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Outline

= Primordial perturbations
= Second order tensor perturbations

= PBH DM constraints on primordial
curvature perturbation with piecewise
power law parametrization

® Upper bound on secondary Gravitational
Waves (GWSs)

® Conclusions
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Scalar Perturbation

= ADM decomposition
ds® = —N?dt* + v;;(dx" + N'dt)(dz? + N’dt)

= Uniform field gauge ¢ =0 Inflationary era
N=1+N, N'=v,;+Ns ~;=a(1+2)d;,
7 =a"?(1-20)8;, Ni=a*(¥;+Np), ONp=0

3 Independent DOFs Ny, ¢, (

B Constraints and solutions

Hamiltonian and | N, = C JH
momentum constraints ¢ , (/52 .
= Viy = ——




Primordial curvature perturbation

= Curvature perturbations

095 = %/dtd?’xﬁ [a?’é2 — a(C,i)Q]

H2
1 2 12
= §/d'rd3:cc;g2 [ ? (C,z)Q]
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1
— §/d7‘d3x [U’Q — (v4)* + Z—?ﬂ] ,

Z

v=ad'(/H, ¢ =do/dr, # =dlna/dr

= Mode equation 7 (,g _ Z_) —
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Primordial Tensor Perturbation

" Primordial GWs
d82 — &2[—d7'2 + (5@3 + hm)dil?zdll?j],
hi; =0, 0;hi; =0 Transverse traceless gauge
1 !/
88 = o [ drdal(h) = Gy P)a
= Momentum space hi; + 2HR; — Vehi; =0

hij (@) = (%1)3/2 / Ak [ ()i (k) + hi(n)é (k)

® Polarization tensor

+ polatization (k) = Zsl(k)e; (k) — &(k)e; k)l

X pOlafiZﬂtiOﬂ cij(k) = —=lei(k)é;(k) + ei(k)e;(k)],

Orthonormal basis e-é=e-k=é-k=0



Tensor perturbations

" Mode equation

d23 1!
uk+(k’2—a—)u20

dT?2 a

Up(7) = ———=h3(7)  s=+, x

Vv 16mG

" Properties
— Scalar and tensor perturbations are independent
— Quantum fluctuations
— Evaluated at horizon crossing (in general)

Most cases, perturbations are frozen on super-horizon
scales



Matter Perturbations

® Possible 1ssues

— Growth on super-horizon scales (inflation)
Evaluated at the end of inflation?

— Initial value at RD and MD eras

1) Reheating physics is uncertain (unknown)

2) The start time of RD is uncertain

3) Evolutions of perturbations on super-horizon scales
4) Fluctuations from quantum to classical transition

5) Horizon reentry?

® Horizon reentry (=horizon crossing)

Late time perturbations originated from seeds during infaltion



The induced GWs and PBHSs

® The generation of secondary GWs from
large density perturbation at small scales

Scalar tensor mix

® The formalism for the induced GWs
— Numerical result

— Semi-analytical result
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Secondary GWs

® Tensor-scalar mixing (to 2"d order)

ds? = a®[—(1+20W)dn? + [(1 — 20W)s;; + Y] da' da?]
hi; + 2Hh,; — V?h;; = —A4S;;

Sij =20, 4+ 200, + &, 0 + 30,0, — U, O — D,V

4 / /
30T 0 (V" + HP) ;(V' + HD) ;
H=2d/a

hi =h?, &=00 ¥=y0
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Bardeen potential

= Bardeen equation

w:c2

s S0t w)
(14 3w)n

= Radiation Dominated (inside horizon)

sin(k/v/3) — (kn/v/3) cos(kn/v/3)
(kn/v/3)?

® Matter Dominated (inside horizon)
B

(kn)?

O+ wk’*d =0

d =30,

O=A+
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The property of Bardeen Potential

® The evolution of Bardeen potential

1.2

superhorizon
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Constant on super-horizon scales
It decays for sub-horizon scales during RD, but keeps
to be a constant during MD "



Radiation domination

® Fvolutions

The Foutier component of the Bardeen potential Pk is related
with the primordial value ¢ by the transfer function ¥ (kn)

D (n) = dn ¥ (kn)
¥(z) = 9 (sin(x/\/g) B cos(x/x@))

- 5 (el
- 2m? (34 3w\’
) — 53)
(onp) = 69+ B (35 ) Pt
b — 3(1+w)C

5+ 3w
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Secondary GWs

® [nduced GWs during RD

hi@.1) = g [ e e () + () k)

Qe (k) = ~ (22 B
9
hz—l—ﬁh;ﬁ—i—kzhkzﬁlsk

3k v

+ O + HDy) (<I>;£_,~‘c + ?{cbk_,;)]
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Green’s function

® Method of Green’s function ¢ = ah

() = % / 4G (1, 7)a()Su(7)
()

Gr(n, 1) + (k2 ~ ) ) Gr(n, 1) =d0(n—1n)

Generation of secondary GWs starts well outside the horizon 7, =0
Generation of secondary GWs at horizon reentry n, = 1/k

® Green’s function

~ sinlk(n —n
Gr(n,1) = [(Z n)]’ RD

Gr(n,n) = —knn g1 (kn)y1(kn) — j1(k7)yi(kn)], MD
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The power spectrum

" The second-order tensor power spectrum

00 1+v A0 — (1 — 2 212
Ph(kan):4f dv/ g |2 m w0
0 |1—v]

4uv

2

I (u, v, 2)Pe (ko) Pe(ku)

8 . RD
u=|k—k|/k, v=Ek/k, x=kn

1
Irp(u,v,x) = 9—33(]8 sinx + I.cosx)

I.(u,v,x) = —4/ sin u,v,y)dy
( ) ysin(y)/{ ) The lower limit

I(u,v,2) = 4/ ycos(y) f(u,v,y)dy of the integral

fu,v,2) =2V (vx)¥(ux) + [V (ve) + vV (ve)] [V(ux) + ur V' (uz)]
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Generation of Perturbations

® Qutside vs inside horizon
— Initial value at RD

1) Reheating physics is uncertain (unknown)
2) The start time of RD is uncertain
3) Evolutions of perturbations on super-horizon scales

4) Fluctuations from quantum to classical transition
5) Horizon reentry?

® Horizon reentry (=horizon crossing)

Late time perturbations originated from seeds during infaltion
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Induced GWSs

= GW density
E\? [ I+o A? — (1 — u? +02)° i
Qaw(k,n) = é (E) /0 dv /1—u| du [ (14wa ) Lip (u, v, 2)Pe(kv)Pe(ku)
‘ ﬂ) klzq) k< ke
Qaw = Agw P2 o (N7 p gk
GW awic y o i , keqg <k < ke(n)
\ %’ k> kc("?)

Production after horizon reentry

1/(v—1)
a
kc(n) — ( (77)) keqa AGW ~ 10: Y~ 3

Baumann, Steinhardt, Takahashi, PRD 76 (07) 084019
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Induced GWSs

4,2
™ v—1|

2 00 |v+1]
A ) /0 a [ du (ui)S 402 — (u? — v? — 1)2] P (uk)Pa(vk)

X sin(:c)/ dTq Il(:ffl)—cos(a:)/ di, Iy (q)
L ro xT .

0

X sin(a:)/ dTe T3(Zy) — cos(a?)/ dZo Ty(Z9) |,
L O X0 J
J

(@)= > sin(anz + ¢n) Aﬂ{“m Production well outside horizon

k=
N (k + 2)7r> i,(1+km)] :
zo

al 1 ~ (m+1)
_(m_l)!/;;o daﬁgsm(anx—i—qfﬁn—l— 5 W)}
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Induced GWSs

Starts generation well

= Semi-analytic formulae outside the horizon

4 1
h = —/ dnGr(n,n)a(n)Sk(n
w00 = 2oy [ Gk Mali) k(i)
3w+ v =3) [ . 2, 2 3 — (u+v)
Igp(v,u,x — 00) = yoI. sinz | —4uv + (u” + v* — 3) log S R—r

—7(u® +v* — 3)0(v + u — V3) cos :1:}

3— (u+v)?
3— (u—wv)?

:

Audvdy

1 (3(u?+0v?—3)\”
Lo (v, u, 2 — 00) :§< (W +v )) [(4uv—|—(u2+v23)10g

+7%(u® +v° — 3)*O(v +u — \/5)}

o0 1+v 2 2 212 2
dve — (1 —
Ph(k,n):él/ dv/ du[v (1= u"+v)
0 ‘1 4UU

I (u, v, )P (kv) Pe (ku)
A
Sow (k) = 57 (E Pl Kohri, Terada, PRD 97 (18) 123532




Induced GWSs

® Generation starts at horizon reentry

I.(u,v,x0) = —4 /xysin(y)f(u,v,y)dy =T.(u,v,z) — Te(u,v,1)
1
I(u,v,2) = 4/xycos(y)f(u,fu, y)dy = Ty(u,v,x) — Ts(u,v,1)
1
T.(u.0.2) = ~4 [ ysin(o)f(u.v.y)dy
0
Ts(u,v, x) 24/ ycos(y)f(u,v,y)dy
0

fu,v,2) =2V (vx)¥(ux) + [¥(vz) + oW (ve)] [V(ux) + urW' (uz)]

Espinosa, Racco, Riotto, JCAP 1809, 012
Lu, Gong, Yi, Zhang, 1907.11896
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Induced GWSs

1 3m(u? + 02 —3)20(u+v—3)  Tu(u,v,1)\°
Iip(u,v, 2 — 00) =53 [( e + 9

. 27(u? +v? —3)  27(u?* + v* — 3)?

Ts(u,v,1) =Ts(u,v,1) + 53 — R In

® Scale Invariant power spectrum

Q(k,n) ~ 0.7859A; Q(k,n) ~ 0.8222A42

rog=kn=1 xg=kn=20
Lu, Gong, Yi, Zhang, 1907.11896 Kobhri, Terada, PRD 97 (18) 123532



Difference

" The power law power spectrum

Pe(k) = A (,{%)ns_l

2(ns—1)
Qe (1) = O(ny) A2 (—)

The coefficient Q(ns)

—— Start from horizon-entry
0.83 1 —— start from end of inflation

0.96 0.97 0.98 0.99 1.00 1.01 1.02 1.03 1.04



The monochromatic power spectrum\ &=/

® Delta function
P((k) = ACCS (ln kﬁ)

p
~  _ _ 2
B[4 : (T 1)
A2 IR o s ? ’
QGW = AC X —192 (%2 1) @(2 l{) |:( 9 )
367 2 2 T EL 1)\ .
+( 7 §—3®(2—3k)+ ; ) , k=k/k,

Lu, Gong, Yi, Zhang, 1907.11896
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The comparison

® Monochromatic and Gaussian power spectrum

Pg(k): AC exp _ll’l (k/kp)
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Figure 2. The induced GWs (ng/Ag) from monochromatic and Gaussian power spectra of cur-

vature perturbations. The red solid line denotes the induced GWs from the monochromatic power
spectrum, the green and black dashed lines denote the induced GWs from the Gaussian power spec-

trum with ¢ = 0.2 and ¢ = 0.5, respectively. For comparison, we also show the induced GWs from the
monochromatic power spectrum and Gaussian power spectrum with ¢ = 0.5 by using the formulae

derived in [32] with the blue solid line and the black dot dashed line, respectively. ”



The PBHSs

= PBHSs: Primordial Black hole (PBH) forms in the
radiation era as a result of gravitational collapse of
density perturbations generated during inflation

" The mass
Suppose that the mass of PBHs 1s of the same order of the horizon
mass M = yMg 1M ~ 2 x 10%g
A7 p 1 t
My=—r=——m202x10" | — | M
"7 3H3 T 2GH (18) ©

M~ 18.49M, (—2=) " i b
v @(10.75) (106Mpc_1) k=aH

g \“1/2 T \ ?
M ~ 2 x 10°y M (—)
© e \10.75 (1010}{)
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PBH dark matter

" The energy fraction

After their formation, PBHs behave like matter, so the energy
fraction of PBHs increases until the matter radiation equality, in
terms of the current energy fraction of PBHs to dark matter

feea = Qppu/QpMm
Teq 2ppH
T Q.0

4 100 (l) —1/2 gi 1/4 Mpnn 1/2f
0.2 10.75 M, Pl

-1/2 (T \°
Mpgg ~ 2 x 10°7 M., (L) ( )

B(Mpgr) =

10.75 109K

vT=95""=02 g car API201 (75)1 26



PBH constraints

® Observational constraints

Mpgy ()
107 10 102 10 10 10 10%
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The production of PBHs

® The probability distribution

Suppose the density perturbations are Gaussian, the probability
distribution of the smoothed density contrast 6( R) over a
sphere with comoving radius R is

B 1 6*(R)
Plo(R)) = v/ 2m02(R) P (_ QUQ(R))

The smoothing scale R is the horizon size, R = H!

o0 2
The mass variance ¢?(R) = / W?(kR) Paiik)dk = % (g) P:(1/R)
0

The window function W (kR) = exp(—k>R?/2)

:8_1 aH

28
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The production of PBHs

® The energy density (Press-Schechter)

g =L o [ P(8)ds
Ptot Se

~ erfc ( Oc ) — erfc 90
v/ 2P 4./ P¢

4 10 (l)—l/Q gi 1/4 Mo 1/2f
0.2 10.75 M., PBH

0. = 0.42  T.Harada, C.-M. Yoo and K. Kohri, PRD 88 (13) 084051
" Need an enhancement on the primordial power

SpeCtrum H*?
Pr = ~ 0.01 Small scales
8m2e

Pe ~ 1077 Larges scales
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Observational constraints

" PBH fraction fesa = 7

Mpgy ()
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The constraints

= Power law parametrization

( k 0.9649—1
2.1x 1077 — , E<1Mpc!
0.05 Mpc
L 1.857
Pe(k)=1421x107" (0 Y _1) : 1 Mpc™! <k <10* Mpe™
. pc
L k 0.960—1 . .
5.1 x 10 — : k 2 10* Mpc
\ 104 Mpc

Lu, Gong, Yi, Zhang, 1907.11896
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Constraints on power spectrum

" Result
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Possible Detection

® The secondary GWSs
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The power spectrum

= A model with polynomial potential
1+:§Am (Mi)“

m=3 ¢ m
”g_:f’” (M—]) ] ©<0. " Di & Gong, JCAP 07 (18) 007

Vo ¢ =0,

V(9) =

Vo
\

1072 | —
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10710 |

10—12 o
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Conclusions

® The contribution to the induced GWs by the
production before horizon reentry is small for
nearly scale invariant power spectrum, but it
can be very large for monochromatic
(Gaussian) power spectrum

® The upper bound on the primordial power
spectrum by PBH DM constraints Is 7, < 0.05

® The secondary GWSs (generated by the upper
limit of the power spectrum) may be detected
by PTA or space-based GW detector
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Thank You
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