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Theoretical Precision Calculations

LHC is undergoing a major update to HL-LHC in the 2020s

Precision experimental measurements v.s. theoretical predictions
Physics Signal = Precision Exp. - Precision Theo.

Maybe significant anomalies and insights to physics effects from
higher energy scales

Focus on perturbative computations of amplitudes in massless
QCD, expand w.r.t. the coupling constant



Interesting and Useful Objects

High multiplicity multi-loop amplitudes ( CP even ), eg.

. ,,fj

[Badger et al., 13, 15’, 16", 17°, 18";
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A ya — [Vogt et al., 04’;
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%caocc»co:o;ommocox;m:cm:o ? _ o A Almeid et al'! 15,;

ya Sy SR Henn et al., 13’, 16’;

Jin and HL, 19’ ]




Difficulties in High-loop & -multiplicity

 Eg. Pure Yang-Mills ( main examples in this talk)

Spin info., momentum, internal group info.  Rational func. of scales

t to
{5 paa’} ZC {a’la ’ CN})f({pZ pj})I ({é-l’pl}’”*. 7{£N7pN})
color structures Integration of tensor integrands

N(E-EE-pELp-1,12
IL({gbpl}a"' 7{§N7pN}):/le1---leL (5 f)fogD]\i )

D; = (0()li+ - +0()le +pm + - +n)°, 0(l;) =0 or 1

* Higher-multiplicity and higher-loop:
- Independent scales ( only high multiplicity)

- Color structures - Integrand topologies
- Higher numerator power - Kinematic tensor structures
- Integrand reductions - Integral reductions

- Evaluate master integrals - etc.
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Physical Properties of Amplitudes

A color stripped scattering amplitude

An({p’i7 )"L}) — 66’1/1 (pf1)ua1 (pr+1) " '@C'LM (pr)uCLM (pf2M) fdl " 'f]'L\LINA({nMW Vﬁnpk,u})

* A Lorentz scalar and multilinear of spin variables, satisfying

> Momentum conservation ) " pl =0

1

» Dirac eq.
(' — m)u(p) = a(p)(y — m) = K+ m)v(k) =v(k) (K +m) =0

> Transversality of polarization vector p.'¢&;,, =0
> On-shell gauge invariance A, (& — p;) =0

» Branch cuts and poles



Bz’({p7 )‘}) = Vg, (pfl)ual (pr-H) Ve (pr)uaM (psz) 1

Amplitude Decomposition

Color stripped amplitude decomposes into

=Y ai({p,1})Bi({p, A})

> A linear combination of a group of kinematic basis B,

1

» Kinematic basis: external particle informations, multilinear of spins
satisfying all physical properties except unitarity, but with locality

AREE ]’L\L]NfB({n,ul/a /Ypapk:})

» (Coefficients of kinematic basis:

il (o) = Y Ful(p; - i) / (@P)E ({1 1p- 1))

[Glover et al. , 03°, 04°, 12’; Boels et al., 16’; Arkarni-Hamed et al., 16’; Bern et al., 17’]



Kinematic Basis Construction

Brute-force construction by solving physical constraints A,, = Z o; B
[ R. Boels & R. Medina, 16’; R. Boels & HL, 17’ ]

> Application: up to 6-pt tree and 4-pt 2-loop pure-YM amplitudes

> Shortcomings: complicated for (>=) 5-pt, ie. Pi;; = » BB,

spin

> ulp)ulp) =y+m, Y v(k)o(k)=k-m Projector

S gﬂgy:nﬂy—<p“q”+p”q“> Z £ e=d_2

helicities P helicities

eg. 5 gluons {142, 142}
2 fermions + 3 gluons {144, 144}
6 gluon {2364, 2364} full matrix, impossible to inverse

» This construction way is kind of arbitrary, linear combinations of bases
are still on-shell gauge invariant kinematic bases



Kinematic Basis Construction for Pure-YM

[ R. Boels, Q. Jin and HL,18’ ]

“Canonical” kinematic basis construction
> A-type building block:  A;(j,k) = (pr - pi) pj - & — (pj - vi) P - &
{Ai(y) = At +ji+7+ 1 e{l,...,n—3}}
* Solutions for 1 gluon (n-1) scalar scattering [R. Boels and HL,17’ ]
* For n-gluon scattering, n copies A form a basis

> C-type building block:  C; ; = (& -&)(pi - pj) — (pi - &) (p; - &)

* One solution for 2-gluon (n-2)-scalar ( Another from 2-copies of A-type
building blocks) [ R. Boels and HL,17’ ]

* Proportional to two contracted linearized field strength tensor
Eu(§1)EFH(&2)

A &C-type building blocks: on-shell gauge invariant
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Kinematic Basis Construction for Pure-YM

[ R. Boels, Q. Jin and HL,18’ ]

“Canonical” kinematic basis construction

n—3
> D-type building block: D, =C;; - Z Xii(k, 1) A (k)A; (1)

Require orthogonality ZA D;;=0= ZA D; ;,

Fix the constructions with  pPA(k, 1) ZA

A'(k) = (P (k, D A1) AR)A) = ) Al(k)A(1) = 6(k, 1)

l helicities,?

n—3
Dij=Cij— > Aik)A;(1) (A™(k)A™(1)Crm,n)
k,l=1
Z l)%.]_l)z,.7 _ (pzp])Z(d_n—i_l) Z Dz]Dzk _ (p’L p])(p’b pk)D]k

(pj pk)

helicities helicities,?




Four gluon kinematic basis

[ Used in Q. Jin and HL, 19’]
“Canonical” kinematic basis: 10 in total

» Expressed in terms of A and C:

Bl = A1A2A3A4, B2 — 013024,
By = Cra Ay Ay, By = Chy Ay As, Ai(g, k) = Pk - pi) pj - & — (05 - i) Pk - &
Bs = (120534, B = C23C14, {A;()H)=A;(i+4,i+5+1)]j =1}

B7 = C12A3Ay, Bg = Ca3 A4 A4,
By = CayAjAs. By = Cay Ay As. Cij= (& &)pi-pj)— i &)pj-&)

» Under cyclic permutation:
By — By, By — B>,
Pi = Pi+1 Bs < By, Bs < Bs,
B; — Bg, Bs — By, B9y — Big, B1g — B~

» Inner product with rank 10 in D-dim and rank 8 in 4-dim, eq.

i

gt etyt CEE LT gt ed ot iog3elyt gt el gt gl ety gt S -2 gteiyd S gt -2 gl
56 el 178 132 e 4 133 R 1:3 178
Lowd =iy (-2+03uf L2+ 5Tt Ly-2emstuf LA T I LIS S TR T A A Tk Lgled S Sl T
t3 JL3 Je 3 ib ib e a2 Je a2
Pogtwryt D il2aDpstut Dogl2.Dp st et Eogtadyt gt rud Poged el 1 g3¢2¢y° -2 gt gyl e e T
178 2 = | it 3: bk nt = | 1) 2
L M T, PRPE P Lot " (240 5220 Lot e Latdal LR Sl 530317 L P 534307
Loy 22 b4 be 3 a2 be z be =4
Lgtwiut L2400 8000 Lgdeud = sieu? ! -2+D%st 1 {=2+D)s?es L (-24D; s*tu Pogiedy 2 («2+D; 8%ty 2 si ¢t
4 [ 9 n L[ 1n w 1?7 1? 1?
Lowicty Lo-2anid Lastyl e ! LR T o LR TR o gty Ly simstiu R T Lizomstin
L1 i 3l 3L i i S e . o
-2 gt eiyd Zosfrud L g yd 2 izeDpsttu 1giniy 2 (-2+D; 8"ty Logfes iyt EREA ST 2 ogfeiy
12% T [ “a 7 ) G . “ r
— 5Tt ~ nt?u’ e T & e S T ] L2 sttu — 53307 LA R R adt e ~ =¥ % L 52 i y?
£ L =4 ad al o bt o bt
= s tiy -2 sfeud -Lgle2y -2 gyl -1 (-2+D)8"tu -Lgledy 2 g'viy L gd gt y? L -2+0)98" U L ogdrdy?
s (] 4 2 n - “4 “a 4
tiu —ut*a® e ST h e S T a1 T 2. sttty Lomt et Lottt y? —=5t%u 24+ 0 t*u?
de br 1 a2 ad o st L



Five gluon kinematic basis
[ R. Boels, Q. Jin and HL,18’ ]

e “Canonical” kinematic basis: 142 in total  Dij =Ci; - ?1 Ay (k) A; (1) (A" (R) A" () Co,n)
» TA+2Dsiintotal 5x2xC%/21=30 , eg. Al(l)D;;,D4,5
» 3As+1D:intotal 2° x C: =80, eg. A;(1)A42(1)A45(1)Dy 5
» 5As: intotal 2° = 32 , eg. A1(1)A2(1)A3(1)A4(1)A5(1)

* |nner product matrix

> Ai(k)D;;=0=> A;(k)D;;, Vk
hi h

Z Dy ;Dyj = (pi - pj)(pi .pk)Dj,k:
(pj - pr)

helicities,?

> Di;Dij=(pi-p;)’(d—n+1)

helicities

{d:4,n: 5} = Z Di,jDi,j =0

helicities

e Could be used for 5 gluon any loop planar/non-planar amplitude decomposition

13
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Traditional Methods: Feynman diagrams

v Start from Lagrangian

Aut tion by Programs:
‘/ utomation by J Reflect the interactions intuitively

e.g. FeynTools, Qgraf, etc

LA A A & & & A A A & & & & & A A & & A J

Vv Already quite successful:

".;_jﬂll‘:“ﬁﬂﬂ FEYNMAN eg. g-2 up to 4 loops

PHYSIEIST

W<:N<MA<XM< [ Laporta, 17°]

= '.l“
\ o 4
- N ‘K9
o’ .
A s

usadf

X Huge number of diagrams
X Each diagram is NOT gauge invariant

X Significant cancellations while summing all diagrams

X Results gauge invariant and often very simple

15



Birth of Modern Methods

* Improve the efficiency of calculation compared to Feyn. Diag.

o Key ideas:

4+ Chops problem into on-shell gauge invariant smaller pieces,
and (recursively) constructing scattering process.

4+ Unitarity $'9 =1 & physical singularities

: < 1
~J ~ 2 3
(p1 + p2)? log (5/5)

AN

e BCFW recursion relations; [ Britto et al., 03’; Britto et al., 04’, etc.]

. . . [ Bern et al., 92’; Bern et al., 93°,07’;
(generallzed) unltarlty CUtS, etc. Bern et al., 94’; Britto et al., 04;

Anastasiou et al., 06’, Britto et al., 07’]
16



S-matrix (S =1+T )obeys STS =1 : DiscT =2Im7T =TT

I2

| i S H'l .
J.. ‘ j+2 Disc A = PZ / d’u Ap AR
W T N du = dly %y 6D (1 + 1o — Pr) 8(13) 6(13)
i I

Amplitudes in terms of master integrals

NN ) |

A VI {1 ) =c 5 C ™~ F+C \
- Z Ci IZ oo ;‘| i ! - : o T = \i\

i PN = & o

Determine coefficients of Mls:

NG ;
. . '::" I' =C4 JT/ +C3 . "'\
Disc A = Z c; Disc M1, ey e ] ........
i

Compare cuts of amplitudes with -_ s

cuts of master integrals e



Cuts for 4 gluon 3 loop planar

[ Q. Jin and H,19’]

Number of cuts is reduced by Z4 rotational symmetry

18



An example of quadruple cuts

Propagators = { 17,15, I3, (I1 + p1)?, (lo +p1)?, (I3 + p1)?, (11 + p12)?, (o + p12)?, (I3 + p12)?,
(1 + p123)?, (2 + p123)?, (I3 + p123)?, (I — 13)%, (Iy — 13)?, (I1 — I)* }

Permutations of {l1, 2,13}

0 (O
P2 P3

a _ o pIuQI/ +pI/Q,u)
( ) helizci;ies €“€V " ( 1P
Ansatz of cut amplitude for this particular cut S ce=d-o
1 helicities

AUt = / dly d*ly d*1
1 2 3 l% (ll _ 12)2 (l2 — 13)2, (13 +p123)2

X Z (Agee({glapl}a {5{7 l1}7 {fga _ll + l2}7 {g?{a _l2 -+ l3}7 {gia _l3 _p12}7 {’527]92})
3

x A%C({&3,p3}, {&1, 13+ p1a}, {€5, 1o — I3}, {&5, 1 — I}, {&1, — 11}, {54,1?4}))

19
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Derivation of scalar cut integrands

e Amplitude from each unitarity cut A" involves terms of & -1

* Projecting A" (

BjAr(r:lUt _ Z a;:ut <

2

helicities

cut
o%

|

:(P_l)ij Z B

helicities

e The cut coefficients

cut {p7 l}

=" fal{p; - Pr})

= Z o' B; ) onto gauge invariant basis B;

> BB) > Pja™

helicities i
FTTTTTmTTmTeEmo s TTelT :
: Pulv + Puq .
' Z §M§V:nw—( . M) .
Acut : helicities q-p :
' 1
LD fE=d—2 :
I helicities .
| 1

1
/(le)L —
Do Dt Dy 1., Dt

Cut integrals

21



Run IBP reductions with cut conditions

Integration by parts identities [ Chetyrkin, Tkachov 81’; Laporta 01’ ]
/ d?l, / del;, 0O vt 0
(imd/2) (imd/2) QI DY --- Dp*

FIRES/6 (Smirnov).

Reduze2 (von Manteuffel, Studerus)
LiteRed (Lee)

Kira (Maierhofer, Usovitsch, Uwer)

Public Programs:

FIREG ( no LiteRed rules ) with restrictions of cut conditions

P2 if this list has an element {-1, -1, -1, 0}, this means that the inte-
grals are equal to zero if the first three indices are non-positive. Since

p1 < LS P4 o . » :
‘0‘ D e RESTRICTIONS (optional) list of boundary conditions. For example
— ’

(a)
RESTRICTIONS = {{-1, @, @, ®, O, &, @, @, ©, O, @, @, O, O, @}, {0, @, 0, 0, 8, @, @, O, -1, @, @, @, ©, O, O},

{9, 0,9,90,9,0,0,0,0,0,0,0, -1, 0,0}, (6,0,0,90,0,90,0,0,0,0,0,0,0,0, -1}};

22



r3- quadruplecut =
<< "/users/huiluo/mmrarayw Tl HNNPAT ..o commac . e il Towm e
= "1r="5/IBP-settings/qcd3cut8v2/qcd3cut8v2.m";

41~ Length[quadruplecut]

oual= 70206
| Splitintegrands45.m 39.0 kB Objective-C source code
| Splitintegrandsdt.m 90.3 kB| Objective-C source code
| Splitintegrandsd7.m 58.2 kB Objective-C source code
| Splitintegrands48.m 48.2 kB Objective-C source code
| Splitintegrands49.m 45.8 kB| Objective-C source code
| Splitintegrands50.m 41.0 kB Objective-C source code
| Splitintegrands45.m 39.0 kB| Objective-C source code
| Splitintegrandsd6.m 90.3 kB Objective-C source code
| Splitintegrandsd7.m 58.2 kB| Objective-C spurce code
| Splitintegrandsd8.m 48.2 kB| Objective-C source code
| Splitintegrands49.m 45.8 kB Objective-C source code
| Splitintegrands50.m 41.0 kB| Objective-C source code




generate_config.py X

for i in (51):
('SplitIntegrands
#memory'+'\n')
#threads
#fthreads
#variables
#database
#storage
#start'+'\n")
#folder
#problem
#integrals
#output

f

T
f.
f.
f.
-
f.
T.
f.
f.
f.
-
-

I — p— p— p— p— p— p—

Splitintegrands43.config
Splitintegrandsdd.conibg
Splitintegrandsd5.config
Splitintegrangsdb.conihg
Splitintegrandsd 7. config
Splitintegrandsd48.config
Splitintegrands49.config
Splitintegranas50.config

Splitintegrands51.config

d,s1,s2'+'\n")
temp/SplitInteqrands'+'\n")
temp/recover

examples/

generate_config.py

.config', 'w')

\n')

qcd3cut8v2.start'+'\n')
qcd3cut8v2/SplitIntegrands (i+1)+"'.m'+'\n")
../temp/SplitIntegrands’ (i+1)+'.tables'+'\n")

340 bytes plain text document
340 bytes plain text document
340 bytes| plain text document
340 bytes plain text cocument
340 bytes plain text document
340 bytes plain text document
340 bytes| plain text document
340 bytes plain text document

340 bytes plain text document

24



Splitintegrands43.config 340 bytes plain text document
Splitintegranasdd.conig 340 bytes plain text gocument
Splitintegrandsd5.config 340 bytes| plain text document
Splitintegrangsdb.conhg 340 bytes plain text cocument
Splitintegrandsd 7. config 340 bytes plain text document
Splitintegrandsd48.conig 340 bytes plain text gocument
Splitintegrands49.config 340 bytes plain text document
Splitintegrandgs50.conlig 340 bytes plain text document
Splitintegrands51.config 340 bytes plain text document

O B run_fireB.py

run_fireB.py

import os
import shutil

for i in (3,51):
0S. ("bin/FIRE6 —c examples/qcd3cut8v2/%s" %('SplitIntegrands (i+1)))
0S. ("rm -r temp/SplitIntegrands")
0S. ("rm -r temp/recover")
('Finish running IBP reductions for'+'SplitIntegrands (i+1))

10 days to finish all cut IBP reductions

The highest memory usage is about 30% of 256 GB
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Substitute cut IBPs results into cut scalar integrals

cut E : cut cut

1

Cyclic permutation r: s < t,
Bl %Bl, BQ —>BQ, Bg HB4, B5 HBG,
B7 — Bg, Bg — Bg, Bg — Blo, BlO — B7 .

Subtleties of double counting

* Amplitude at Ml level:

An=>" (Zcij M1j> B;

? J

28



81 Mis in total if including cyclic permutations for 4pt 3 loop

[ J. Henn, A.V. Smirnov and V. A. Smirnov,13’ ]
UT MiIs with transcendental degree 6

pr\ﬁ/pg
p1 P4 o Oz f(xz,€) =€ Z 4 " f(z,€)
+ o r 14+«
3eYE
BB T !
. fi=¢€’(—s) (Z,WD/Q)ng T =
Ps3 Pa ' . ' N ‘ o '
s 0. - o S [ | - | gz — ch(€787t)zgll,a2,"',a15
D I - L +Cyc_(se>t,$%;):fu|||\/”$

S \ ) L - .- s } ) . . . e s '
i11) (2 (13} [137* (19 (28N (25" ' o ' ' o ’
7 120) 21 (s (13! (24), (211%, (200°

P2 P1 29



Substitute analytical solutions of Mls into amplitudes

A =3 (x oD MIgL>> B

g J

Most divergent part of 3 loop bare amplitudes

Solve UT Mls of 4-gluon one- and two-loop amplitude up to
transcendental 6 [ J. Henn, 13’ & 14’; R. Boels and HL, 17’ ]

Bare amplitudes up to three loop

30
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e Ultraviolet divergence

Renormalized amplitudes via ag = (4m) “e“'E ozs,u%Za(oz, €) in MS

Ogs Po g 0 1 g 0 0r1 2
(a€) AT € + A7 (62 26) + 47 ( €3 + Ge2 36> B = 3 A
2857

* Infrared divergence

< dy / p p
Z({pi}, €, ) = Pexp 71‘({1%}, t') (st 1) = Yeusp(as) (ln —, T _—t)CA + dvyg(as).
0

[ Becher, 09'*2 & 14’]

H=1limZ ‘Agp

e—0

32



Hard Functions expressions in ancillary files 1910.05889

B/ ~ BB M pd] | 2

m pt4L3mmmmHardEu.m 2019/10/13 2 KB |Objec...ource

m pt4L3mmmmHardPhy.m 2019/10/13 2 KB ]Objec...ource

m pt4L3mmmpHardEu.m 2019/10/13 4 KB Objec...ource

m pt4L3mmmpHardPhy.m 2019/10/13 6 KB Objec...ource

m pt4L3pmpmHardEu.m 2019/10/13 14 KB Objec...ource

m pt4dL3pmpmHardPhy.m 2019/10/13 22 KB |Objec...ource

m pt4L3ppmmHardEu.m 2019/10/13 21 KB Objec...ource

m pt4L3ppmmHardPhy.m 2019/10/13 34 KB |Objec...ource
—

> Euclidean Region ( s<0, t<0 ) < Physical Region ( s>0, t<0)

> (----)<(---+)<(+-+-)<(++--)



eg. Hard functions of ( - - - - ) in Euclidean region at three loop

weight 4

weight 3

weight 2

weight 1

weight 0

20 5° x

[240 Lig(—x) + 240 Lia(-x) log(x + 1) log(x) + 240 Lia(x + 1) log(x + 1) log(x) -

120 Lis (= x) log(x) = 240 Lis(x + 1) log(x) = 240 Lis(=x) log(x + 1) = 240 $12(=x) +

8 5 . .
> J + 120 ]Ug(x) ]ng3[_ . 2-) + 120 I(]g‘ (X) ]"g‘[_
M - M

60 T L § 3
og'| - + 60 log|- — (lng (x)-2 {(3)} +
M - s

60 £(3) log(x) + 240 £(3) log(x + 1) + 15 log‘[x) —20log(x + 1) log“ (x) + 60 logz(x +1) logz(x) +

20 7° log®(x) + 120 log(-x) log*(x + 1) log(x) + 60 =* log™(x + 1) — 60 7" log(x + 1) log(x) + 8 n‘J

22 log“(— “%) + 33 log(x) Iogz(— ;—2) + (33 log?(x) - 22 #%) log(— :—2) + 11 (log* (x) = 2% log(x) + 10 £(3))

275 x

1

545 x* (x+ 1)

A

-

2 2 ” s 2 2
(—4(3)(“ +97x+3)(x+ 1) Iog‘(— —,]—4(3,:‘ +97x+3)(x+ 1)” log(x) log
u

2.t(109x2 +17x + 109)Iog2(x) + (8x4 +79x +544 %" +19x + 8)]

(=332 + 409 x* + 409 x - 33) log(- L) + (824 x* - 415 x - 33) log(x)
p

2

8l x> (x+ 1)

1011 x2 + 1346 x + 1011

243 52 X2

x=t/s

34
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Future work:
Complete QCD leading color !
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Thank you for your attention !



Kinematic Basis Construction for Pure-YM

[R. Boels, Q. Jin and HL,18’]

“Canonical” kinematic basis construction

» Given >=3 gluon particles in the process, kinematic basis B can be
constructed from multi-copies of all possible A and C/D types

Linearly independent and complete in general dimensions

> The total number of basis elements with n gluons and no scalars is

22 — 2)(n-20)

N, =
];) 2Kk (n — 2k)!

Compare with brute-force derivation up to seven gluons
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Example: 5 gluon 2 loop planar

e Calculations in HV scheme: D-dim for internal particles and 4-dim for
external particles

» Number of kinematic basis reduces from 142 to 32

Only kinematic basis from 5 As (eg. A4,(2)A5(3)A3(4)A4(5)As(1) ) remains

>No D (€ gE L& ) ~ 151

hels ,j

Only establish in 5pt case !
» Relatively straight forward for HV scheme

» Cross checked with numerical results

[ Badger et al., 17°; Abreu et al., 17’ ]
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