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CONVENTIONS

» Light cone co-ordinates:
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» Gauge fields: Canonical A and covariant derivative:
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CONVENTIONS

» Massless spinors:
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» Qutgoing fermions and anti-fermions:
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CONVENTIONS

» Gauge field polarizations
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1 is an arbitary reference momentum. Changing p is equivalent to
a gauge trans.
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INTRODUTION

» Difficulties in calculating the amplitudes in Yang-Mills (Y-M)
theory and QCD. For multileg amplitudes

» Too many diagrams
» Too many terms in each diagram
» Too many kinetic variables

AT, ... ,nT)y=A(1",2%,...,nT) =0

» Pure Y-M MHV (Maximal Helicity Violating) amplitude,
proposed by Parke and Taylor [Phys. Lett. B 157 81 (1985)],
proved by Berends and Giele [Nucl. Phys. B 306 759 (1988)].
: Simple & Beautiful




INTRODUTION

CSW rules (F. Cachazo, P. Svrcek, E. Witten, JHEP
0409:006,2004):

» Analytically continue the MHV amplitude to off-shell. For
off-shell momentum define

Ao = adnd-

7 is an arbitrary spinor. Use this A to construct off-shell MHV
vertices.

» Construct tree level non-MHV amplitudes using MHV vertices
connected with scalar propagator,

1
P2




INTRODUTION

» Advantage: reduce the number of diagrams and the number
of terms for each diagram

» Only in tree level amplitude and one loop supersymmetric
amplitude.

» For one loop non-supersymmetric amplitude, there are some
missing pieces.



INTRODUCTION

CSW rules was first proposed inspired by the considerations in
twistor string theory. To derive them from field theory side

» There were some indirect proof of CSW rules.
» MHV-lagrangian approach to derive CSW rules:

» Paul Mansfield: Propose a framework to deduce from Pure
Yang-Mills to MHV lagrangian under canonical transformation
of the fields (JHEP0603:037,2006). Each MHV vertex come
from one term in the lagrangian

L *[B,B]+L ~"[B,B]+L "f[B,B]+L ~"t*[B,B]---

The vertices in the lagrangian are MHV amplitudes continued
to off-shell.

» Tim and James: explicitly solve the canonical transformation
and point out the missing pieces of the CSW rules is from the
Completion vertices. (JHEP0608:003,2006, JHEP
0705:011,2007.)

» We extend the MHV lagrangian to include fermions and to
SQCD (JHEP 0808:103,2008, JHEP 0812:028,2008.) .



BAsics IDEAS: FOR PURE YANG-MILLS

Gauge field A, = (4, A, A, A)

» Choose light-cone gauge: - A=A =0, p= (1,0,0,1)

> Integrate out the non-dynamical variables A — Light-cone
Yang-Mills—only A and A are left, positive and negative
helicity. But there are still non-MHV vertices left: L=""
(what is MHV vertices)

» Make canonical transformations to get rid of the non-MHV
vertices.

> Collect all the MHV vertices with same helicity configurations
and we obtain MHV lagrangian: the interaction vertices are
the off-shell continuation of the MHV amplitudes.

L *[B,B|+L ~"[B,B]+L ~"Y[B,B]+L ~"Tt[B,B]---



MASSLESS LIGHT-CONE Y-M LAGRANGIAN

L~CY|\/I: Starting from massless Y-M Lagrangian in terms of A A
A A

» Choose a gauge: p- A= A =0, reference momentum
ut = (1,0,0,1) The lagrangian is quadratic in A.

» LCYM Lagrangian: Integrate out nondynamical fields: A. The
fields left are A A. For on shell polarization explicitly:
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A ~ + helicity, A ~ — helicity (outgoing).
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REVIEW: CANONICAL TRANSFORMATION
» Canonical corrdinates: & = (q1,...,qn,P1---Pn)

Hamilton's equations: z= Ja—ff where J = < _OI é )

Poisson bracket: {f,g} = Bzz ng aag;q

{pi,ri} ={aq,¢;} =0, {a,pj} =70

» Canonical transformation:
=(q1,-- s qnsP1--.Pn) > X =(Q1,...,Qn, P1... P),

_ 00X,
J =%k

{Fi, P} ={Qi,Q;} =0,

reserves Poisson brackets,
P {Qza Pj} = 52]

<= preserves Hamilton's equations, 7JJ = J
OP| ¢ | 0P| Oy
Ipjl, 9Qilp  0q Qi | p

= preserves phase space measure/dpdq = /deQ.
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CANONICAL TRANSFORMATION FOR LIGHT-CONE
Y-M

» From R -
Lyt = tr(0A0A — 0ADA)
Canonical Fields (up to constant coeff.):
(A,HA)
» Canonical Transformation: (A4,9A4) — (B,dB) , s.t.

Ly ylA; Al + Ly [A Al = Ly [B, Bl



CANONICAL TRANSFORMATION FOR LIGHT-CONE
Y-M

» MHYV and charge conservation (preserve — helicity fields)

Z/TOI--~nB1"'Bnu
Z/“Oln OBy, By,

B B
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‘B B

» If we can solve these coefficients and then we can substitute
these into the LCYM and we obtain MHV Lagrangian

L *[B,B|+L ~"[B,B]+L ~"Y[B,B]+L ~"Tt[B,B]---

requirements:



CANONICAL TRANSFORMATION
Massless MHV YM Lagrangian: Canonical Transformation
» Canonical Trans. (Cont.):g—le, = %,

DA depends linear on OB

DAY, ) = / Br—=—=2

» B depends on z" only through A in expansion:

L 0Bz, %)

IYpa/..0 = __ 3~ Ab/,.0
0B%(x"°, %) —/d JOA(x ’y)iaAb(xO,g)

from above two equation we obtain:

/ Bz OB (a0, 7)dB (2, 7) = / BEHAY (20, 2)0AY (20, 7)



INTEGRAL EQUATIONS FOR CANONICAL
TRANSFORMATION

From equation:
Lyl Al + Ly [A, Al = Lyj (B, B]

2tr/d3x DA —0719D) A —iv2yg tr/d3x DA[DOTA, Al
b
= 2tr/d3X 0B(0-07'00)B
b

Extract A and use A = f 9B AHB, we obtain an integral equation
_ 5A(y)
AGAY) = [axBeo5g D
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SOLVING THE EQUATION FOR A

Change to momentum space:
. 0A

w1 A — Z/ (3[As, Ag] (27)35% (1 — p2 — P3) = /wagéB;’

23 o b

where w; = p;p; /p; and G j = (pi + - +pj)/(Di + -+ Pj).
» Expand A in B

M= [ TienBy B
n—=272-m

» Substitute this into the integral equation, we have a recursion

relation for Y:
1
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SOLVING THE EQUATION FOR A
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SOLVING THE EQUATION FOR A

We expand HA
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From
/ dB37dB(2°, 2)0B(2°, 7) = / BEIAY 2, 2)0A (2, T)
We obtain a recursion relation for =

n+l-l  r+i-1
=(1---n)=— Z Z T(—,n—r+3,--- ,m—r+1)x
r=2 m=max(r,3)
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SOLVING THE EQUATION FOR A




CSW RULES FROM MHV LAGRANGIAN

» We have obtained the canonical transformation for A and A

» Substituting these into the LCYM and collecting the similar
helicity terms, we would obtain MHV lagrangian:

L~ Y[B,B)+L ~"[B,B]+L ~"[B,B]+L ~""t[B,B]---

the vertices for B fields are the off-shell continuation of the
MHYV amplitudes. This is proved in paper arXiv:0908.0020,
Fu.

» The propagators of B are only the scalar propagators.
Lyt = tr(0A0A — 0ADA)
i

(A(p)A(-p)) = o

This is CSW rule.



EXTEND TO QCD WITH FUNDAMENTAL MASSLESS
FERMIONS

» Massless QCD lagrangian:
1 aw i
L= _ZF‘“'F + iy D)
» Fermions:
¢ =(a",57,87,07)", Y=(BT,at,a",67),

The + denote the outgoing chirality, 1) ~anti-fermions,

1) ~fermions. For massless fermions, helicity=chirality.



LiGHT-CcONE QCD

» LCQCD Lagrangian: Integrate out nondynamical fields: A
and $*. The fields left are A A and o a*. ata™, a"at
always appear together.

Lrcqecp = Lym+Lr
Lym = Lyy +Lya + Ly + Ly
_ 7 t— gt ot
Lp = L. "+ Ly + L "+ Lk
Ly~ = i(@tda +a dat - atdd'0a” —a~ 00 dat)

-
Ly = 1



MAssLESS MHV QCD LAGRANGIAN: CANONICAL
TRANS.

» Canonical Fields (up to constant coeff.):
(A, 0A), (o, aT)
» Canonical Transformation: (A,9A) — (B,dB)
(a*,aT) — (£5,€7) sit.
Ly A Al + Lyi A Al + Lo a] + L[ A, o4
= Ly i[B, Bl + Lz ¥[&,€]

» MHV and charge conservation requirements:
A ~ B---B,
A ~ B---B---B,or B---£5¢T...B
at ~ B...B¢*,
at ~ ¢B---B



MAssLESS MHV QCD LAGRANGIAN: CANONICAL
TRANSFORMATION

» Canonical Trans. (Cont.):(% =

at (2,7 = / d*§ &5 (20, i) R* (i, &)

where RT = §¢* /6a™ is only the functional of A.



MAssLESS MHV QCD LAGRANGIAN: INTEGRAL
EQUATIONS

» Integral equations from canonical trans.:

/E dgfwf[Bb(f)]gng; — [D,¢1A )
[#zuslp@) e = (et BT
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The first for A is the same as in the pure Yang-Mills case.



MAssLESSs MHV QCD LAGRANGIAN: SOLUTIONS

» Solutions for A is the same as in Pure YM case

= Z T12..n By -+ Bp,

= /iRi 2/3 T251,34 f

q

Solving the recursion relations from the integral equations

AT B
Ta-n = (i) P ames ey "2
Y (1---n)=—xY(1---n),



EXPANSIONS FOR T

» The expansion of o™
/Qi (1,967 = Z/ =¥ 1,430 B3+ B
—97¢,3n

Inverse the expansion: using
) ~ ngﬁQ’O‘y Jiz RryQy,zﬁz = J; RiyQyz =

can find a recursion relatlon for = and solve it:
n—2 aas
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SOLUTIONS OF THE CANONICAL TRANSFORMATIONS:
A

We have relation:

2tr[/8A1 1]4—/&1804 —i—/afé
-« - — « 92 — ~
tr [ [ om: 131] L2 / goct+ 2 [ etog
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» We separate 147 = ifl‘fld + i/_lf, A%’ld contains the pure Y-M

part and A¥" contains the fermionic fields. Since the old A2
already satisfies

tr { / 8A11A§’ld} = 2tr [ / 0By 181} ,
1 1
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SOLUTIONS OF THE CANONICAL TRANSFORMATIONS:
A

1) Al has the same solution as in the pure Y-M case.
2) AFZ

2 oo n
sqFp 4 +.d
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MHYV LAGRANGIAN FOR QCD

LYHY  —  Kinetic term
oo n—1
+ZZ/ [VE’*‘umn)@Bz---Bs---Bn_lsn
n=3 s=2 1--n
—|—V1§’_+(1 ... n)é{Bg By Bnqé}f
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EXTERNAL POLARIZATION FACTOR FOR FERMIONS
LSZ:

» Source terms:x*

source for 3+
Lye = R0 'Da* —k 07 'Da”™ + 9 'Da~ky — 0 'Dat k]

» Decouple of the nondynamical fermion component 3 off-shell

at

e |
1/4\[(000p)< gf >

N 21/4\/;5]}(. at

Propagator (aa) = i\gﬁ




CSW RULES FROM MHV LAGRANGIAN FOR QCD

» The MHV vertices can be directly read off from the MHV
Lagrangian. Absorbing the external polariztion factor to the V'
we get the MHV amplitudes. One pair of fermions:

_ ign—2
(12)(23)---(n—1,n)(n1)’
and
o+ E (n—1)* = A(l;‘,2+,...,s N 1)+,ng)
1t n-
s){n s)3
e (s




CSW RULES FROM MHV LAGRANGIAN FOR QCD

Vertices with two pair of fermions:

ot (s—1)F

(s41)st1

12)23)-(n1)

X <(1 s)(s+1,n) + Ni(s, s+1)(n1)

c

= A(1212+ . ._SQS(HUZSH o
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CSW RULES FROM MHV LAGRANGIAN FOR QCD

» The propagators for fermions is just like bosonic scalar
propagators.



TREE LEVEL 3-POINT (+ + —) AMPLITUDE FROM
COMPLETION VERTICES

1) Normal MHV vertices (with two “-" helicity) can not produce

(— 4+ +) amplitude in (— — 4++) signature or complex momentum.

2) The original amplitude is defined by A fields. But the MHV

Lagrangian is in B fields. They are different by canonical

transformation (translation kernel or completion vertex).

3) LSZ:Amplitude A(— + +) ~ l2im0 E{ Ef ESpip3pi(A1 Az As)
1+ 1+ e 1+



TREE LEVEL 3-POINT (+ + —) AMPLITUDE FROM
COMPLETION VERTICES

A(17,2%,3%)

g 09011 111, 111_,
=L p?pipi{ — ST(123) — = —=2%(231) — = = =2%(312

\/§ 12 3{]9%]9% ( ) p%p%Q ( ) p%p%?) ( )
g B )

V2(23)\1 2 3

. 1 23
=igV2—={23} = ig—— >,

9V253123) B2

The translation kernel has on-shell sigularity by itself.



SUMMARY AND DISCUSSION

» By explicitly solving the canonical transformation, we obtain
MHYV lagrangian and prove the CSW rules directly from QFT.

» It is straightforward to extend this calculation to more than
one quark fields.

» We show that the 3-point (— + +) comes from the
completion vertices.

THANK YOU!
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