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Einstein Theory of Gravity(1915)
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Guv = Ruv — 5Rguw = —a L

Gy is called Einstein tensor.
E?ﬁ%% GILLV = 0.

HAR— 5 A — 2 EM ds? = gu(x)dztde?, ot = {t,z,y, 2}

g" gagr =41,
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Ry = Rf,, R=R",.
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Schwarzschild (1916):

d 2
ds? = —fdt2 + % + rde%

2
fF=1-" d$23 = d62 + sin2 0d¢?

r
This is a vacuum solution Gy, = 0. EZEATHEA BiF?

Asymptotic (r — oo) flat (Minkowski): f — 1 and
ds?® = —dt? 4 dr? 4 r2dQ3
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Gravity vs. EM

Compare to electric potential:

=0 — =2 5 [Op=4aré(r)
T

T he electric potential outside a spherical ball of uniformly-distributed
charge is the same as that created by a point charge of equal
total charge.

T he gravitational field outside the Sun is the same as that created
by the black hole of the same mass.

Thus the Schwarzschild black hole solution makes it possible to
test General Relativity.
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Schwarzschild (1916):

d 2
d82 — —fdtz _I_ % _I_ TQdQ% ’

2
f=1-"""" 4032 =ds? +sin20dp?.

r
This is a vacuum solution Gy, = 0.

— N R
dr? dr? dr dr
—d2 — = — d2—— = —f(d —)(dt — —
i + = =~ — (CEESICEED

Define du = dt + % we have

2
ds? = 2dudr — du? + r2dQ3 + L du?

/’fb

y om
= —di? + dr® + r2dQ3 + = (dT + dr)?,
/’fi

where v — t 4+ r. In other words, a black hole is a linear pertur-
bation of the Minkowski spacetime.



Schwarzschild-(A)dS

Schwarzschild black hole is asymptotic flat, but our universe has
a cosmological constant.

Maximal symmetric spacetime in Einstein theory is MinkowskKi

Maximal symmetric spacetime in Einstein theory with a cosmo-
logical constant is (Anti-)de Sitter or (A)dS.

Schwarzschild-(A)dS:
d 2
ds2 = —fdt? + % + r2dQ3

2
f=1—%/\7“2——m
r

The cosmological constant in our universe is too small to be
testable within our solar system.



But the Sun is Rotating
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From Newtonian gravity, the gravitational field created by the
Sun (assuming its spherically symmetric) is independent of its
rotation.

Einstein theory predicts that the rotation of the matter can drag
the spacetime around it.
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Rotating Black Hole: Kerr Solution

Kerr metric (1963): Gy =0

. D >
il pg Ao (adt _ (2 4 a2)d<b>

2
(dt — asin? 9d¢> ,

dr?
ds2 — 2( d92)
S A + +

A,
2
p2=7°2—|—a2C0529, Ar=r2—|—a2—2mr

e Mass: M =m
e Angular momentum: J = ma

o J < M2
The metric is asymptotic flat.

t: BFIE); r: 121 AFR; 0: GE[0, ] ¢: ZJFE[0,27).



Kerr-(A)dS

Carter (1968):

1 = A ) IR )

AV Dy P 5
A d
;(dt—asm 0 ¢) :
P =
p? =r?+acos?0,  ==1+3iNAa?

Ar = (r? 4 a®)(1-3Ar?) — 2mr

Ng =1+ iAa®cos® 0
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Generalize to higher dimensions

e Asymptotic Minkowski: Meyer and Perry (1986)

e Asymptotic (A)dS: D = 5 Hawking, Hunter and Robinson
(1998)

e Asymptotic (A)dS: Arbitrary D, Gibbons, L, Page and Pope,
Phys. Rev. Lett. 93 (2004) 171102.
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(Phys.Rev.Létt. 88 (2002) 101101)
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wH3): Kerr-Newman AdS solution

Charged AdS rotating black hole in four dimensions has long been
known:

i = () B ey o’

A/r AQ p2

JAN d

——;(dt—asin20—¢) ,
P

d cos 6
A = q—2<dt—asm 0 (b> P (ad — (r? —|—a2) )
p = p2
where,
p? =r°4a?cos?0, ANp=1+3iAa%cos’d, ==1+4 1iAa?,

A= (r°4a?)(1 - %/\7“2) — 2mr 4+ p° + ¢°.
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L=+—g(R—LF?).
SAEEMIEEE] 7
L=+—g(R—3+F?%)+ fveWFWFpJAA
SAEITEEMES] /)
L=+—g(R—-2N\—- F?) + 121\/§e“Vp0)‘FMVFpgA>\ .

59’%5%«@El\/|$ﬁ'§ljjﬁljE‘Jf?i%%%%iﬁ?EEEEQOOSEE*@‘L%_O Chong, Cvet-
, L, Pope, Phys.Rev.Lett. 95 (2005) 161301.
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d2
dszz_fdtQ—l—%—l—rde%, f=1

Schwarzschild¥4%: rs = 2M. (Using natural units G =1 =c¢.)
(LD YRR M o r3
PRI I R A 3 REAN A, HEL @WK, Rl e, oy EilE.  (F

F: HER: p ~ 5500kg/m3. [EEp, rs ~ 1.7 x 10 m, M ~ 1038kg.
Typical mass of a black hole > 10 x Mgp.)
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Vaidya metric

Kerr-Schild form
d
ds? = — fdu(du T 277“) 4+ = +£2dudr — fdu? + r2d23.

Vaidya metric
2M (u)

r

ds? = +2dudr — (1 - )du2 + r2dQ3 .

Energy-Momentum tensor Ty, = 2]\{/2(“) = 0.

Pure radiative energy decaying or absorbtion.



Scalar hair black hole formation

Einstein-Scalar theory:

L = V=g(R-30¢)*-V(¢)),
V = —2g%(coshé+ 2) — 2a2(2¢ 4+ ¢ cosh ¢ — 3sinh @),
Dynamical solution:

ds? = 2dudr — H(r, u)du +r(r + a(u))dQQ ko e? =1 + a(w) :

T

Equations of motion imply
a(u) = qtanh( a’qu),
H = g%r?+k—a(u) — 3aa(u)? + (g% — a?)ra(w)

a2 2( a(u ))Iog<1—|—a’(u)>.

/'/a

Note limy—ooca(u) = ¢q, and in this limit, the solution becomes
the static hairy black hole.

First example of exact black hole formation in literature. Zhang
and L, Phys.Lett. B736 (2014) 455-458.
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Note that it is not necessarily mysterious that the nature selects
the “two derivatives.”

Even if the theory is of higher derivatives, there must be IR
regions where only the two-derivative terms dominate, a natural

consequence of RG flow.

In other words, the higher-derivative terms will be highly sup-
pressed by the fundamental scale, which happens to be 1019Gev.
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Einstein# it % RiemannikK & KV 7 W& IE -
L4=+/—g (HJR + aR? + BR* Ry, + 'yR“VpURMVpg) .

(o, B, RN N, £y~ 10733K: HIRKSE,

EN R ==, —A Y Gauss-BonnetfZH &
Lap = vV—g(R? — 4R" Ry, + R*P° Ryupo)
SR, R Blilky = 0. B S E K
L =v=g (kR — aCupsC"?’ + BR?) .

where C is the Weyl tensor.
o HT &M S, XMW T — Al EHEAH .

o T mEbrFH, XNHIRAERT.
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LE BRI, Schwarzschild 2 Kerr EIAA S & S8 & IE !

A2 5% 1 Schwarzschild Ji A1, & i) 5 38 fig e 2
L=+/—g (RR — aCpe CHVP7 + BRQ) .
MEs =0 = g8, INMEBWILES] ). HHEFER

o if#: Riegert, Phys.Rev.Lett. 53 (1984) 315-318
o ). Liu and L, JHEP 1302 (2013) 139

HATH &R # 0 # B,

Al PLERE,  WR—AEna-FEE A A, B A B FIRiccitr m LR N
48: R = 0. Nelson (Phys.Rev.D 82 (2010) 104026,)
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FAVR IR UE WSt iR 1. Xl ERERR T Schwarzschild i 4t, i&
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iv:1502.01028.
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R ds? = —hdi® + 4 4 r2dQ3 WiHITN:

2M  cie M2 cheft2”

h = 1 — )
oM § '
fo=1-==- se1(uz + e 2" + Sep(pz — p)el?”,

where p3 = 1/(2a). Mfe; = cx = 0 4 HSchwarzschild Zif.
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The masses (left plot) and temperatures (right plot) of the
Schwarzschild (dashed line) and non-Schwarzschild (solid line)
black holes as a function of the horizon radius rg.
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The first plot shows the entropy as a function of mass, and the
second shows the free energy FF = M — TS as a function of T,

for the Schwarzschild (dashed line) and non-Schwarzschild (solid
line) black holes.
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The mass M as the function of temperature T'.

It is clear that we have
Chew < Cgchw < 0.
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