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Susy. Gauge Theory @
encoded In algebraic curve

6.g) Ds del Pezzo 0= [(@/2+@72) (P24 P2)]" ~ 2/a

A-period B-period
Mirror Map Tia(z) ~ e1z + coz + .. Free energy relating to
redefining the variables BPS indices

not well studied well studied



Susy. Gauge Theory

e.g. Free energy of ABJM

- = (Worldsheet inst.)) + (Membrane inst.)

+ (bound state)

/v worldsheet
B D2 brane

MZ2-brane




Susy. Gauge Theory

e.g. Free energy of ABJM

- = (Worldsheet inst.)) + (Membrane inst.)

L

A-period
(mirror map)

® they are given by (refined) topological string
(analogous to topological string ver. of AdS/CFT)

e Well known example of AdS/CFT In this case is
duality between Chern-Simons and topological string




Susy. Gauge Theory

e.g. Free energy of ABJM
F = (Worldsheet inst.) + (Membrane inst.)

L

A-period
(mirror map)

A-period plays a key role to determine the
structure of the theory.

¥

We want to understand the physical meaning of
A-period.



Susy. Gauge Theory

e.g. Free energy of ABJM
F = (Worldsheet inst.) + (Membrane inst.)

L

A-period
(mirror map)

Recent progress

e Some kinds of ABJM has group theoretical

structure coming from symmetry of curve.
(Kubo-Moriyama-Nosaka(2018))

® Free energy corresponds to B-period.
Then, what about A-period 7



Generalized ABJM theory Honda, Moriyama, 20141
(U(N)x x U(N)« x U(N)k x U(N)-«)

encoded In Dsdel Pezzo with quantization

AN

i — [(@1/2 Jr@—1/2) (161/2 +ﬁ_1/2)r —2/a
0P = 4PQ

I14(2) mmp [[4(2,7)

(¢ =¢")

Quantum Mirror Map



Generalized ABJM theory Honda, Moriyama, 20141
(U(N)x x U(N)« x U(N)k x U(N)-«)
encoded In Dsdel Pezzo with quantization
i — [(@1/2 Jr@—1/2) (161/2 +ﬁ_1/2)r _2/a
QP = qPQ [SU(2)]3 sym.

3

e [SU(2)]T comes from breaking of Ds sym.

e The sym. breaking is observed in B-period

(Kubo-Moriyama-Nosaka(2018))

We consider quantum mirror map of D5 del Pezzo




Result
A-period 1s similar to B-period

@ cxpressed by Weyl characters

@ coef. of characters = Integer

® has same reps. as those in B-period



Plan
A-period 1s similar to B-period

D @ cxpressed by Weyl characters

@ coef. of characters = Integer

@

® has same reps. as those in B-period



D5 Del PeZZO geOmetl’y Kubo-Moriyama-Nosaka(2018)

0= ese, Q1P — (e3 +e4)P + QP
~ Iy tesea(es + e6)Q - = — (e e )@
+ hi(e1eqsereg) TQ P — hi(eres) et +eg P! + (e1e2) tQP!
3
® n7h;=]]e classical curve
1=1
K A
€4 €3 : : :
P = 0o o o Invariant under exchanging of
eshl @ \ ®c;! asymptotic values
( echy ' @ oc, I
P=0 *—eo
h1€7_1 h1€8_1 D5 Weyl Sym




D5 Del PeZZO geOmetl‘y Kubo-Moriyama-Nosaka(2018)

H = P A T
o + > = 6364Q_1P — (e3 +e4)P + QP
_ ~_ E _ CINA
— hy 16364(€5+€6)Q ' + o - (‘911 T €9 1)@
—|—h%(61626768)_1@_1ﬁ_1 — hi(eres) Her! —|—68_1)ﬁ_1 - (6162)_1@ﬁ_1

gquantum curve

10 parameters - (2 + 2 + 1) parameters
e 8 asymptotic values determine curve 2

8
o nin=1]]e :

» 5 parameters (61; €3, €5, El: EZ)
(ill = qhi1, hy = q_th)



Q u a ntu m m I rrOr ma p Aganagic, Cheng, Dijkgraaf Krefl, Vafa(2011)

2
T4z, h) ~ log)];m dX = Ez7! + ( ]‘Z A2> 24
P[X] = \PEE[;]X], OU[X] = XU[X] Z : Z W[X] =0

solve Schrodinger eq. order by order

7 R 2
AQ €3 hl h163 €3€5 €3€5 €3€5 €3 €3 €3€5 | €3€5

e e e Ry Why iy he her hy

042C1 E2€1

e Invariant under Weyl transt.

e contains 10 terms.



Quantum mirror map

2
[ (2 ) ~ log)f;[X]dX _Ea 1o ( 2 A2> =2 1
P[X] = \PEE[;]X], OU[X] = XU[X] Z : Z W[X] =0

solve Schrodinger eq. order by order

7 R 2
AQ €3 hl h163 €3€5 €3€5 €3€5 €3 €3 €3€5 | €3€5

et et e B2 R Tkl ke hser ho

I o — q1/2B§/261/463—1/265—1/4

Ao = X10

| | | | | | |
1 ! !

042C1 E2€1



Plan

A-period 1s similar to B-period

v @ cxpressed by Weyl characters

@ coef. of characters = Integer

@

® has same reps. as those in B-period



Multi-covering & BPS

O

3 5 11
s (2,h) ~ ) (=) Az7" A13 Sxsa+ Sxas + 5xa
[=1

fractional

m) Does this have multi-covering structure ?

e A-period of A1 geometry has multi-covering structure.
(ABJM theory)

e By this structure, coefficients are integers.

[Hatsuda-Marino-Moriyama-Okuyama(201 3)]

multi-covering structure

(coef. of n-th order) = 2 (coef. of j-th order)

J=n



Multi-covering & BPS

M4 (z,h) =:logzegq — log 2
mad logz~ —Aiz g + (A2 — A7) 247 — <A3 — 34142 + gAi’> Zott

8 _
+ (A4 — 245 —4A1 A3 — 8A% Ay — §A;1> 2+

consider inverse function

A =0

Az = x10

As = (@2 + ¢ )16

3x54 +9Xa5 + 11xa

Ar=(+q ) xa+ (q3/2 + q_g/z) (xa5 + 3x1) +

- 2

still fractional



Multi-covering & BPS

M4 (z,h) =:logzegq — log 2

# log z ~ —A_1Ze (A2 AQ) eff <A3 — 3A41A5 + 3A3 ’

+ (A4 — 245 —4A1 A3 — 8A% Ay — §A;1> 2+

— 61(Q7 €q, hz)
Py aldhel ki) multi-covering
— _EZ(qaeiyhi) | 9
_ 3 03 13 structure
— :€3(Q7 eiah’i) | El(q 7§Z7hz)
2 2 1.2 4 4 1.4
= —eq(q, e, ;) - (4 ’;i’hi) - 1l ’ji’hi)

e1 =0, —e2 = X0,

Integer |
€3 = (ql/2 - q_l/z) X16 ,—€1= (¢ +q¢ ) x1+ (¢+ ¢ ") (xas + 3x1) + 4x1



. . [Huang-Klemm-Poretschkin(2013)]
MUItI'COVGrlng & BPS [Moriyama-Nosaka-Yano(2017)]

d | (jr,jr) | BPS | (=1)¢7! Z|d|:1(17\'ry€i,ja)d+_d— representations
1| (0;0) 16 841+ 81 16
2| (0, %) 10 lio+8p+ 1
31 (0,1) | 16 8.1 +8_,
103 |1 Lo 1]
A-period (0,3) | 45 S+a + 200 + 8, 45
€1 — U, .
3-period
—€2 = X10;
1 _1
€3 = (g2 + 4 2)x1s;
2 —2 —1
—€2=(¢"+q )xa+(g+q )(xas +3x1) + 4xa1,

same reps. as B-period for each order

Physical meaning ?? wap Future work
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@ coef. of characters = Integer

® has same reps. as those in B-period

Physical meaning ?? wap Future work
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Appendix



before using SU(Z2) character

(SIEN

11 1 9 g
e7 =(q? +q 2 )x16 + (q2 +q 2)(x144 +4x16) + (¢2 +q 2 )(X560 + 4x144 + 13x16)

s 3 3
q~ 2)(xr20 + 4x560 + X144 + 25X16) + (q2 +q- > )(3x560 + 8X144 + 27X16)
_ 1
q" 2 )(x720 + 3x560 + IX144 + 27X16),

after using SU(2) character

€7 = X 11X16 + X9 (x144 + 3Xx16) + X1 (X560 + 3X144 + 9X16)
T X3 (X720 + 3X560 + OX144 + 12X16) + X3 (—Xx720 — X560 — X144 + 2X16)
T X1 (X720 + X144),

Xn SU(2) character

much simpler for g-dependent term & coef.
but negative coef,



without overall minus sign do not appear

ea=(+q ) xa+ (g+q ") (xas +3x1) + Xa5 + 3x1)

with overall minus sign
-—6122(q2%—Q_Q)ij+-@]%-q_l)(X45-+§iK1)*‘4X1

1 1, 1
45 8.5+ 29 + 8_ 45
1 1, 1

—~~ |~ |
= O | O

DO [N N ]—=
~— [ ~— | ~~—

multi-covering structure

(coef. of n-th order) = 2 (coef. of j-th order)

J=nN



o (61763765731,32) = (1,1,1,q,q_1) (2,2) model
= (¢ "¢, a7 q,a7") (1.1,1,1) model

p=1logz, e = 10gzcs
(effective) chemical pot.
= log [ (effective) complex modulus ]

=k(z) = Z 2V 71, (N) = Det {1 + zﬁ_l} ,
N=0

Partition fn. of N MZ2-branes



Figure 3: The Dynkin diagram of the D5 algebra.

from [Kubo,Moriyama,Nosaka(2018)]
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Susy. Gauge Theory

e.g. Free energy of ABJM

F = (Worldsheet inst.) + (Membrane inst.)

poles poles
+ (bound state)

| poles |
No pole

e.g. Quantum dilogarithm

© de N~ ( dQQﬂ'd/k’
1log @ ~ 2
5 Z 2dsm dz::l 2dsm 27; d)
poles poles
|

No pole



