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Quantum Field theory (QFT)

QFT is the foundation of modern theoretical physics:
particle physics, condensed matter, gravity and cosmology, etc.
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arge Hadron Collider (LHC)

Precise test of SM

New physics?!
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Simulated CMS event
Higher energy and luminosity -> increasing precision

Precise theoretical prediction — at two or higher loops —
of the scattering processes is mandatory.



Higgs boson @ LHC

The dominant production mechanism is the gluon
fusion through a top quark loop.
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Effective Field Theory (EFT)

Effective gluon-Higgs vertex:

1
Lo = CoHtr(G*) + 0O (—2>

my

There have been computations for inclusive Higgs production
to NA3LO orders in the heavy quark limit.

[Anastasiou, Duhr, Dulat, Furlan, Gehrmann,
Herzog, Lazopoulos, Mistlberger 2016]




Effective Field Theory (EFT)

Higgs plus jet production o % g9999)

IS sensitive to new physics. g H

EFT description is not good e,
when pr ~ 2my

High dimension operators contribution are important.

4
1 1
Leg = CoOg + —5 ZCZ'OZ' + O (_4)

T i—=1 g
\ O, = HTr(G,YG,LG 1),
. . Oy = HTH(D, Gy DPGH)
Dimension-7 operators ° f(D, G )
Os = HTr(D*G,,D,G"),
Oy = HTx(G,,,D? D, G").



Goal

Compute two-loop Higgs amplitudes with dim-7 operators
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Eeff—CoOo+—QZCO +O< 4)
|_| my ] My

EEmEmnE Q000Q00Q, Og :Htr(Gz)
QQQQQQQ HTe(G,Y GG,
HTY(D, G, DG for pure YM
HTx(D*G,,D,G"),
(

04 — HTr(G,,D"D,G") .

This provides the two-loop virtual amplitudes for the top
mass correction in EFT.



Form factors

Higgs amplitudes are equivalent to form factors: H 999999@
EEEENI _Q_Q_Q_Q_QQQ/

F@-n:/d%e_iq'm(pl,.--,pn\Oi(fL’)!@ %QQQQ

Op = tr(G,, G"™).
01 = tr(G,VG LG M,
Oy = tr(D,G W, DPGH) .

L inear relation:

1 1
Oy = 58200 —4gym 01 +20, —Pp Fp, = 5612 Fo, —4gvm Fo,




Theoretical motivations



Feynman diagram?

. Feynman diagram method works in
| principle, but the complexity grows

extremely fast with increasing
number of external legs / loops.

n 21 3 4 D 6 7 3

# of diagrams || 4 | 25 | 220 | 2485 | 34300 | 559405 | 10525900




Surprising simplicity

HV (Maximally-helicity-violating) amplitudes: [Parke, Taylor '86]
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Surprising simplicity

A more non-trivial example of two-loop amplitudes:

Six-gluon MHV amplitudes in N=4 SYM

\

AN = + Mahy more.

[Del Duca, Duhr, Smirnov 2010] a heroic analytical CompUtatiOﬂ



[Del Duca, Duhr, Smirnov 2010]
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1 1 1 1 1 1
SH(O0u)H (1,01 —— ) + ~H (0;u3)H (1,0,1: — ) + ~H (0;u) H (1,0,1; — | —
4 V132 4 V132 4 V213
Y 0w 2 (1,01 ) = 2wy 2 (1,00 =) + 2 0sug) 1 (1,01, ) +
< u R u L < u L
4 y W3 sy Uy Ly Vo13 4 s U1 s Uy Ly V931 4 y W3 sy Uy Ly V231
Y i) (1,01 =) = 2 0wy 2 (1,0, =) = L (0sun) e (1,0,1: ) +
L u L u B u L
4 s W1 y Uy Ly V312 4 s U2 y Uy by V312 4 s W1 sy Uy Ly V391
1 1 1 1
“H (0;uz) M (1,0,1 ) + H (0;up) H (1, , ) H (05 us) (1 1,1, -
4 V321 V123 V123

1 1 1
H(0;u1) H (1,1,1,— +H(0jug)H (1,1,1; — +H(O;u1)7-t<1,1,1, ) -

V23 V23 V312

1 3 3 1
IMOuﬁH(LLl;—— 2 (000@,——)——% 0,0,0, 1; >—

12 2 U123 2 U231

3 1 1 1 1
—H <0,0,0, 1; —) 3H (0,0 0,1 —) 3H (0, 0,0,1; —) —3H (0 0,0,1; > —
2 U312 132 V213 U321
1 1 1 1 1 1
'y <0,0,1, 1; —) —ZH <070,1,1, —> —ZH (0,0,1,1; —) -
2 U123 2 U931 2 U312
1 1 1 1 1 1
-H <07 1703 17 —> --H <O7 1707 17 —> --H <07 15()’ 17 —) +
2 U123 2 U231 2 U312
1 1 1 1
-H <0, 1,1,1; —> + -H (0, 1,1,1; —> + (3H (0 )+ (3H (0 UQ) + (3H (O u\;)
4 123 4 V132
5 5 1 1 1
SGH (Lur) + 5GH (Luz) + CSH(I u3) + C37'l + —C37'l I, — )+
2 2 u1 U231
1 1 1 1 1 1 1 1
—@H(L——)——H(LQ&L——)——H LQ&h——)——H 1,0,0,1; — | +
2 U312 2 U123 2 U231 2 U312
1 1 1 1 1 1 1 1 1 1
—(3H (1; —) +-C3H <1; —> +-=(H <1; —) +-C3H <1; —) +-=C3H (1; —) +
4 V123 4 U132 4 1213 4 V231 4 U312
1 1 1 1 1 1 1 1
L <1;>+7—l (0,171,1, >+ H<0,1,1 T >+”H (0,1,1,1;>+
4 V321 4 V213 V231 4 V312
1 1 1 1 1 1 1
—H(QLLL——)+—H 1,0,1,1; — )+ H(lQL,——>+—H<LQLL v
4 U321 4 V123 4 V132 4 V213
1 1 1 1 1 1 1 1
_H<170»151;—>+_H<170»1717 )+ H( ) 711—)+_H <1,150717—>+
4 1931 4 v312/) 4 V321 4 V123
1 1 1 1 1 1 1 1
“H <1, 1,0, 1; —> TS <1, 1,0, 1; —) +oH <1, 1,0, 1; —) EY) <1, 1,0, 1; —) +
4 V132 4 213 4 V231 4 U312
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1 1 3 1 3 1 3 1
“H <1, 1,0,1; —) T2 (1, 1,1,1; —) 2% (1, 1,1,1; —) + 2% (17 1,1,1; —)
4 U321 2 V123 2 U231 2 U312
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Result can be remarkably simple

17 pages — [Goncharov, Spradlin, Vergu, Volovich 2010]

3 2 4

2
_ l_. 1 [ 1 T ™
Y | La(wf ;) = S Lig(L = 1/ui) ) - Y " Lig(1—1/u; Sy LR R

i=1

which is a single line of only classical polylogarithms!

—® require advanced mathematical tools: "Symbol”



Why so simple”

Many examples show that the final result can be put in a
form which is tar simpler than the intermediate steps !

Surprising simplicity —> Hidden structure

“Theoretical experiment”:
looking into the theoretical data, and try to find hidden
structures



A toy model

N=4 SYM theory : -> QCD’s maximally supersymmetric cousin

1

5
9y M

where all fields are the in the adjoint representation of the gauge
group SU(Nc).

[ —

Tr(F},, F"") + fermions + scalars

Exactly solvable in planar limit!

£lecion stwt

Ising model

SRINRY
HHT
SRINRY

B o0

1!
i
11

NNNNNNNNN



Hierarchy of simplicity

planar N=4 sYM
N=4 sYM
sYM
massless

massive

Lance Dixon 1105.0771

e



N=4 SYM

Techniques first developed by studying this toy model
are used in general theories such as QCD, e.g.:
BCFW recursion relations, unitarity on-shell method.

Are there direct connections between the two theories?

?7

N=4 SYM — > QCD




Maximal Transcendentality Principle

N=4 SYM < — QCD

Maximally transcendental parts are equal between two theories!?

Transcendentality

Function

degree
2/3, /2 rational function 0
T Log(x) 1

Riemann zeta value {(n) Polylog function Lin(x) N



Known examples
I

N=4 SYM «—> QCD

* Anomalous dimension of twist-2 operators

N—1 QCD [Kotikov, Lipatov, Onishchenko, Velizhanin 2004]
B (J) — fy (])|max. trans

e Two-loop remainder function (kinematic dependent functions!):
[Brandhuber, Travaglini, GY 2012]

N=4 SYM 1/2 Higgs plus 3-gluon
BPS form factor amplitudes m; — o0

e Also for certain Wilson [IN@S  1Li, Manteuffel, Schabinger. Zhu 2014]



Two-loop Higgs to 3-gluon

—-2G(0,0,1,0,u) + G(0,0,1 —v,1 —v,u) + 2G(0,0,—v,1 —v,u) — G(0,1,0,1 — v,u) + 4G(0,1,1,0,u) — G(0,1,1 — v,0,u) + G(0,1 — v,0,1 — v, u) [Gehrmann, Jaquier,
+G(0,1 —-v,1—-v,0,u) - G(0,1 —v,—v,1 —v,u) +2G(0,—v,0,1 —v,u) + 2G(0, —v,1 — v, 0, u)—QG(O —v,1 —v,1—v,u)—2G(1,0,0,1 —v,u) .
£(0,v) Glover, Koukoutsakis

—2G(1—’U 100u)-|-2G(1—1 10 11—, 11)+2G(1—1 1, 1—1 Ou)-{-G(l—z 1—1 0011)+2G(1—1 1—1v 10u)—G’(1—1 l—v —v, ‘1—1 ) 2011]

+4G(—v, —v, 1—1'1—1 11)—4C( v, —v, —, l—vu)—G(OOI—v u)H(O1)—G(0101L)H(01)—G(0 1-—w, 011)H(01)+G 0, y :
-G(0,-v,1 —v,u)H(0,v) — 2G(1,0,0,u)H(0,v) + G(1,0,1 — v,u)H(O,v) + G(1,1 — v,0,u)H(0,v) + G(1 — v,0,0,u)H(O,v) — G(1 — v, 0, 1 —v,u)H (O,
-G(1-v,1,0,u)H(O,v) —G(1 —v,1 —v,0,u)H(0,v) —G(1 —v,—v,1 — v, u)H(0_1)+G( v,0,1 —v,u)H (O, zv)+G( v,1—v,0,u)H (O, 1')+H(1,0 0,1,v)
—-G(0,0,1 —v,u)H(1,v) — G(0,0, —v,u)H(1,v) + G(0,1,0,u)H(1,v) — G(0,1 —v,0,u)H(1,v) + G(0,1 — v, —v,u)H(1,v) — 2G(0, —v,0,u)H(1,v)

+2G(0, —v,1 —v,u)H(1,v) + 2G(1,0,0,v)H(1,v) — G(1 —v,0,0,u)H(1,v) + G(1 —v,0, —v,u)H(1,v) — 2G(1 —v,1,0,u)H(1,v) — G(1 — v,0, —v,1 — v, u)
+G(1 —v,—v,0,u)H(1,v) —4G(1 — v, —v, —v,u)H(1,v) + 2G(-v,0,1 —v,u) H(1,v) + 2G(-v,1 —v,0,u)H(1,v) — 4G(—-v,1 — v, —v,u) H(1,v)
—4G(—v,—v,1 —v,u)H(1,v) + 4G(—v, —v, —v,u)H(1.v) + G(0.0.«YH(0,0,v) + G(0,1 — v,u)H(0,0,v) + G(1 — v,0,u)H(0,0,v) + H(1,0,1,0,v)
—-G(0,0,u)H(0,1,v) + G(0, —v,u)H(0,1,v) — G(1 (1 =v,0,u)H(0,1,v) +2G(1 —v,1 —v,u)H(0,1,v) — 3G(1 —v,—v,u)H(0,1,v)
—G(—v,0,u)H(0,1,v) — 2G(—v,1 —v,u)H(0,1,v) QC D ),1,v) — G(0,0,u)H(1,0,v) + G(0,—v,u)H(1,0,v) — G(1,0,u)H(1,0,v)

+2G(1 —v,0,u)H(1,0,v) —2G(1 —v,1 —v,u)H(1 wu)H(1,0,v) — G(=v,0,u)H(1,0,v) + 2G(-v,1 — v,u)H(1,0,v) + G(0,0,u) H(1,1,v) 1 H
—2G(0,—v,u)H(1,1,v) — 2G(—v,0,u)H(1,1,v) + 4G(—v, —v,u)H (1, 1,v) + G(0,4)H(0,0,1,v) — 3G(1 —v,u)H(0,0,1,v) + 4G(—v,u)H(0,0,1,v) MUItIpIe pOIyLogarlthm
+G(0,u)H(0,1,0,v) + G(1 —v,u)H(0,1,0,v) — G(0,u)H(0,1,1,v) + 2G(—=v,u)H(0,1,1,v) + G(0,u)H(1,0,0,v) + G(1 — v,u)H(1,0,0,v) + H(1,1,0,0,v)

—G(0,u)H(1,0,1,v) + 2G(—v,u)H(1,0,1,v) — G(O,u)H(1,1,0,v) + 4G(1 —v,u)H(1,1,0,v) — 2G(—v,u)H(1,1,0,v) + H(0,0,1,1,v) + H(0,1,0,1,v)

+G(1 -v,1—=v,u)H(0,0,v)+2G(1 —v,1 —v,—v,u)H(1,v) - G(1 —v,-v,0,1 —v,u) + H(0,1,1,0,v) + G(1 —v,0,1 —v,0,u) — G(0,1 —v,1,0,u)

+4G(—v,1 —v,—v,1 —v,u)

_ 3 4 ..
—2|J4 <—@> + Ja (—E> + Ja (—%M — 8> |Lia (1 — ui_l) + Iog—luz [Brandhuber, Travaglini, GY 2012]
L w U v i=1 41
B 2
3 2 4
, l0g< u; 1 5 log” (uvw) 23




Maximal Transcendentality Principle

N=4 SYM < — QCD

To which extend is this correspondence between correct?

Require more two-loop computations.




Two-loop QCD computation

Still a very challenging problem!

* 4-gluon amplitudes known many e e
years ago

o 5—9|U0n reSUHS are Stl” nOt fU”y knOWH, [Badger, Brénnum-Hansen, Hartanto, Peraro 2017]

[Abreua, Corderoa, Ita, Pagea, Zeng 2017]

numerical planar results last year .-

Our problem also involves high dimensional operators.

Strategy:

On-shell unitarity ' [l Integration by parts




-+ Computation

Content



Integration by part reauction

[Chetyrkin, Tkachov 1981]

Integration by part (IBP): / dPly ... dP1, 8% (integrand) = 0

1

Solve a set of linear relations between different integrals.

K
Example:  Ja.a >-—f 4’k :
p " 1, 62) = in—D/z (_k2_|_m2)a1(_(k_|_p)2_|_m2)a2 :O
dPk 93 1
> 0= / i D/ dkH (kﬂ (—k? +m?)@ (=(k + p)* + mz)@)
—  0=(D—2a1 —a)J(a1,a2) —ard(ai — 1,ar +1) Public packages:
020 ] | 0?2\ g | Reduze 2, FIRE,
+ 2m aj (dl"‘ ,a2)+( m —p )a2 ((11,612—'_ ) I_lteRed’ etC

ar» =0

—»  0=(D —2a1)J (a1, 0) +2m?a;J(a; + 1, 0)

(D —2) (D —3)
2m?(4m? — p2?) S0+ 4m? — p? /4D

J(1,2) =

2 Master Integral



Unitarity method

As a replacement of Feynman diagram method:

construct the integrand from physical singularities,
.e. poles or branch-cuts.

[Bern, Dixon, Dunbar, Kosower 1994]

* At one-loop: [Britto, Cachazo, Feng 2004]

= Coox | i | + Cu )<[:+ Cbub + rational parts

need D-dim cut




Unitarity method

Challenges for higher loop QCD:

 need D-dimensional cuts (rational term issue)

* non-trivial to reconstruct full integrand (non-planar)

* need to further reduce the integrand, such as via
IBP (sometimes IBP is the bottleneck)




Try new strategy

IBP for cut integrand

FW oy = Z Friree H A;ree = Z ci Micut

helicities 7 ?

On-shell unitarity ﬁ jll \Integration by parts

e D-dimensional cuts

* NO need to reconstruct full integrand
e |IBP is simplified



Example

' - - p1
P ’ R
Ten Sl : & AN
@ @ — o &L
D2

e [ree by Feynman rules in D dimensions

e Helicity sum via contraction rule: foﬁiggl,gﬂi%trv
—> I
S et =g ¢"p; +¢"p; N=4 SYM
v q-Pi

helicities

* Project to gauge invariant basis

e |[BP reduction

o .
’
oy \ I'n "_
/ ‘*QMW



2-100p 2-gluon

L ' )
Cuts: 0“0 .(': ’ 0“0
(z;> I (b) I (c) | . | (e)
Master integrals:

oo Ex < > P>
(1) (2) (3) (4) (5)

6)

New feature (complication) of form tactor:
‘non-planar type’ cuts appear for colour-planar part.

4

1
Full result = (ZCzMz +t3 Z CiMi) + perms(p1, p2)
i=1 i=5,6



2-l100p 3-gluon

All cuts that are needed:

R %(




Master integrals
OO <) < 0

N\

@@@@@@@Qé}

O <@ < <px
<< (i F1 <b <t

<L <H <> & &

All analytic results are known, given in terms of
2d Harmonic polylogarithms. [Gehrmann, Remiddi 2001]

Thus the results are given in terms of explicit functions.



- Results

Content



Divergence structure

UV divergences

both gauge coupling and local operator require renormalization

IR divergences

soft and collinear singularities from massless particle; universal!



Checks

» Consistent divergence structure: %, &, &, 1

M

UV renormalisation (operator mixing) and Universal IR

19 25 2) §

6. = "33 + o0 Y6, = 3 (new result)

 Reproduce all known results, including the 2-loop Higgs to 3-
gluon amplitudes in the heavy top IImit o, = tr(G,, G*)

* Results satisfy the linear relation: Op = tr(GuG™) .
1, O1=tx(G VGG 1),
Fo, = 54 Fo, —4gvm Fo, Oy = tr(D,GW DPGH) .



Finite remainger

Apply UV renormalisation and IR subtraction, the finite remainder
function can be organized according to transcendentality degree:

4

2).fin 0 2
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1=0
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Degree 4.

'z.(o, l-" l' o' ')03.[0, l-!, l' °( ‘l’z.(o' I-Y' 1' °‘ ‘]'z.[o' l-y‘ 1' °‘ 'l'z.[o‘ 1"‘ 1' °' l]#:.[o, 1“‘ 1' °' ’]‘2.[1-', o‘ 1, o, ’)’z.(l-‘, °‘ 1' o, 'l‘
2¥(1~-x,1,0,0, y]+2%(1~x,1,0,0, 2)~-3H8[(1~x,1~x,1,0, y)]+H¥[1~x,1~x,1,0,2)+2H[()1~y,0,1,0, x)~-2H(1~y,0,1,0,2)+2H[(1~y,1,0,0, x)]~-2H[1~y,1,0,0, 2]+
E(l1-y,1-y,1,0, x]-3H(1-y,1-y,1,0, zz)-2H(1~2,0,1,0, x)+2H(1~2,0,1,0, y]-2H(1~2,1,0,0, x)+2H(1~-2,1,0,0, y)-3H(1~-2,1~-2,1,0, x] +H[1-2,1~-2,1,0, y]+

1
;x’l.og[l-x]’-:l[o, 1-x,0, y]Log[x) +2H[0, 1-x, 0, 2] Log(x)-2H[1~-x, 0, 0, y] Log([(x] +2H[1-x, 0,0, z) Log([x] -3 H[1~-x, 1~-x,0, y) Log[x] +H[1~-x, 1-x, 0, 2] Log([x] -

W[l-xl’!oﬂ[!l-ix’w{!)’*1100[1-11’!09“)’-1!’“9[!1109[1-11*ix’lo![l-rl’*zllo 1-y, 0, x] Log(y]-2H[0, 1-y, 0, z] Log[y] +2H[1-y, O, O, x] Log[y] -
6 z 6 6 ’ ’ ’ ’ ’ ’ ’ L ’

1 1 1
2H[{1-y, 0,0, z) Log[y) +H[1-y, 1-y, O, x) Log(y] -3H[1-y, 1-y, O, z] Log[y] - ;n’mu-xl Log [y] + ;x’mm Log [y] +Log [1-x])* Log [x] Log[y] + ;Mll-xlwlx)’mlrh

1

1 1 1 3 1
3 Log [x]* Log[1-y] Log[y] +Log[x] Log[1-y]* Log[y] -Log[1-y)® Log[y] - ;x‘uuvl" 7 Log[1-x] Log [x] Log [y)* - :Mlxl’l-wl!l’- 7 Log[x] Log [1-y] Log[y]®+ ;mu-n‘wm’-

1 1 1
;x’!ng[x]bog[l-:]- ;n’!.og[y] Log[l-2]+ Ex’bog[l-:]’—:l[o, 1-z, 0, x) Log[z) +2H[0, 1-2, 0, y) Log(z)-2H[1-2, 0, 0, x] Log(z) +2H[1-2, O, 0, y] Log[z] -

1 1 3 1
3H[(1-2, 1-2, 0, x] Log(z) +H[1-2, 1-2, 0, y] Log[z] - ;R’W[l-!l Log[z] + ;n’w(xlwuumu—:l’wm Log (2] - - Log[1-x] Log[x]* Log[z] - ;x’x-om-yl Log[z] +

1 1
;x’wm Log[z] -2 Log[1-x] Log[x] Log[y] Log[z) + Log[x]® Log[y] Log[z] -2 Log [x] Log [1-y] Log [y] Log[z] +Log[1-y]® Log[y] Log[z] + Log[x] Log[y]® Log[z] + 7 Weg(1-y] Log [y]® Log[z] +

1 1 1
5mlx1*mn-=1 Log(z] - 2 Log [x] Log[y] Log[1-z] Log[z] + ;wm’mn-sl Log[z] +Log [x] Log[1-2)* Log[z] +Log[y] Log[1-2]* Log(z] -Log[1-2])® Log[z] - ;x’mm’o
1

1 1 1 b | 3
3 Log [1-x] Log[x] Log (2] - ;nouxl’wm’wowl Log[y] Log[z]*+ 5 Log(1-y] Log(y] Log [z)* - :M(r]’uﬂil’* 5 Log(x] Log[1-z] Log(z])?® - 5 Logly] Log 1 -1] Log(z]®+

1
: Log(1-2)*Log(z])®-2Log[1-x)? PolyLog(2, 1-x] -3 Log[1l-x] Log[y] PolyLog(2, 1-x] +5Log[1-x] Log(z]) PolyLog[2, 1-x] -Log[1-x]* PolyLog([2, x] +Log[1-x] Log[y] PolyLog (2, x] +

1 1
= Log (y]* PolyLog[2, x] +Log[1-x) Log[z] PolyLog(2, x] -2 Log[y] Log[z] PolyLog(2, x] + ;x-ocm’ PolyLog(2, x] +5 Log[x] Log[1-y] PolyLog(2, 1-y] -2 Log[1-y]? PolyLog(2, 1-y] -
x

- | -Log(1-y) Log(y) PolyLog|2, -
'y

“~le+y

“~1l+y

1 1 1
3 Log [1-y) Log (2] Polyleg(2, 1-y]+ o n mm[z. - ]- ;mm’ mm[z. - ]. 5ue(x1’mmn. y] +Log[x] Log[1-y] PolyLog(2, y]

1 x 1 y
Log [1-y]* PolyLog(2, y] -2 Log (x) Log (2] Polylog(2, y] +Log[1-y] Log (2] Polyleg(2, y] + ; Log (2]’ PolyLog(2, y] - PolyLog[2, - -1.y] PolyLog(2, y) + - * Polyog(2, —]-
Log [1 - x] Log [x] nxm[z, ].3x.oq[x]’rolym[z. L]-nxm[z, x) rolyx.og[z, Y ]oin‘nlym[z. L]-m[l-:]m[:] rolyx.og[z, L]-im[:]‘nlm[z, —]l
1-x 2 l1-x 1-x 6 l1-2 l-2 2 l1-2

1”]-t-wn-al Log (2] PolyLog|2, -_1".].

1
3Log(x) Log(l-2) Polylog[2, 1-2]+5Log(y] Log(1-2] PolyLog(2, 1-2)-2Log(l-2)?Polylog(2, 1-2]+ s n"olybog[?. -

x
-1+

3 1 1
3 Log [=])? MM[L - ‘] *3 Log [x])? PolyLog(2, 2] - 2 Log[x] Log[y] PolyLog(2, =] + iw{vl’ PolylLog(2, z] +Log[x] Log[1-z] PolyLog(2, z] +Log(y] Log[1-z] PolyLog(2, =] -

1 z
] PolyLog(2, 2] + — »? nxm[:,
l+v2 6

f‘] PolyLog(2, 2] - PolyLog |2, -

Log (1 -2)? PolyLog(2, =] - PolyLog|2, | - 1og (1 - x) Log (x] PolyLog|2, : ]-iw’[nl’hlrm[m : ]-
-% 2 l1-x

1 l1-x 1

z z
l-x 1 )

3 Log(y] PolyLog(3, 1-x] -5Log(z) Polylog(3, 1-x] +4 Log(y] PolyLog(3, x] - 4 Log[z] PolyLog (3, x] -5 Log[x] PolyLog(3, 1-y] +4Log[1-y] PolyLog(3, 1-y] +3 Log(z] PolyLog(3, 1-y] -
4 Log [x] PolyLog (3, y) +4 Log(z] PolyLog(3, y)] +3 Log[x] PolyLog(3, 1-2] -5 Log(y] PolyLog(3, 1-z] +é4Log[1-z] PolyLog[3, 1-2] +4 Log([x] PolyLog[3, z) -4 Log[y] PolyLog(3, 2] -

1 z z 3 z
PolyLog(2, x] roxmg[z, ] ’ ;x‘ roxyx.og[z, 1—] -Log(1-y] Log(y] roxyx.og[z, ] v - Log(y)? roxyx.og[z. —] - PolyLog(2, y) roxyz.og[z, ] +4 Log(1-x) PolyLog(3, 1-x] +
-y -y 2 1"Y Y

nt
4 PolyLog(4, 1-x) -4 PolyLog(4, 1-y] -4 PolyLog(4, 1-2) -2 PolyLog(2, 2, x] - 2 PolyLog[2, 2, y) -2 PolyLog(2, 2, =) +Log [x) Zeta[3] +Log[y] Zeta[3] +Log[z] Zeta[3] - -



FIiNnite remainader

Simplity via “symbol” for transcendental functions

0P, = gLi4(u) + %Lu (-2 - glog(w)Lig (-2) + % [510g%(u) — 2log(v) log(w)]
2
+ 298 0 og2(u) + 210g?(v) — 4log(v) log(w)] — +Gs — 2Gslog(—g?) + perms(u, v, w)

(2) (2) 7_/\[:4 for N=4 result see:
—P Q 4 = i Brandhuber, Kostacinska, Penante,
Ol 74 Ol 74 Travaglini 2017]

It also appears as a universal function for length-3 operators.

[Brandhuber, Kostacinska, Penante, Travaglini, Wen, Young 2014, 2016]
[Loebbert, Nandan, Sieg, Wilhelm, GY 2015, 2016]




FiNnite remainder
Weight-3 part:

2 U 143 11 9
OGls = (143 ) o+ 3G — g7 los(—u?) + perms(u, v, w)

- u
ngé\[ ‘= (1 — E) T5 + perms(u, v, w)

SN

T, ;:[— Lis (-%) + log (u)Lis < Y

1 2 1 1
— —log(1 — u)log(u) log d + —Lis (—@) + — log®(w)
2 1—u 2

1 —wu

+ %log(u) log(v) log(w) + (u <> v)} + Liz(1 — v) — Lig(u) + %logz(v) log (1 ; U) — (o log (%) :

T_3 function is also a building block appearing in many form
factors in N=4 SYM: Tz = ~(R™)XX¥| - Glog(w

[Loebbert, Nandan, Sieg, Wilhelm, GY 2015]



FIiNnite remainader

Degree 2 to O:

2 2
2 U v , 1 1 5 5 73
QEDE;Q :{ (E + 3 1) [ng(l —u) + 5 log(u) log(v) — 5@] T log”(u) + o log(u) log(v)
23 19 19
+ ECQ + perms(u,v,w)} ~ 36 log(uvw) log(—q?*) — 2 log?(—q?).

@ (119 v = u? 119 1 5
Q51 = (1_8 + " + Yo log(u) + TR log(—q*) 4+ perms(u, v, w)

G0 48T 1 14075
020 79 wow 216

| ower transcendental terms with rational kinematic coefficients
are also identical to the N=4 results.



Content

- Summary and outlook



Summary ",

* [wo-loop Higgs amplitudes with dim-7 operators

e Efficient method based on on-shell unitarity and IBP

e Simple analytic result which provide further
evidence of transcendentality principle
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Outlook

 Form factors with more general operators and more
gluons

* Understand better the maximal transcendentality
principle (more examples)

e Origin of the simplicity?
|s there a way to understand it directly”? Bootstraps??
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Thank you for your attention!
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From function to “Symbol”

Recursion definition of “Symbol™:
dfy, = Zf;g_l dLog(R;), Symbol(f;) = Z Symbol(fi_1)®R;

Some examples:

Function Ditterential symbol
R d R 0
l0g(R) d log(R) R
log(R1)log(R2) logR1 dlogR2+logR2 dlogR1 R1 & R2 + R2 ®R1
Li2(R) Li1(R) dlogR -(1-R) ® R

Symbol contains analytics properties of functions, e.g. branch cuts.



Symbol

Properties:
Ri®..®(cR)®...9Rn = R1®...QR;®...2Rn c=const

R1®...®9(R; Rj)®...QRp, = R1®...QR;®...QRn + R1®.. .QR;®...QRn

Make it easy to prove non-trivial identities, e.g.:

Lis (1 = y)+u2 () ~Lia (2)-Liz ()~ Lz ((1 Y y)> = Log(1-z)Log(1-y)

(r<1landy<1)
Symbol (LHS) = (1—-2)®(1—y) + (1—y)®(1—x)

back to main content
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Gauge invariant basis projection

(gzapu ‘Cut — Zfa p’w

_ ¢'pi +q"p;
f??(piala):Baan(giap%la) g,/;ogiV: Z 858?:77#1/_ Z. . Z

helicities

B®o0 Bg =63, Ba = GapgB”, Gas = By o By

Three gluon case: Two gluon case:
By = A1Co3, Bo=A3C3, B3z=A3C12, By= A1A2A3 By = Cy

where A, = ZPi  SiPk oo (pi - €)(pj - &)
Pi Dy Di - Dk Pi - Dy



UV renormalization

Coupling constant renormalisation:

s 2 (B 2) () oy

Renormalisation constant Z for the operators:

O) —» 71,0} —1+Z( )20 ey = u; log Z

Renormalized form factor: r=gs23" (5) r0
=0
) _ Féo),
FO = g-LpM (Z<1> _ f@)FéO) |

FO = §725 4 g- { (1)—(1+§)@}Fé1>




IR subtraction

Universal IR structure: (Catani 1998]

FU = 1) O 4 p(fin 4 o)
) — [(2)(6)17(0) 4 I(l)(e)F(l) 4+ p@)fin O(e)

where IM(e) = —F(elwi:) (]\;c + @> Z(_Si,fH—l)_ea

1=1
1@ (e) = —% 1M (e)]” - %Iu)(e)
e YET(1 — 2€) | 67 m?
* ['(1—e¢) [ 60 i (5 B ?) NC] I<1)(2€)

ere (¢ 5 11x%\ .,
N2| .
T Ta e [(2 Tt 144) ]




Anomalous dimension

Operator mixing:

(2) (- 0) /1 — o o 19 25 1 1
Fo, (17,27,37 ‘Z(Q)-part Fo, (17,273 )<_2462+126_uvw2

(0) (1—
(19 25N\ o), Fs (17,27,37)
_< 24e2+12e)F<91(1 25:37) - €

o 1 487
F(17,27) :Fgl)(l_, 27) (—— +2log 812 — —) + O(e)

€ 72
: : : 0
Eigen-operators: Anomalous dimension: v =7l Z
Oy = — (O + 89y O1) = —5 920
2——5( 2 T 0gYM 1)——1 0 Z(Q) _ 19 _'_é (2) %
- — s A

1 1 /as\2 ~ O1 24€ 12¢ O1 3
O, = (91+——(—) O,

€ gyM 47




2-l100p 3-gluon

ao-e%(
-

) out( @ ]<_>[ ]g[ i

(3)

Other Mis: <>< iy ><§ ><><><

1
Full result = 5(2M+_25M) + perms(p1. 2. p3)




