptotic symmetry algebra

@ The 5d asymptotic Killing vectors satisfy the following algebra

[51,€Q]M = [517 52] - 55152 + 652517 (64)

which is closed.
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5d Asymptotic symmetry algebra

@ The 5d asymptotic Killing vectors satisfy the following algebra

[517 §Q]M = [517 52] - 55152 + 652517 (64)

which is closed.
@ When r — oo, the algebra will be reduced to

A~

[(Tla Y1, 61)5 (T27 Y2, 62)] = (T7 ?)’ é)v (65)
where
T = 41 sin (9 Ty — cot OT3) — (1 =+ 2), (66)
g =0, (67)
€ = y18in00ges — (1 < 2). (68)

Unsurprisingly, we recover the same algebra as the one in 4d
EMD theory.
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.
Conclusions

@ We investigate the asymptotics in cases with coupled massless
dynamical fields with various spins.

@ Three type of news functions were identified and the generalized
Bondi mass-loss formula was obtained.

@ The four dimensional solutions were uplifted to five dimensions
and this gave us the guide for gauge and boundary conditions for
this class of solutions to five dimensional pure Einstein theory.

@ This is a case study of the asymptotics of five dimensional pure
gravity among a well-chosen class of solutions avoiding
half-integer powers in 1/r expansions.

@ Asymptotic symmetry algebras in both four and five dimensional
cases were computed and they are the same.
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Future directions

@ One of the straightforward generalizations of this work is to relax
the axisymmetric condition and study general four dimensional
asymptotic flatness solutions and their uplift to five dimensions.

@ A more challenging point is about the asymptotic behavior of
these five dimensional solutions when the z direction is
noncompact.(cf. 4d/3d story, [Ashtekar, etal, 1996))

@ It will be of interest to see whether the asymptotic behavior has
strong dependence on the chosen null direction.

@ We may need to study behavior of four dimensional fields at
timelike infinity in additional to the behavior at null infinity studied
here.
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Future directions

@ Last week, soft theorem from compactification was studied
[Marotta, Verma].
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Future directions

@ Last week, soft theorem from compactification was studied
[Marotta, Vermaj.

@ This work and our studies on asymptotics of four dimensional
EMD theory here also strongly motivates us to study triangular
equivalent relations of Strominger among asymptotic symmetries,
various soft theorems and memory effects in this theory.
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