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Solar & Atmospheric Neutrino Oscillations

—_
oo

)

Data/Prediction (null osc.
o O o —
B OO 00 - N

o
N

Super- Kamlokande "

SUPERKAMIOKANDE  wstrute

MLEET
(L=10~100 km)

\
\
L \
N \
~ %
A
N
N
~
N
DR
N
~
~
ATELE

(L=100~13000 km)

10

2
10

I\I\llll\||||||\||||J’

S = N W ks N X

o

Sudbury Neutrino
Observatory,




Reactor Neutrino Oscillations
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Two-flavor Oscillations: 03

The oscillation probability for the appearance channel

P(ve = Vu) = |<Vulve(t)>|2
= 2 sin® 0 cos? 6 (1 — COS
, AmZ?L

4F L ~ t in the relativistic limit
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The survival probability for the disappearance channel
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Status of Neutrino Oscillations

m,<m,<m;(NO) or my<m,<m,(lO)

NuFIT 4.1 (2019)

Normal Ordering (best fit)

Inverted Ordering
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Status of Neutrino Oscillations

m,<m,<m;(NO) ormy<m,<m,(lO)

NuFIT 4.1 (2019)
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Sensitivity to Mass Ordering
SK atmospheric preference for NO due to excess of e-like events
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Importance of Matter Effects
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Matter Effects on Neutrino Oscillations 09

An example for two-flavor neutrino mixing

1 (m? 0 v, o 1[ (mi 0O a 0
Hp=-=U Ut =—|U( ! ut
m o 2E ( 0 mz) * ( 0 O) 2E 0 m’ * (O O)
The effective Hamiltonian in a more compact form:

_Amz 0 mz + mz +a
}tm=—[U 21 2>UT+(“ 03]+ =2
AE 0  +AmZ, 0 AE

2 _ .2 2

Amyy = my —mj - 1 (a—Am3.c9 Am3 sy
2 =2 =2 m = AFE Am?Z Am> _

Am21 =m, —my m21523 m21C29 a

2

Converted into the mass basis Mixing matrix & mass states in matter
i | — A3 0 v c; Sg\ (|V ~ (|V
T — 21 al (| e>> _ (_; cf) (|K1>) _ U(|K1))
4E 0 +Am21 |vu> 0 0 |Vz> |Vz>
2 Am%lsge
S20 =

y 2
Afi5, = \/(Am%ﬂfze —a)” + (Am3;520) (Am3 6 — a)z + (Am%1320)2

Relationship between the mixing angle (mass difference) in vacuum and that in matter



Importance of Matter Effects 10

For high-energy 2B neutrinos

---. P,_,, lo band

B SNO at production r=0
3 Do Be b e (wl(o))) (o ~59) [ve(0))
PP - solar v experlments _ = ~ R
[V2(0)) Sg o/ \|v,(0))

adiabatic evolution
Vi(R) (1 0\ /[/|V1(0))
(IVz(RD) B (0 1) (IVz(O))>
on the solar surface r= R
[Ve(R))\ ( Co 59) (|'171(R)))
vu(R)))  \~=Se Co/\[¥,(R))

survival probability

P..(°B) =0.31

_ 2.2 ) 22 )
Pe. = chcy + 5559 — sin“0

0 — /2 as A > Am?

For the MSW resonance to happen For low-energy 7Be neutrinos
T T — 24° 1 .
6 €0,] 6 €0,] 01, = 34 P.. ~1—sin?20
AmZ. > 0 A2 Normal neutrino
21 M21 mass ordering Oscillations in vacuum



Three-flavor Oscillations in Vacuum 11

The general formula of oscillation probabilities

Amjzl-L
4E

3
P(vg = vp) = 85 — 42 Re |UgiUpjUqy;Ug;| sin?
i<j

 Am5,L  Am3,L  Am3,L
+ SJZeaﬁy sin iE sin AE sin AE
14

Jarlskog Invariant

Im|U,;Ug; U, j U[}ii]

3
p(va —>V3) = 04 —42 Re [UaiUﬁjUajUﬁi] sin? 4;; . ey
i<j
U=U"

6 Z  Ami,L  Am3,L  Am3,L
J Eqpy SN s sin AE sin I
14

CP violation in neutrino oscillations

J= —dJ

Am2.L  Am2,L  AmZL
Acp =P(vg > vp) —P(V, » 1) = 1632 Eqpy SIN 217 gin—=2"gj 31
Y

AE AE ST 4E



Relations between Vacuum and Matter Cases 12

A: Establish the relationship between intrinsic and effective parameters

0 a 0 0
0 |[UT+({0 0 oll=—

0 0 O 2k

Calculate the commutators:
[Dl;ﬂm] = i}zl [Dl; 'Q'v] = in

0  AeuZye AeZe, 0 AppZye ADpeZe,
X;=i| ApeZey 0 ApZ oy X, =il ApeZ,, 0 ApZy,
Aerzre Aruzut Aejw AT”Z”T 0
JA — mz — Tn2 ~ ~ *
b ~ Z f Zap = ) ] VeV, Zap = Zmlz UqiUp;
Al] =m; — m] i ;

Det|X; | = 2iA, A oAy IM| 2,02 02z | = 200 0 AreDryAr1A31032T =
[ l] ue=te~tu [ ue“te ur] pe=teLtu~21-231-32 9 _A21A31A32

Det[X, | = 2iAuehrebopIm|ZyeZeZys] = 2iBgehrehyBpiBsyBhs T T D21431437




Relations between Vacuum and Matter Cases 13

B: Series expansion of the effective parameters

)

= 2
~ sin“20
171% — m% + A31 (A + asiz + 8%3 ﬁ + az 42 12)

. A
Sln22912> o= ~21 0.03

. _— sin?4A , sin’(A—-1)A
Pee =1—a®sin“20y; ———— 4s73—— 5
4 (4-1)
= 2A = 2 A
~ sin“AA sin“(A—1)A
P, = a?sin®20,,¢53 —5— + 4593553 ——
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sindA sin(4 — 1)A

+ 2a $12Sin201, sin20,, cos(A — 6 — —
13 12 23 ( ) a A-1)

up to the second
order of a and s%,

Finite in the limits
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A,,-driven osci.
are small aA « 1
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A Differential Way to Understand Matter Effects 14

Look at the effective Hamiltonian in matter once again

Matter parameter Effective masses
Mixing matrix
in matter

Effective Mixing matrix
Hamiltonian in vacuum

Oscillation probabilities in vacuum

AmZL

3

w e ] s _Am3 L Am3,L  Amj3L

P(va—n/ﬁ):5(13—4ZRe[UaiUﬁjUajUﬁi]sm2 42; +8(728a[;ysm iE sin iF sin iE
14

i<j

Oscillation probabilities in matter

3

- . AmEL . Am3 L Am3,L . Am3LL

P(va - vﬁ) = 5“3 — 42 Re [VaiVﬁjVajVﬁi] sin? 4£ + SJZ Eapy SIN iE sin iE sin iE
I<j 15

Form invariance of oscillation probabilities under:



A Differential Way to Understand Matter Effects
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Numerical Solutions to Mixing Parameters 18
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Analytical Solutions to RGEs 19

Series expansion of mass eigenvalues

5.21 ~ Ay B (1+A-Cp3) +a (C‘Hl‘)%imsw” sin @, — cos” 91,)] :

Agi ~ Ay E (1+A+Cy)+ (C”_12+ims29” sin? 0, — cos? 912)] :

N, [Cm L asin?6,, (A (*oséf)::s - 1)] | As a starting point
Introduce a new mass-squared difference ‘ (1 +A - cﬂ) — @, cos 2912] ,

A = Az;€c08%01, + Az,sin?0 a. = Ay /A
c =431 12 T A3z 12 ¢ = AB21/Ac (1+A +C13) —Ozccos2912] |

~ I~

. i 29N 2
sin” 3 — cos” B3 cos” O,

. DN a8 .97
sin” 03 — cos” 03 sIn” 01,

013 (A, — cos 26,5)% + sin” 26,

~

A, — cos 260, : 1
L 778 \sin®20,, = 1 —
Cis

Note: 8,5 is given by the formula in the limit of two-flavor neutrino mixing



Analytical Solutions to RGEs

I Eeraanusetel  Analytical result
[ NO '

_ < neutrino
- = Analytical

| ====  Numerical

. . - . . A 19
Resonance @A, = cos203 | ‘13 = \/1 — 24 cos20;3 + A

Order of magnitude

: ] B N, E
0 ' ' ' : =6x10"% 3 ( )
107 0.001 0.010 0.100 NA cm 10 MeV

Ac The Earth, A.~1 for £= 10 GeV

Analytical solution to 0,

(14 A — Cry) + a(F - g)] |

® Series expansion invalid for
small values of A,

® Introduce two functions of Ao = A 14+ A + O +a F
A_ to be solved from RGEs o ¢ _2( ¢ 13) |

dF _ (cos2,, + F)cos® b4 N ~ dF/dA, +dG/dA, =0
dA,  (cos20,, + 2F)a, + A, Az = A, (013 T a@ 1F + G = —cos 26,,




Analytical Solutions to RGEs

neutrino \ f - NO /" neutrino R
(B) - / (A)
:Resonance ( A, = a.co0s20,, :Resonance /@AC = .C0S820,

| | 7{‘

- NO

—— Analytical | Y — Analytical |

~, ~,

- . N\ —==" Numerical ] L .\ ~==" Numerical
- antineutrino ™ ] 'antineutrino .
s e 1 T"'h...__u_

0= ' ' 0 : :
10~ 0.001 0.010 0.100 10 0.001 0.010 0.100 1
Ac

DITRA, = A /a. = a/Ay

512 = \/1 — 214.* COS 2912 + A%
cos“013| @,, given by the formula in the
cos?0,;| limit of two-flavor mixing

® 0,, can be understood by two-flavor neutrino mixing in matter, which will receive
corrections near the resonance at A. = cos26043 and for large values of A,




Analytical Solutions to RGEs
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Applications: the Jarlskog Invariant

o S - J

sin 0, cos 0, sin 0, ; cos? 0, J =~ S5
== : ~ 12513
J  sinf,cosf,sin b5 cos? 0,

where
where

S12 = \/1 — 2cos 2012(c35a/Am3,) + (ciza/AmZ,)?,
Cip = /1 — 24, cos 26, + A7 S13 = /T~ 2cos Wrz(a/Am2,) + (@/AmZ 2. (6)

cos 20, + F
(cos 26,y + 2F)a, + A, cos? 0,4

A, — cos 2912) 20,4 cos? 0.,
CIS

CIQ

Cy = \/1 — 24, cos 26,5, + AZJCOS 015 X S
= P 2 T R TS T/n BT S R TV R B Tl
A, = A.cos”0i3/a, = acos®b3/Ay "

a |ev

— A, +cos 20,




Applications: the Jarlskog Invariant
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Applications: the Jarlskog Invariant
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Applications: the Jarlskog Invariant

Find the 1) _ A (400 & (40| _,
— _ ~ ~ — ‘ ) 1 19 ’ o
extrema 1\ 05 72 C2 f dA,

cos 2045
— 5 e excellent
COS 913

agreement
]. COS 2912

3 08 2sx + between
= 2 COS £ - o. — Q )
4 BT cos? 015 © cos? 05 ¢ analytical

2 cos 26, cos 20
1 —Osin® 205 — 12 13

1 2 cos 20,4 cos 204

i numerical
] ~Ggin® W — !

calculations

\/ &
COS 2012 \/

1 (3 COS 2913 + (]C

C

e
COS (}13

The extrema are
1 | | 5 associated with
(1 4 cos 26,5 cos 20,4 sec” f30,) two resonances
corresponding
(o) A21& AC

sin 26,

4v/2 sec? O30,

\/4 — 3(1 — 3sin? 20,3)% + cos 20,5(1 — 9 sin’ 207 o A new way to
understand

4v/2sec? O30, matter effects
V4 —3(1 — 3sin® 260;3)2 — cos 263(1 — 9sin® 26, 3)3/2 on neutrino
' oscillations!




An Integral Way to Understand RG Running 27

One-loop RGEs for the quark and lepton Yukawa coupling matrices

3 3 17 , 9 . .
= a',u+_ KIKIT Y K)/(T ])/u ——qg?—= ‘2— 2 Y
[ 2( ) 2 ( : 1) 2091 492 893_}_\( Standard
3 3 T 1, 9. ‘ Model
~ e ouxn 3 v v, gt Dgi-sgity. [
3 3 ; 9 9 three
= [%+§(YVYJ)—§(Y1Y1 )]Yu- — =07 — =9 +X; massive
3 3 30 94 Dirac
= [a,—§(YUK,T)+§(Y,Y,T)]Y,, _Zg‘f_igfzhrx’ neutrinos

t=In(u/Apy) Jlix = Te[3(Y,Y.)+3 (YY) +(Y, V) +(V Y]
Gauge
couplings
Choose the flavor basis where
A Y, and Y, are diagonal:

Y, = diag{ywycryt} =D,
Y, = diag{y, Y. y:} = D

In consideration of the strong hierarchy of fermion Yukawa couplings, the down-type
quark and neutrino Yukawa terms on the right-hand side are safely omitted




Superhigh
scale A

Relationship
between mixing
parameters at

different scales

H\=Y]Y,'=V'D}2Vv"

Yukawa couplings at the NSRSV IA

174 17

D Hy|=1X]

electroweak scale Ay
Td — diag{fu' EC! Et} — Tﬁl
T, = diag{d,§, ¢} =T; "




RG Running vs. Matter Effects on Flavor Mixing 29

RG running of flavor Matter effects on flavor
mixing parameters mixing parameters
O Ai"‘u Z:u A;'IIZ[,IT O Aeuzue ATeZeT
AlZL, 0 ALZL X;=1i| Bpeley 0 AprZ oy
Ai:tZ;u Ai“.t Z;C 0 ABTZTG Aruzur
0 Ar_'!u Zu c Af'u Zut O Aeuzue Atezer
Au.r_':Zcu. 0 Af(_‘th Xl = i Auezeu O Aﬂ‘tz‘tﬂ
A ut Zf-'u. Act Zf(' 0 Ae‘tzre ATﬂZ[lT O
b SN L S i ey A Y L For quark flavor mixing in media?

/ / / ! 176,22 42 ~ o~ o~ —~
VFAVSPACIAVSE T G gp,QT‘Z:'AQIABI A, T Ay Agi Agy =T,0,, Ay Ay,

® A complete set of differential equations have been derived and applied
to understand matter effects on effective neutrino mixing parameters

® Inspired by the matter effects on neutrino oscillations, we attempt to
study RG running of quark and lepton flavor mixing in an integral way
and find the integral invariants: direct relations between parameters at
low- and high-energy scales



