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Einstein Theory of Gravity(1915)

Gµν ≡ Rµν − 1
2Rgµν =

8πG

c4
Tµν

Gµν is called Einstein tensor.

ý��§: Gµν = 0.

äN�:µ�Ñ����Ý5 ds2 = gµν(x)dxµdxν§ xµ = {t, x, y, z}

gµν : gµλg
νλ = δνµ ,

Γρµν = 1
2g
ρλ(∂νgλµ + ∂µgλν − ∂λgµν) ,

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ ,
Rµν = Rρµρν , R = Rµµ .
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2(4× 5)− 4 = 6)! o�Cþ(t, x, y, z)��@��5���©�§"

½�w§�NØ�"�±éÑ�²T���°()"

²T)µMinkowski²"��µds2 = −dt2 + dx2 + dy2 + dz2§�Ò
´¤kgµν Ñ´~ê§Ï¤kéäΓρµν, RiemannÜþRµνρσ, Ricci Ü
þRµν ÚRicciIþRÑ�""Einsteiný�$Ä�§gÄ÷v"
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Schwarzschild (1916):

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

2

f = 1−
2m

r
, dΩ2

2 = dθ2 + sin2 θdφ2

This is a vacuum solution Gµν = 0. ý�No�UkçÉº

Asymptotic (r →∞) flat (Minkowski): f → 1 and
ds2 = −dt2 + dr2 + r2dΩ2

2
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Gravity vs. EM

Compare to electric potential:

�φ = 0 → φ =
q

r
→ �φ = 4πδ(r)

The electric potential outside a spherical ball of uniformly-distributed
charge is the same as that created by a point charge of equal
total charge.

The gravitational field outside the Sun is the same as that created
by the black hole of the same mass.

Thus the Schwarzschild black hole solution makes it possible to
test General Relativity.
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• çÉ9åÆ1�½ÆµdM = TdS + ΩdJ + · · · .
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§Ý:

T =
~c3

8πGMkB
≈

1.227× 1023kg

M
K

���þ�çÉµT ≈ 10−7K.
LHCçÉµ
(Ø¿�Uþº�Uþ: M ∼ 10g, rs ∼ 10−25m, T ∼ 1027K.)

�m:

t =
5120πG2M3

0

~c4
≈ 8.671

M3
0

M3
p
× 10−40¦

Mp Planck �þ"
���þ�çÉ��u�mµt ≈ 1074¦"
LHCçÉµt << 10−22¦"

=¦Hawking�
§vk¿7�u§ �*çÉ3/¥þ/¤÷*çÉ��
m�'�»Æ·�§Ïd§7,¬lm/¥§Òi��"vk¿7�u�
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Schwarzschild (1916):

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

2 ,

f = 1−
2m

r
, dΩ2

2 = dθ2 + sin2 θdφ2 .

This is a vacuum solution Gµν = 0.

��k��5�µ

−fdt2 +
dr2

f
= −f(dt2 −

dr2

f2
) = −f(dt+

dr

f
)(dt−

dr

f
)

Define du = dt+ dr
f , we have

ds2 = 2dudr − du2 + r2dΩ2
2 +

2m

r
du2

= −dt̃2 + dr2 + r2dΩ2
2 +

2m

r
(dt̃+ dr)2 ,

where u→ t̃+ r. In other words, a black hole is a linear pertur-
bation of the Minkowski spacetime.



Schwarzschild-(A)dS

Schwarzschild black hole is asymptotic flat, but our universe has
a cosmological constant.

Maximal symmetric spacetime in Einstein theory is Minkowski

Maximal symmetric spacetime in Einstein theory with a cosmo-
logical constant is (Anti-)de Sitter or (A)dS.

Schwarzschild-(A)dS:

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

2

f = 1− 1
3Λr2 −

2m

r

The cosmological constant in our universe is too small to be
testable within our solar system.



But the Sun is Rotating
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From Newtonian gravity, the gravitational field created by the
Sun (assuming its spherically symmetric) is independent of its
rotation.

Einstein theory predicts that the rotation of the matter can drag
the spacetime around it.
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Rotating Black Hole: Kerr Solution

Kerr metric (1963)µGµν = 0

ds2 = ρ2
(
dr2

∆r
+ dθ2

)
+

sin2 θ∆θ

ρ2

(
adt− (r2 + a2)dφ

)2

−
∆r

ρ2

(
dt− a sin2 θ dφ

)2
,

ρ2 = r2 + a2 cos2 θ , ∆r = r2 + a2 − 2mr

• Mass: M = m

• Angular momentum: J = ma

• J ≤M2

The metric is asymptotic flat.

tµ�m¶rµ»��I¶θµ�Ý[0, π]¶φµ²Ý[0,2π)"



Kerr-(A)dS

Carter (1968):

ds2 = ρ2
(
dr2

∆r
+
dθ2

∆θ

)
+

sin2 θ∆θ

ρ2

(
adt− (r2 + a2)

dφ

Ξ

)2

−
∆r

ρ2

(
dt− a sin2 θ

dφ

Ξ

)2
,

ρ2 = r2 + a2 cos2 θ , Ξ = 1+1
3Λa2

∆r = (r2 + a2)(1−1
3Λr2)− 2mr

∆θ = 1 + 1
3Λa2 cos2 θ
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Generalize to higher dimensions

• Asymptotic Minkowski: Meyer and Perry (1986)

• Asymptotic (A)dS: D = 5 Hawking, Hunter and Robinson
(1998)

• Asymptotic (A)dS: Arbitrary D, Gibbons, L, Page and Pope,
Phys. Rev. Lett. 93 (2004) 171102.
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3p���¥§Ø
¥NÿÀ	§çÉ��±´,	�ÿÀ"'X35�
��§Ø
S3ÿÀ�çÉ	§��±kS2 × S1ÿÀ"£�ù«ÿÀç
�(black ring)�°()32002�EmparanÚReall�EÑ5
(Phys.Rev.Lett. 88 (2002) 101101)
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Einstein-MaxwellnØµ

L =
√
−g(R− FµνFµν) , Fµν = ∂µAν − ∂νAµ .

Reissner-Nordström (RN)çÉ

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

2 , f = 1−
2m

r
+
q2

r2
,

with A = q
rdt.

\�»Æ~ê

f → −1
3Λr2 + 1−

2m

r
+
q2

r2
.

ù�çÉ¹kü�Ônëêµ�þ(m)Ú>Ö(q).
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Charged AdS rotating black hole in four dimensions has long been
known:

ds2 = ρ2
(
dr2

∆r
+
dθ2

∆θ

)
+

∆θ sin2 θ

ρ2

(
adt− (r2 + a2)

dφ

Ξ

)2

−
∆r

ρ2

(
dt− a sin2 θ

dφ

Ξ

)2
,

A =
q r

ρ2

(
dt− a sin2 θ

dφ

Ξ

)
+
p cos θ

ρ2

(
adt− (r2 + a2)

dφ

Ξ

)
,

where,

ρ2 = r2 + a2 cos2 θ , ∆θ = 1 + 1
3Λa2 cos2 θ , Ξ = 1 + 1

3Λa2 ,

∆r = (r2 + a2)(1− 1
3Λr2)− 2mr + p2 + q2 .
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RNçÉ§�Ò´3Einstein-MaxwellnØ¥�>¥é¡·�çÉ§�±
éN´/�p�í2"��>=ÄçÉ§3Einstein-MaxwellnØµe
e§Ø
o��Kerr-Newman)	§�vk��p�°()�~f"
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5�EMnØ

L =
√
−g(R− 1

4F
2) .

5�EM�Úå

L =
√
−g(R− 1

4F
2) + 1

12
√

3
εµνρσλFµνFρσAλ .

5�5�EM�Úå

L =
√
−g(R− 2Λ− 1

4F
2) + 1

12
√

3
εµνρσλFµνFρσAλ .

5�5�EM�Úå¥�2��>=ÄçÉ)32005c�E" Chong, Cvet-
ic, L, Pope, Phys.Rev.Lett. 95 (2005) 161301.

8c35��Úå¥�E�>=ÄçÉ�;[´uÜ���Æ�ÇV��
Ç"·��EØÑ5�)Ñ�¦Å��EÑ5
"
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ds2 = −fdt2 +
dr2

f
+ r2dΩ2

2 , f = 1−
2GM

c2r

Schwarzschild�»µrs = 2M . (Using natural units G = 1 = c.)

£þ!¤Ô�©Ù�þ M ∝ r3

Ïd=¦�ÝØp�ÔN§��v
�§��/¤À.¡§¤�çÉ" (~
fµ/¥: ρ ∼ 5500kg/m3. �½ρ, rs ∼ 1.7 × 1011m, M ∼ 1038kg.
Typical mass of a black hole ≥ 10×M�.)

��À.¡/¤§À.¡S�Û:ÒØ�;�/¬�)£3OÏd"²;
Úåµee¤"

±þ?Ø´·��§çÉäN�/¤�Ä�L§�±k��°()5£ã
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Vaidya metric

Kerr-Schild form

ds2 = −fdu(du∓ 2
dr

f
) + · · · = ±2dudr − fdu2 + r2dΩ2

2 .

Vaidya metric

ds2 = ±2dudr −
(

1−
2M(u)

r

)
du2 + r2dΩ2

2 .

Energy-Momentum tensor Tuu = 2M ′(u)
r2 6= 0.

TµνTµν = 0 and Tµµ = 0.

Pure radiative energy decaying or absorbtion.



Scalar hair black hole formation

Einstein-Scalar theory:

L =
√
−g

(
R− 1

2(∂φ)2 − V (φ)
)
,

V = −2g2(coshφ+ 2)− 2α2(2φ+ φ coshφ− 3 sinhφ) ,

Dynamical solution:

ds2 = 2dudr −H(r, u)du2 + r(r + a(u))dΩ2
2,k , eφ = 1 +

a(u)

r
,

Equations of motion imply

a(u) = q tanh(1
2α

2q u) ,

H = g2r2 + k − ȧ(u)− 1
2α

2a(u)2 + (g2 − α2)ra(u)

+α2r2
(

1 +
a(u)

r

)
log

(
1 +

a(u)

r

)
.

Note limu→∞ a(u) = q, and in this limit, the solution becomes
the static hairy black hole.

First example of exact black hole formation in literature. Zhang
and L, Phys.Lett. B736 (2014) 455-458.
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Note that it is not necessarily mysterious that the nature selects
the “two derivatives.”

Even if the theory is of higher derivatives, there must be IR
regions where only the two-derivative terms dominate, a natural
consequence of RG flow.

In other words, the higher-derivative terms will be highly sup-
pressed by the fundamental scale, which happens to be 1019Gev.
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EinsteinnØÉRiemannÜþ�²���?�µ

L4 =
√
−g

(
κR+ αR2 + βRµνRµν + γRµνρσRµνρσ

)
.

(α, β, γ)�þj�`2p§ `p ∼ 10−33�µÊK��Ý"

3o���¥§���Gauss-Bonnet�|Ü

LGB =
√
−g(R2 − 4RµνRµν +RµνρσRµνρσ)

´���ê§Ïd�±4γ = 0"½ö�d/�¤

L =
√
−g

(
κR− αCµνρσCµνρσ + βR2

)
.

where C is the Weyl tensor.

• dup��ê§ù�nØC¤
����znØ"

• dup��ê§ù�nØk<|"

• ù�nØ�±@�´�unØ����7�ä"
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L =
√
−g

(
κR− αCµνρσCµνρσ + βR2

)
.

XJκ = 0 = β, ù�nØ��/Úå"k#�çÉ)

• ·�µRiegert§ Phys.Rev.Lett. 53 (1984) 315-318

• =ÄµLiu and L§JHEP 1302 (2013) 139

·��Äκ 6= 0 6= β,

�±y²§ XJ��ìC²")kÀ.¡§@o§�RicciIþ7,�
�µR = 0" Nelson (Phys.Rev.D 82 (2010) 104026,)
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L =
√
−g (κR− αCµνρσCµνρσ) .

NelsonuLØ©\¡3ù�nØ¥§XJìC²"�)kÀ.¡�{§7
,kRµν = 0" ùÒ¿�X§Ø
SchwarzschildçÉ	§Ø�3O�¥
é¡·�çÉ"

·�uy¦�y²´�Ø�"ùÒ¿�XØ
SchwarzschildçÉ	§�
�U�3��#�çÉ" @o§�3íº

^ê�O��±(¢y²§��35"L,Perkins,pope and Stelle, arX-
iv:1502.01028.
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çÉÝ5µds2 = −hdt2 + dr2

f + r2dΩ2
2 ì?1�µ

h = 1−
2M

r
−
c1e
−µ2r

r
−
c2e

µ2r

r
,

f = 1−
2M

r
− 1

2c1(µ2 + 1
r)e−µ2r + 1

2c2(µ2 − 1
r)eµ2r ,

where µ2
2 = 1/(2α). XJc1 = c2 = 0 �ÑSchwarzschildçÉ"

7Lc2 = 0, �´�±c1 6= 0§ù��Ñ
���U�Ø
�þ	�#ç
É"

·��ê�O�L²§��þM ≤ 0.434
√

2κα�§�±k�#�çÉ"
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T

The masses (left plot) and temperatures (right plot) of the
Schwarzschild (dashed line) and non-Schwarzschild (solid line)
black holes as a function of the horizon radius r0.
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F

The first plot shows the entropy as a function of mass, and the
second shows the free energy F = M − TS as a function of T ,
for the Schwarzschild (dashed line) and non-Schwarzschild (solid
line) black holes.
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T
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-0.4
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0.2
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M

The mass M as the function of temperature T .

It is clear that we have

Cnew < CSchw < 0 .
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