An example of non-AdS holography

Yang Lei

Institute of Theoretical physics, Chinese Academy of Science

Work with Simon Ross (1504.07252), Jelle Hartong, Niels Obers
and Gerben Oling(1604.08054, 1712.05794)



Introduction

© Introduction



Introduction

Introduction: holography based on symmetry

It is believed the principle for quantum gravity theory is
holographic principle. In the past decades, people are trying answer
the question: how general the holography principle can be? The
theories dual to each other have the same symmetry group. In
above case, SO(d,2). In the special case
e d =2, we have SO(2,2) ~ SL(2,R) x SL(2,R). This is
AdS3/CFT, duality.
@ Higher spin generalization: SL(N,R) or more complicated
hs[\];
@ p-adic holography, based on symmetry group SL(2,Q,)

e Taking non-relativistic limit: this is found to be
Newton-Cartan/NCFT duality
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Why non-relativistic holography is interesting?

Non-relativity means spacetime scales anisotropically
t — At Xi = AX; for z#1

breaking Lorentz symmetry. This scaling is usually called Lifshitz
symmetry. Strongly correlated systems with this symmetry are
called quantum Lifshitz fixed points.
@ Many condensed matter field theory exhibits non-relativistic
scaling symmetry.
@ Can one define conformal symmetry in non-relativistic sense?
e Non-relativistic quantum gravity (Horava-Lifshitz) can be
renormalizable (Horava, 0812.4287)
@ Does holography exist in general sense? (independent of
relativity)
@ Near horizon geometry of naked black hole (Horowitz, Ross,
9704058)
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Non-relativistic theory

Many body field theories describing anisotropic fixed points were
proposed to be holographically dual to gravity in the background of
Lifshitz geometries, where time and space scale asymptotically
with the same ratio z. Non-relativistic spacetime solutions are
found in Einstein gravity theory with gauge matter fields. Lifshitz
spacetimes: (Kachru, Liu, Mulligan, 08)

2 2(z-1),

dr
ds® = —r?2dt? + — +r2dx,dx,, A =/ ——Lr
z

Schrodinger spacetime (Son, 08)
d
ds? = —r?2dt? — 2r%dtd¢ + — + rldx;dx;

z > 1 generically for Null Energy condition. Schrodinger algebra
contains special conformal transformation at z = 2.

Yang Lei
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Not enough

The construction of non-relativistic holography by Einstein gravity
is far beyond satisfaction.

@ We are embedding non-relativistic gravity into relativistic
gravity

@ There are extra matter fields in the theory (massive gauge
fields/higher curvature terms)

@ This does not appear to be non-relativistic limit of Einstein
gravity.
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Why should we consider Newton-Cartan gravity?

The ground breaking work to drag people’s attention to
Newton-Cartan gravity is (Christensen, Hartong, Obers, Rollier,
1311.6471). They found the Newton-Cartan gravity appears in
Lifshitz holography as one approaches the boundary of spacetime.

@ There is no need to discuss non-relativistic gravity by starting
from relativistic gravity. Newton-Cartan gravity is built on
non-relativistic symmetry group.

@ Horava-Lifshitz gravity allows Lifshitz spacetime as vacuum
solution without matter to support.

@ Dynamical Newton-Cartan gravity is equivalent to
Horava-Lifshitz gravity. (Hartong, Obers, 1504.07461)
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Difficulty and debate

There are a lot of different arguments on Horava-Lifshitz gravity
holgraphy, and some of relevant are

@ It has advantages: no need for extra massive gauge field;
resolve non-renormalizable problem of gravity.

@ More negative arguments: it breaks diffeomorphism; as a
quantum gravity, no Einstein limit; no well-defined black hole;
no string embedding yet...

Main model: 3D gravity

We are going to study the problems in 3D gravity, which is also
topological.
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Non-relativistic symmetry group

The gravity theory is classified with respect to its isometry group.
We are interested in several examples:

e 3D Galilean/Bargmann algebra contains {H, G,, P,, J,(N)}

[J7 Pa] - 6abe7 [J7 Ga] == Eabi7 [H7 Ga] - P37
[Pa, Gp] = Nép (Bargmann central extension)

a = 1,2. Without non-relativistic boost, Galilean algebra
reduces to Lifshitz-like algebra.

@ Newton-Hooke algebra, it includes Galilean algebra with
cosmological constant

[H, P,] = —AG,

e Carrollian algebra (¢ — 0 limit)
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Constructing Newton-Cartan gravity

@ Schrodinger algebra (introducing dilatation D) (Son...)

[H,D] = zH, [P..D]=P,, [G, D]=(1- 2)G,
[D,N] = (z — 2)N

At z = 2, symmetry can be enhanced to include special
conformal transformation K, so that H, D, K form a SL(2,R)
and [P,, K] = G,

@ Galilean conformal algebra (Bagchi, Gopakumar) (too many
commutators...)

@ BMS algebra , with identification BMSs is identical to GCAs

(Lo Lm] = m_mﬂmm+%m#—n
Ly, Mm] = (n— m)Mpmin + %n(n2 ~1)
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Einstein Gravity by gauging Poincare groups

In general dimensions, the Poincare algebra is

[Mag, Pc] = nacPs —nBcPa
[Mag, Mcp] = nacMsp —napMsc — necMap + nepMac
A = 01,..d

Then gauge field
AM = MABW + PAe

transforms under gauge transformatlon as 6A, = 0N+ [Au, N
where

1
N = EMABUAB + Pach
we can then derive
(5e MCA—FeEUAC—i—wZ‘C(C
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To identify gauge transformation (° with diffeomorphism by
(A =¢€re?t | we need to study

Leep = gp(ape;\ - aue;\) + 8#(5‘)6;‘)

n
= —&"Rou(Pa) + £ (epcw}i + eucwi€) + 9u(re))

where
F =dA+ AAA= PsRA(P) + MagR*E(M)

we see we can make the identification as long as curvature
constraint R, (Pa) = 0 is imposed. This is the torsion free
condition for Einstein gravity which is used to solve
spin-connection uniquely from veilbein.

Invariant field

8uv = el/jeanB is the geometric field invariant under local Lorentz
transformation.
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Einstein gravity

Einstein equation is recovered by RAB(M) = 0. Note Einstein
equation is second order differential equation while gauge
curvature zero condition is first order differential equation. Their
equivalence is based on the fact spin-connection can be uniquely
solved by vielbein.

There are examples in which spin-connection cannot be uniquely
solved by vielbein. This can happen in higher spin non-relativistic
solutions (YL, Ross, 1504.07252). These solutions are said to be
degenerate. For these solutions, one cannot trust the description
by metric-like fields.
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Gauging Galilean algebra

Galilean algebra in d + 1 dimensions contains {H, P,, G,, Jap}-
Naively

A= HT + Pye? + Gow? + Jpw??, a=1,..,d

But one immediately finds R,(P) only contains d components of
equations. Recall Einstein gravity contains d + 1 components of
equations. This is because t component equation becomes

dr=20

imposing no constraints on spin-connection. As a result,
spin-connection cannot be uniquely determined, making the gravity
theory ill-defined!
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Newton-Cartan gravity by gauging Bargmann algebra

First let me explain how to understand Newton-Cartan gravity in
general dimensions. By adding central extension [P,.Gp| = N p,

A= Hr + Pye? + Gow? + Jopw? + Nm

m is the central extended gauge field, interpreted as mass current.
Then it is easy to calculate

F = dA+AAA
= HR(H) + R*(P)P, + R*(G)G, + R*(J)Jap + R(N)N

We would like to impose the curvature constraints so that
spin-connection is uniquely solved in terms of smaller set of fields.
In this case 7, e? and the gauge field m. Then we need to impose
R(H) = R?(P) = R(N) = 0. (See Bergshoeff et. 1011.1145)
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Constructing Newton-Cartan gravity

After imposing curvature constraints, one can check

0t = Oul&’1p) — &’ Rou(H)

by b
dey = 0u(€le)) —&PR,(Pa) + (§Pwi”)e, + (§Pw))my
= 9.8+ 2Pe) + N7,

where &7 = {€0 = ¢Pr, 67 = Ped}. Therefore, gauge
transformation is equivalent to diffeomorphism up to local Galilean
transformation! The fields invariant under local Galilean

transformations are 7, (clock one-form) and A" = eﬁegéab
(spatial metric). One can always define the Lorentzian metric to be

g = —TuTy + hu

Torsion constraints

One can show d7 is proportional to 'Y 1+ 1-€. torsion tensor. So
Bargmann theory with d7 = 0 is called torsionless Newton-Cartan
gravity.
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Classifications

Based on the features of torsion, Newton-Cartan gravity is
classified into three kinds:

o Torsionless Newton-Cartan gravity: d7 = 0. This corresponds
to projectable Horava-Lifshitz gravity.

@ Twistless torsional Newton-Cartan gravity: 7 A d7 = 0. This
means there is a field b, such that dr7 — zb A7 = 0. This
means b is the field coupled to scaling generator D and
[H, D] = zH. Therefore, we should expect once we introduce
scaling symmetry into Galilean algebra, (Schrodinger algebra),
one should expect we obtain this kind of theory. This also
corresponds to non-projectable Horava Lifshitz gravity

@ Torsional Newton-Cartan gravity: no constraints on 7 (Never
seen examples yet..)
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Chern-Simons theory

In d = 3 dimensional spacetime, one usually uses J, = %eabcl\/lbc
as the algebra generator. For

A= Pye® +

we can write down Chern-Simons action
2
Ses :TrR/ <A/\dA+3A/\A/\A>

Tr is actually an invariant bilinear product on Lie algebra, which
maps two generators to a number. In case of ISO(2,1), this
bilinear product is (Witten 88')

< Pa, Jp >=1nap
resulting in Einstein-Hilbert action
= / e A Ry(w)
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Einstein AdS Chern-Simons

In terms of AdS gravity, gauge field A takes values in so(2,2)
algebra. This algebra allows a second parameters of bilinear
product:

< Jaydp >=map, < Pa, Pp>=—NAnyp

The presence of two parameters of bilinear products is the fact of

isomorphism
s0(2,2) = SL(2,R) x SL(2,R)

The bilinear product of such semisimple Lie algebra is given by
Cartan-Killing metric. This gives familiar AdS gravity

Sen = Scs[A] — Scs[A]
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Chern-Simons Newton-Cartan gravity

The Galilean/Bargmann algebra are not semi-simple. The
Cartan-Killing metric is degenerate. It is pointed out by Witten
that for non-semisimple Lie algebra, non-degenerate invariant
bilinear product can exist sometimes. For Lie algebra
[Ta, Tg] = fox° Tc, such invariant bilinear product is defined by
solving

fADBQCD + fADCQBD =0
In (Witten, Nappi, 9310112), they consider algebra
Ta={J,P1,P2, T},

[J7 Pa] - 6abF)b7 [Paa Pb] - GabT,

which is known as central extended Poincare group P5. They find
bilinear product
< Py, Pp>=<J, T > Oab
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Constructing Newton-Cartan gravity

However, even by solving the equations above, one cannot have
non-degenerate bilinear product (NDBP) for Bargmann algebra.
This makes it hard to build Chern-Simons theory. A resolution
suggested in (Papageorgiou, Schroers, 0907.2880) is to introduce
more generators in the Lie algebra so that bilinear product can be
non-degenerate. They find we only need to extend

[Ga, Gp] = Seap
Then {H, P,, G,,J, N,S} form an NDBP, which is given by
<H S>=—-—<J,N>=—<P1,G >=< P, Gy >

Therefore, we can write down a Chern-Simons gravity action! Note
the whole algebra is Galilean with two u(1) extensions (Bergshoeff,
Rosseel, 1604.08042).
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Chern-Simons action

Let's take A = HT + P,e? + G, + JQ + Nm + SC,, then
2
Tr (A/\dA+3A/\A/\A> =
1

—eR*(G) NP + S€abT QPAQL—QAdm

+CAdT
where

R3(G) = dQ? — ePQ A QP

As one can see ( works as Lagrangian multiplier, used to impose
torsionless condition d7 = 0! The extra generators are necessary.
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Extended Bargmann gravity

The action above can be written in terms of gauge invariant
metric-like fields

L= e (WOR K Koy — (WK ) ~ BR) |
where )
q~) = —v“mu + Ehuymumu .

is the Newton Potential. K, is the extrinsic curvature, reminding
us the decomposition of Einstein gravity in terms of extrinsic
curvature. R is the Ricci curvature on spatial directions.

u(1)? extensions

N and S are two u(1) extensions. It has been proved the extended
Bargmann algebra are non-relativistic limit of iso(2,1) @ u(1)?
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Constructing Newton-Cartan gravity

For z = 2 Schrédinger algebra, we need to introduce three more
generators to make Jacobi identity held and bilinear product
non-degenerate. (Niels Obers, Jelle Hartong, YL, 1604.08054)

A = Hr+ P,e®+ Gw? + Jw+ Nm+ Db+ Kf
+SC+Ya+ ZB.

where [Pa, Pp]| = €apZ and [Pa, Gp] = Ndap — Yeap. The action is

L = 2a|R¥(G)net —RYG)Ae* + 7 Aw Aw?
—mAdw—fAetANe*+ (A (dT —2bAT)
+aN(db—fAT)+ B A(df +2bAT)
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The extended Schrodinger Algebra

The z = 2 algebra we are considering is

[J7 Pa] = €a6Pb, [J, Ga] = €4b Gp, [H7 Ga] = P,
[Pa, Gp] = Néap — capY

[Ga, Gb] = S€ap,  [Pa, Pb) = €apZ

[H,D]=2H, [P,,D]=P,, [G,D]=-G,
[P.,K] = G,, [D,K]=2K, [D,K]=2K
[H,Y]=-Z, [H.,S]=-2Y, [K,Y]=S5S,
[K,Z]=2Y, [D,S]=25, [D,Z]=-2Z.

The bilinear product is

<H,S>=—<J,N>=—< Pp,G >=< P,,G; >
= <D,)Y>=<K,Z>



Newton-Cartan gravity Non-relativistic symmtries
Constructing Newton-Cartan gravity

Asymptotic symmetry

Take L, = {H,D,K}, M, ={S,Y,Z}, YI ={P,,G,}

(L, L]
[Lm, M)
[Lm, Y]
(L, Ny
[V}, Y2l

[Jms Na]
[Jm: Jn]

~

C
(m—n)Lpyn+ EL(m3 — mM)dm+n0

~ C
(m - n)Mm+n + §(m3 - m)5m+n,0

m i N
(E - r) Ym+r7 [Lm7 Jn] = _nJm-i-m

=N, [Yriv Ysl] = (r—s)Nsr,

A 1 i j
—Mr+5 +C <52 — 4> 5,«4_5’0, [-/m le] = YI{JrneiJ.

Cn(Sern,O [Jna Mm] = —2nNm+na

CcJ n(strn,O

Super GCA algebra (Bagchi, Gopakumar) with central extensions
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Newton-Hooke gravity

To get full analogy to AdS3/CFT5, we need cosmological constant
to be introduced. Another feature we know of AdS3 in terms of

Chern-Simons theory is that the Einstein-Hilbert action is difference
of two copies of Chern-Simons theory, as a result of isometry group

50(2,2) = SL(2,R) x SL(2,R)

What's important to us is Newton-Hooke algebra can also be
written in the similar product form.

pNHs = PS x PS

Simple observation shows P5 is isomorphic to NH,.
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The Newton-Hooke Algebra

The algebra we are considering is
[J7 Pa] - 6ab’3b7 [J7 Ga] - 6abi7 [H7 Ga] - P37
[Pa, Gp] = Néap
[Ga, Gb] = Séap
[H, P.)] = —ANGa,  [Pa, Pp] = ASep
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Bilinear product

H P1 P> GG G J N S
H ¢ 0 0 0 0 ca Na —o
P 0 —Aca 0 0 - O 0 0
P, 0 0 —Nect o 0 O 0 0
G1 0 0 (&) C1 0 0 0 0
G2 0 —C 0 0 C1 0 0 0
J Cy 0 0 0 0 c3 Co C1
N Aca 0 0 0 0 o O 0
S —o 0 0 0 0 a O 0
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In fact, based on the extension in Bargmann case, we should
consider again the u(1)? extension of AdS isometry algebra. For
each copy of SL(2, R) x U(1), we consider their generators as

Lm, No. Then
1 c?
Li=cL, L= Eﬁo + ENO,
1 c?
L1:C./\/‘17 Noz—iﬁo—i-?/\/o,

by taking ¢ — 0o, we can see
[£-1,Lo] = —iL 1, [£_1,M]=—iNo, [Lo, N1] = —iNi.

which is exactly P35
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One can write down Chern-Simons gravity action on P5 x Ps
2
Tr <A/\dA+3A/\A/\A> =

1
2c1 [ —eaR(G) N eP + S€abT QAQP—QAdm
—i—C/\dT—i-/\CT/\el/\ez} + 0 [Q7 ARY(G) +2¢ A dQ
+Ace? ARA(P) — 2Nt A R(N) + Ace® A Q2 AT

or equivalently

Lnenla] = 7AdC—wAdm+w? Adel — e® Adw! —w A e? Aw?
+AT A et A e 41 AWl A W?
ETMG[C2] = 2(/\dw+waAdwa+2w/\w1 N wWo

We can write Lyen[c1] = Lcs[A] — Les[A], for A takes values in
Ps
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Reduction from Einstein gravity

We can obtain the theory above by starting from Einstein gravity
with two u(1) fields, and take non-relativistic limit.

len[a] = —E°AdQL+EAdL +EONQ AP+ EPAQPAQ]
+EPAQAQL +ANECANEYANE? + 2 AN dZ
Irmgle)] = —QPAdQ + Q7 AdL +2Q° AQLAQ? + 2o A dZ,
1 m 1 m 1
EO:* m _ - o 1:7 2
5 <2c7'+ c> /1 5 (2c7' c) Q Cw
1 1 ¢ 1 ¢
Q2:—7 1 QOZi 20 — = _ - S
o 2\ T2 ) 22 2 2w+c2

take ¢ — oo limit, one can obtain NH gravity.
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Asymptotic symmetry

The story is even valid for Brown-Henneaux boundary condition.
We can write down asymptotic solution:

ay =Ny +FLo+F L +FVNo.
By calculating asymptotic symmetry algebra da = de + [a, €],

[Lmy Ln] = (M = n)Lomin + 2071m> 5 no,
[EmaNn] = —nNmyn —2mi m? (2'72 - %) 5m+n,0>

1
270 — %) 5m+n,0-

where 71,72 are two parametres in non-degenerate bilinear product.
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Asymptotic symmetry

For any finite c, the algebra is equivalent to Virasoro with u(1)
affine by redefinition

£/n — £n+aNn+ bZNn—mNm

But for ¢ — oo, which is case we are interested in, we should have
twisted u(1) Virasoro algebra

[Lom, Lo] = (M — n)Lmyn + 20y1m(m? — 1),
[Lm, No) = —nNmin — dmiam(m + 1)0man-

up to a shift in zero mode.
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Therefore, we have analogy with AdS/CFT.

Relativistic Non-relativistic
AdS; pNH 3D
isometry SL(2,R) x SL(2,R) isometry P§ x P§
Vir x Vir Vire with U(1) x Vir; with U(1)
Coset gggf; Coset P?XXU’?;)
Topological massive gravity NH gravity with dynamics
CFT twisted WCFT (maybe)
higher dimension so(d+1,2) with extension so(d,1) & u(1)
WZW Exist, Liouville theory WZW Exist, (Nappi-Witten)
BTZ black hole 77
Higher spin generalization hs[)] 77
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Higher dimensional generalizations

Consider the conformal algebra so(d + 1,2) in d 4+ 1 dimensions,
[D, Ps] = iPa, [D,Ks] = —iKa, [Pa, Kb] = —2iDnap — 2iMap
[Map, K] = i (nacKb — b Ka) - [Mab, Pc] = i (1acPb — 11bc Pa)
[Mab, Mca] = i (nac Mbd + 1bd Mac — 11ad Mbe — 11bcMad)

We add to this a u(1) generator Q. We can also introduce another
so(d, 1) algebra generated by Z,, whose commutation relations are

(Zabs Zed] = i1 (NacZbd + Mbd Zac — NadZbe — NMbcZad) -
By making combination
D D
P,=cP,, K,=cK,, D==+cN, Q=c2/\/—E

2
Mab Mab
2

2 2
+c Sabv Zab = —C Sab-

Mab = 2
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Higher dimensional generalizations

The higher dimensional generalization of Galilean algebra with
u(1) @ so(d, 1) extension is

[Pa; ’Cb] = _2iN773b — 2iS,p, ['D,'Pa] = iPa, [D, ]Ca] = —iK,,
[Map, Ke] = i (nacKp — nbcKa),  [Mab, Pe] = i (nacPb — nbcPa)
[Map, Mcq] = i (nacMbpa + MbaMac — NadMbe — NbeMad)
[Mab, Scd] = i (M2cSbd + MbdSac — NadSbe — NbeSad) -

In d = 3, this theory is possibly related to spin matrix theory — the
non-relativistic limit of A” = 4 super Yang-Mills theory (Harmark,
Orselli, 1409.4417).

. E-Q.J
by

A—=0, E-Q-J—o0, fixed
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String theory embedding

@ What is the string embedding of this gravity? The question is
closely related to the origin of two u(1) gauge fields. One
possible interpretation is that the u(1) gauge fields are
R-symmetry generators of supergravity. The enlightens us to
consider ' = (2, 2) supergravity.

e What happens to conformal algebra so(2,2) if we take
¢ — 00? The truth is by defining g = ¢ 72,

Q

D
E= =5 =N+5D, J————N——D
c2 2 c?

E is getting close to R-charge, so this is near BPS state.

Near BPS limit
We should think of this limit to be zooming in states near the BPS
bound.
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Conclusion

@ We pave the way to build up a non-relativistic gravity theory
which is completely analogous to AdS3 gravity. It is
interesting to talk about any generalizations about it.

@ We showed the whole phase space of WZW model of AdS can
be mapped to its non-relativistic limit.

@ We also derive the asymptotic symmetry of this non-AdS
solution, which is twisted u(1) Virasoro algebra.

@ We hope this work shed light upon a non-relativistic version of
holography, independent of Einstein gravity.

@ We hope this model could provide a simpler model of
holography, and the time is the holographic direction.
Holographic direction decouples and is emergent.
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Future work

We have many future work can do:
e NH supergravity/ NH torsional gravity
String embedding from AdS reduction
Higher spin
Generalization of conformal symmetry
BTZ black hole analogue
Applications to cosmology
Non-relativistic string theory and dualities
Generalization of entanglement entropy in non-relativistic CFT
Everything else you did in AdS3/CFT,

® 6 6 6 o o o o
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