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 Thermalization: big bang to HIC, cold atoms to dark
matter

 Non-thermal fixed points: ultra-violet & infrared fixed
points, effective kinetic description, defects

« Formal Map: From relativistic real scalar to non-
relativistic complex field

« Simulations of relativistic scalar fields in 2D
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Inflationary cosmology Heavy-ion collisions Ultracold atoms

Questions:

Do they have
common
properties?

Classical and quantum fluids: Turbulence
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Heavy-ion collisions at early times f(p)
with high energy and weak
coupling g<<1

Q P
Highly correlated systems (color fp£Q)~1/g*  (or (AA) ~Q%/g%)
glass condensate)
‘ Non-thermal
The system can take detour during @ fixed-point

thermalization

Nowak, Scholle, Gasenzer
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* At anon-thermal fixed point
— Memory loss of the details of the initial conditions;
— Self-similar evolution of distribution function f

(critical slowing down) |
— With scaling behavior of typical scales f ~ 1, p~t 7

f(p.t) =t fs(t’p)

— Possible: several fixed-points in different momentum regimes
(inertial range)

— Often connected to kinetic processes (e.g. turbulence) or
topological defects

« Classification: universality classes far from equilibrium
— Non-thermal fixed-points, described by their dynamical
exponents a, B and the scaling function fg(x), may be classified
In universality classes
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Condensation

IA>n>1
Perturbative
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Quantum
regime

n>1/A
Non-perturbative
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Fig. by A. Orioli log p

Self-similarity

[(p.t) =t fs(tPp)

Perturbative

Micha & Tkachev,

PRL(2003), PRD(2004)
Non-perturbative

Berges, Rothkopf & Schmidt,
PRL (2008)

Nowak, Sexty & Gasenzer
PRB(2011)

Bose condensation

Berges & Sexty, PRL(2012)
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e Start with fluctuating initial

. . e . f 1 E |
conditions at initial time t, (P) (Example)
« Solve initial value problem on the
lattice. Example: self-interacting
scalars: .
Q p
L= 2(0,0)0"6) - zmi¢? — =2o!
2° 2 A1 .
(3” [ mz)qﬁ + %A¢3 —( Phase space

 Evolve observable classically and
average over set of initial conditions K
at time of interest t
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Gaussian distributed
e Initial condition complex random numbers

6(x.t0) = dlto) + [ [@°PIy/ £(poto) + 5 [E(L0)e™ + € s to)e ]

7_

* Distribution function Initial distribution

Fip) = (le(m))

f(p,,t)Jr— VF(p)F"(p) — [F'(p))2 F'(p) = Re(d(p)o:¢*(p))
F'(p) = (|os(p)l’)

=

« Range of validity: classicality condition f(p) > 1
 Accurate low-energy description of quantum field theory!

[Aarts & Berges, PRL 88, 041603 (2002); Jeon, PRC 72, 014907 (2005)]
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Relativistic real scalar Non-relativistic complex scalar

(heavy ion collision) (cold bosonic atoms)
1 RTT2 12 1 /
H o= —— 0" VU + V" + gl
L ]. ]. 2 .9 1 4 2771 2
L = (9,0)(0"¢) — sm 9" — —Ad
2 2 4! L7 L
L = 57,(1;3 @5—@5@5)—?{
1 _
90" +m?)d+ —A¢® =0 -'
( H m )@5 G ¢ Za_w _ —LV2~|~V—|>Q"¢’|2 i
ot 2m

Low-momentum universality class in scalar field theories

What is the connection between relativistic real scalar and non-
relativistic complex scalar field theory
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« Hamiltonian density, scalar field and its canonical momentum

1 1
H = —[?T2+(Vc£5)2+m2¢2]—|——)1¢’34
2 | 24 all complex
ike-x * —ikex bers
o(x) = /dﬂk ape®* 1+ gfe num
mx) = =i [ (e g /
= — EOM in
« Hamiltonian in a, and a*, Poisson Brackets
day, dag, .
H(a,a") = /dgx?{zf[dBk]Ekaka; it ={ap M}, it ={ap H},
Resonant terms: +i)\ / [dK][d°k1][d ko] [d ks3] (2m)°
| 24 1 ’ N 16E,Ex BraBra

equal number
O?ak and a*k [akaklak?akBg{k + kl + k2 + kS) ~+ 4&1(&.[;1&1(2(1”1;35(1( + k1 + kg — kg)
\{;Gcnkakla*];za*m(?{k +ky — ko — kg) + 4&1{&;1(1;2&-;35(1( —ky — ko — kg)

+apayagay30(—k — ki — ko — k3)]
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 EOM in Poisson brackets

.da da .
ﬁd—f ={ap,. H} . Ed—tp = {ap}H}ﬂ

* Poisson brackets in the a, basis

{F(p),G’(pl)}ﬂ — /[dak] [aF(P) G (p1) _ dF(p) 6G(p1}]

day  dag day,  Oday
{ap, a1 ta = (2m)%3(p — p1)
{ap,api}ta = {ag,a,; }a =0

- Generally we can use any canonical variables (ax.ay) — (bp,b},),
if (bp, D) satisfy the same Poisson brackets in the a -basis

{bp:bpi}a = (2m)%3(p —p1)
{bp,bprta = {bp,bpi}a=0
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« Poisson brackets are invariant under the change of canonical basis,
for example

Ob
33_; = {bpﬂH}ﬂ_: {bpﬂH}b_

 Canonical variable defined by time shift through H,, (b,,b*)):

dby(2) 1 5 d?by(2) 1 4 d®by(2)
be(z) = Wrr—g | *37 T | TE @ |t
_ R TN bp = bp(0)
ap pr{z) = E3'p— P> D) {{bp:Haux}b:-Haux}b bgzb;{ﬂ)

I
+E(_”)3{{{5PsHaux}b:-Haux}bs Honx jo + -+ z is auxiliary time

» One can prove that by(z),b;(z) satisfy canonical relations in b, basis

{ap.aphy = (2m)%6(p —p1)

{ap.api}y = {ag.ag =0
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* Auxiliary Hamiltonian

Haux(b,0*) = / [d°k1][dka][dka][d k4]

1
X {ﬂ[Bl (k1. ko, k3, ka)bi1brabiabica + c.c.]
xd(ky + ko +ks +ky)

1
_|_E[BQ (k1, ko, k3: kq)bi1brobiabyy + c.c.]

X{i(kl + kg —I—k3 — k4)}

B, and B, will be determined by removing non-resonant terms in
the original Hamiltonian
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* New canonical variable by time shift through H_,

nitial auxiliary

time z=0

HELHJ{ (b‘J b*)

b, = b,(0) * |

b, = b5 (0)

H'(b,b*)

H(b,b™) + (—iz){H(b,b"), Haux }»

—

+=(—iz)2{{H (b, b"),

=iz {{H (b,b"),

ﬂ'.‘l|l—‘l‘\-3

_|_

aux}b a.ux}b

substitute l
(a,a”
b

at auxiliary time z

Eb()

1
-|-§(—

H

HI[ *

A

au.x}b aux]’b: Ha.ux}b

—> o, = by —iz{bp, Haux }b

2.Z)Q{{l:"pa Ha.u.x}b: Ha.ux}b

p* ) | ——

vanishing of

with only
resonant terms

HGP(ba b*)

non-resonant terms

fix B, and B, in

Haux
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1
HGP‘[b: b*] ~ f[dB ]E b b T )\/H dgk ]V/EklEkEEkSEkd

}ibklbkgbigbid(zﬁ) 5[:1(1 + ko — kg — kq)

06 = [ e

Hor(o') ~ m [ dxlo(e 0P + [ (~5-92) 00,0

A 3 4

ki

Ep,xm+— ||| {mm

2m
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« Change the basis from b, to a, for all Poisson brackets

bp - ﬂp—l_iz{bpaﬂaux(b)}a
_%(iz)i{{bppﬂ-al_m(b)}g} Haue(D)}a + - -

 Perturbation to solve bp as a function of a,

o The order
b = a
p P parameter:
‘51(31) = 1z {berﬂu(b)}ﬂ|b—m

» Ap2/m?
bg) = —5(33)2 {{bp:Hﬂ-ux(b)}mHﬂ-UK(b)}ﬂ|b—m

‘I‘iz {bp} Ha,ux (b) }*1||E.r—:ut.:-|—i!7r{1JI
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 Transform to space-time,

W(x) = / [d°Kk]byee™™™

 Express (W, W*) as function of (¢,1). In the large mass limit, the
zeroth order

d>k .
B m _ L 2 1 L 2
V2 (1 4m2vI) #e) +E\/2_m (1 i 4m? V;.;) )

1 1
= LIl — -+ —I1"

NN

ﬁmW(X) 0"=-—=VZ30

=
Il
|

=

L)
Il
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« The 1st order contribution

A [ 5., T 27 5
= - @ — S92 — ZLod'Y + S
Y ) 16m3 | 6 4 8 T3

+%H¢>"¢>" 14 %@H@” 4 %@FH’ 4 3P211”
3 5 5 5
ZHII2 + ZI120" « ZTIO'TT 4+ ZeIT'Tr
+2 + 4 ™ 4 * S

1 21 ]

il O | O ) Y

2PIIIT" —
o 2 8

 An important application is in the study of axion as candidate for
dark matter. Our approach has advantage over previous
approaches by (1) A. Guth’s group; (2) E. Braaten’s group.
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Previous approaches:

(1) Guth's group employ a different method from our work to
remove nonresonant terms in the effective Lagrangian by exploiting
its U(1) symmetry corresponding to the conservation of particle
number. The nonresonant terms carry powers of the phase factor
and are therefore dropped from the effective action.

(2) Braaten's group construct an effective field theory for
nonrelativistic complex scalar fields by including all terms that
satisfy Gallilean invariance, with the coefficients of the EFT
determined by matching to the underlying relativistic scalar field
theory.

Our approach: arigorous map between relativistic real scalar field
to non-relativistic complex scalar is constructed based on classical
canonical transformation. The mapped relation can be derived
order by order. It is a non-relativistic effective field theory (NREFT)!

19

Qun Wang (USTC, China), Off-equilibrium infrared structure of self-interacting scalar fields



» Solve classical EOM for ¢ in real time lattice simulation

N;

a; |4

dp(t,x) = m(t,x), a,
i

r(t,x) = ;9" p(1,x) — m*$(1,x) — gqﬁ(hﬂa N

 With initial condition

[up€+rp . + {I*E p- ‘IL]

Po(x) = E
(Ns $) JZE £
\ Sampled with Gaussian
(—i) magnitude and uniform
_ +ip-X —ip-x random-phase distribution
mo(x) = (N.a.)? E 1!' P o ape a::ur e 1, p

- Single particle distribution (apaty) = (Nea)8p.q f (2 = 0,p)

DQ

J186pPY (7P, (= 0,p) =

. > >
Fourier transform of ¢(t,x) and (t,x)

(N;a,)?
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+ Scaling solution for ¢ : g ool e %
S o8 § 3
o £ o7 i K
f(t,p) =tf (t°,p) £ o E H
g o0s :g E
- With exponents 2 o F E
8 =0.24+0.08 g o >
= 2|8 0 0 UI.1 0.2 Ol.ﬂ 04 05 0.6

Scaling exponent: 5

* Non-relativistic complex scalar WY constructed from ¢. We can draw
density |W(x)|? and phase 0(x)

460 = Ve
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Position: y [units of Q1]

Position: y [units of Q)

Density profile at Qt=1000
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Density profile at Qt=4000

Phase profile at Qt=4000
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Position: y [units of Q"]
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Position: y [units of Q"]
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« We demonstrated a formal map between the infrared structure of an
N=1 relativistic self-interacting scalar field theory and the Gross-
Pitaevskii (GP) theory for nonrelativistic fields, which is widely
employed as a model theory describing the behavior of superfluids.

« This map is constructed by classical canonical transformation in a
perturbation scheme. In this way, we build up a non-relativistic
effective field theory (NREFT)!

* Many applications:
(1) axion as dark matter
(2) superfluids + superconductors
(3) turbulence
(4) polarization in fluids
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