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▪ Primordial perturbations

▪ Second order tensor perturbations

▪ PBH DM constraints on primordial 

curvature perturbation with piecewise 

power law parametrization

▪ Upper bound on secondary Gravitational 

Waves (GWs)

▪ Conclusions
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▪ ADM decomposition

▪ Uniform field gauge

▪ Constraints and solutions

Scalar Perturbation
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3 Independent DOFs

Inflationary era

Hamiltonian and 
momentum constraints



▪ Curvature perturbations

▪ Mode equation

Primordial curvature perturbation
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▪ Primordial GWs

▪ Momentum space

▪ Polarization tensor

Primordial Tensor Perturbation
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Transverse traceless gauge

Orthonormal basis

+ polarization

× polarization



▪ Mode equation

▪ Properties

– Scalar and tensor perturbations are independent

– Quantum fluctuations

– Evaluated at horizon crossing (in general)

Tensor perturbations
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Most cases, perturbations are frozen on super-horizon 
scales



▪ Possible issues

– Growth on super-horizon scales (inflation)

– Initial value at RD and MD eras

▪ Horizon reentry (=horizon crossing)

Matter Perturbations
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Evaluated at the end of inflation?

1) Reheating physics is uncertain (unknown)
2) The start time of RD is uncertain
3) Evolutions of perturbations on super-horizon scales
4) Fluctuations from quantum to classical transition
5) Horizon reentry?

Late time perturbations originated from seeds during infaltion



▪ The generation of secondary GWs from 

large density perturbation at small scales

▪ The formalism for the induced GWs

– Numerical result

– Semi-analytical result

The induced GWs and PBHs
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Scalar tensor mix



▪ Tensor-scalar mixing (to 2nd order)

Secondary GWs
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Take



▪ Bardeen equation

▪ Radiation Dominated (inside horizon)

▪ Matter Dominated (inside horizon)

Bardeen potential
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▪ The evolution of Bardeen potential

The property of Bardeen Potential
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superhorizon

Inside horizon

Constant on super-horizon scales
It decays for sub-horizon scales during RD, but keeps 
to be a constant during MD



▪ Evolutions

Radiation domination
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The Fourier component of the Bardeen potential      is related 
with the primordial value     by the transfer function



▪ Induced GWs during RD

Secondary GWs
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▪ Method of Green’s function

▪ Green’s function

Green’s function
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Generation of secondary GWs starts well outside the horizon
Generation of secondary GWs at horizon reentry



▪ The second-order tensor power spectrum

The power spectrum
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RD

The lower limit 
of the integral



▪ Outside vs inside horizon

– Initial value at RD

▪ Horizon reentry (=horizon crossing)

Generation of  Perturbations
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1) Reheating physics is uncertain (unknown)
2) The start time of RD is uncertain
3) Evolutions of perturbations on super-horizon scales
4) Fluctuations from quantum to classical transition
5) Horizon reentry?

Late time perturbations originated from seeds during infaltion



▪ GW density

Induced GWs
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Production after horizon reentry



Induced GWs

18Ananda, Clarkson, Wands, PRD 75 (07) 123518

Production well outside horizon



▪ Semi-analytic formulae

Induced GWs
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Starts generation well 

outside the horizon



▪ Generation starts at horizon reentry 

Induced GWs
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▪ Scale invariant power spectrum

Induced GWs
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▪ The power law power spectrum

Difference
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▪ Delta function

The monochromatic power spectrum
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▪ Monochromatic and Gaussian power spectrum

The comparison
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▪ PBHs: Primordial Black hole (PBH) forms in the 

radiation era as a result of gravitational collapse of 

density perturbations generated during inflation

▪ The mass

The PBHs
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Suppose that the mass of PBHs is of the same order of the horizon 
mass



▪ The energy fraction

PBH dark matter
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After their formation, PBHs behave like matter, so the energy 
fraction of PBHs increases until the matter radiation equality, in 
terms of the current energy fraction of PBHs to dark matter
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▪ Observational constraints

PBH constraints
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▪ The probability distribution

The production of PBHs
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Suppose the density perturbations are Gaussian, the probability 
distribution of the smoothed density contrast          over a 
sphere with comoving radius R is 

The smoothing scale R is the horizon size, 

The mass variance

The window function

Radiation domination



▪ The energy density (Press-Schechter)

▪ Need an enhancement on the primordial power 

spectrum

The production of PBHs
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Small scales



▪ PBH fraction

Observational constraints
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▪ Power law parametrization 

The constraints
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▪ Result

Constraints on power spectrum
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▪ The secondary GWs

Possible Detection
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Primordial

Non detection of induced GWs by LISA



▪ A model with polynomial potential

The power spectrum
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▪ The contribution to the induced GWs by the 

production before horizon reentry is small for 

nearly scale invariant power spectrum, but it 

can be very large for monochromatic 

(Gaussian) power spectrum

▪ The upper bound on the primordial power 

spectrum by PBH DM constraints is 

▪ The secondary GWs (generated by the upper 

limit of the power spectrum) may be detected 

by PTA or space-based GW detector

Conclusions
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Thank You
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