(Geometries for
Possible Kinematics

Chao-Guang Huang
Institute of High Energy Physics, CAS

In corporation with Y. Tian, X.-N. Wu, Z. Xu and B. Zhou

Seminar @ USTC
Apr. 7, 2011



Outline:

I. Introduction

II. 22 Possible Kinematics

III. Geometries for All Possible Kinematics
IV. Relations and Classification

V. Concluding Remarks



Outline:

I. Introduction
II. 22 Possible Kinematics
III. Geometries for All Possible Kinematics

IV. Relations and Classification

V. Concluding Remarks

1-2 Geometries for all possible Kinematics Introduction



1-3

Universe vs Multiverse

e Universe:

The totality of everything that exists.

e Multiverse:
The set of multiple possible universes that together

comprise everything that exists.
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Tegmark,s ClaSSiﬁcatiOn (astro-ph /0302131, in Science and Ultimate Reality)

e Level I: Beyond our cosmological horizon

Chaotic inflation = infinite ergodic universes.

(Physical laws & constants are the same in each U.)

e Level II: Universes with different physical constants

Level

Level

[II: Many-worlds interpretation of QM (Everett)

[V: Ultimate Ensemble (Tegmark hypothesis)
All universes can be defined by mathematical structures.

They may even have different physical laws from our
observable universe.

A possible math. structure for the multiverse.
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Foundation of Physics

Law of Inertia:

A body will preserve its velocity and direction un-
less it is acted upon by an external unbalanced
force.

The body moves uniformly along a straight line, 7.e.

| | | dr!
vt =z +v'(t —ty) with v’ = d_a; = consts. (1)
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(Q: What is the most general transformation which preserves
a uniform motion along a straight line?

UHIOV (Physik. Zeit. 11 905 (1910)), W€y1 (Mathemathische Analyse des Raumproblems (1923)),
FOCk (The Theory of Space-Time & Gravitation (1964)), HU.&, (Starting with the Unit Circle (1982)),

. (Class Quant Grav 24 4009 (2007))
Guo, Huang, Tian, Xu, Zhou,

The most general transfs. to preserve Eq.(1) are the linear
fractional transformations:
AP 171V + gt
T: [Tt ="E € PGL(5, R 2
e 5. (2)
where A = {A",} a 4 X 4 matriz, a,b 4 x 1 matrizes, d € R
and b' = nb with n,, = diag(1, —1,—1, —1).
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Generators of IM(1,3) = PGL(5, R) group

Guo, Huang, Wu, Zhou (Sci China: PMA 53 (2010), 591)
There are 24 independent generators.

They are, in terms of Beltrami coordinates,

3 rotation generators

1 .
Jz’ — 562-‘7]{(1‘]'(9]{ — :ckc?])
2 indep. time-translation generators among 4 kinds
H = 0, H = —v*tztd,, H* = 0, F v*ta"0,; (v = %)

2 indep. sets of space-transl. generators among 4 sets

P, .= 0;, P = —1_251;2-:1;“@#, P =0 F Z_Qxix“@#;

(4
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2 indep. sets of boost generators among 4 sets

K; = t0; — ¢ *,;0,, K =10, Kf = —c?2;0;,
N; = t0; + ¢ *x;04;
and
Ri; = Rj; = x;0; + x;0;, (1 <J)
My =t0,, M, =z, My=2°0y, M;s=2z05

IM(1,3) contains different kinematics & thus physics, e.g.
o {H*, P*, K;, Ji} span (0%);
O {H — %(H+ -+ H_),PZ' — %(PZ—I_ -+ Pz'_)7 Kz’; Jz} span p;
e {H P, K/ = %(KZ + N;), J;} span g.

1-8 Geometries for all possible Kinematics Introduction



1-9

Are there any more kinematics?”
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Inﬁnﬁ-Wigner Contraction (PNAS 39 (1953), 510.)

“Classical mechanics 1s a limiting case of rela-
tivistic mechanics. Hence the group of the former,
the Galiler group, must be in some sense a limiting
case of the relativistic mechanics’ group, the repre-
sentations of the former must be limiting cases of
the latter’s representations. --- the inhomogeneous
Lorentz group must be, in the same sense, a limit-
ing case of the de Sitter groups.”
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with
g=Vrd Vy
and
Ute) = (é 5OI> “;fz
When € # 0, det |U ()| #0, ¢’ = g
When € =0, det |U(e)| =0, g — ¢’
I

a new algebra
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Possible Kinematics (Bacry & Lévy-Leblond, JMP9 1605 (1968))

Theorem: Under the assumptions that:

(1) space is isotropic (rotation invariance);

(2) parity and time reversal are automorphisms of the
kinematical group;

II-H—-HP—-PK—-K,J—J
©®:.H—--HP—->PK——-K,J—J

(3) inertial transformations in any given direction form a
noncompact subgroup, ~— 0, p, p'. n, g, ¢, ¢ & s

then there are erght types of Lie algebras for kinematical

groups corresponding to |eleven| possible kinematics.

azlza p, bi(p,j:)a ny, g, g,a ¢ & s
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They form a cube:
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Bacry-Lévy-Leblond Contractions:
Speed-space contraction

P—ecP, K -—cK, €¢—0;
Speed-time contraction
H — eH, K —-eK, ¢e¢—0;
Space-time contraction
H—eH, P — eP, e — 0;
General contraction

H—eHd P—eP, K-—eK, €—0.
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In B coordinates, IW contraction realized by limit process.

By the contraction of the generators of 04, on one end

p: H= lim H-, P=1m P:, K, J, (7)

[, — 00 [, —00

and on the other

Oy T u,?t:c“@u O F I 2:1:@-:1:“5’“
| |
/ : Z% + / : Z% +
Po H :::ZIIH%)Z—QHT, P :::ZhI%Z—QPT, K. J. (8)

—V2t513’u8’u — 1_2:1:@-:1:“(3’“
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po: — the 2nd Poincaré algebra

:Pz'/> P],] =0, K, KJ — _C_Qeijk‘]kv [Pz'/> Kj] — C_2H,>
:Hla Pz,] =0, [H,> KZ — P,> [‘]27 H/] =0,

:JZ-, Pj/] — Gijkpléa [J’ia Kj] — Ez’ijka [Jz‘, Jj] — Eiijk
in comparison with p

P, P =0, K, Ki] = —c %eijp i, [P, K;] = ¢ °H,
H, P =0, H,K;| =P, Ji, H| = 0,

Jz; Pj] — eijkpka Jz; KJ] — Eiijk, Jz; Jj — Gijkjk.

Note: H" and P/ do not generate translations!
p, po: same algebraic relations, different physics & geometry!
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More Results:

H*= lim H-, P= lim P—,

Cry lp—00 Cry lp—00
v fixed v fixed
K’= lim K,(or N,), J,
Cry l—00
v fixed
l2
+tH" =+ lim H, P'=4 lim P,
Cr, ZTHO Cr, l,,a—>0
v fixed v fixed
e o G ;
K= lim <K,(or —<N,), J,
Cry b —0 ¢ C
v fixed

a running parameter of dimension LT .
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H= lim Hf, P= lim P-, N, J, (11)

[,,—00 [,,—00
2 2
—H'=+1lim -H, P'=41lim -P* N, J.(12)
l,—0 [ [—0 [
2
H = lim H*, P* K° = lim 2K, J. (13)
c,—0 c,—0 ¢
2
LH = lim SHY P* K= lim K,, J, (14)
Cr— 00 C?“ Cr—00

Geometries for all possible Kinematics Kinematics



2-20

H= lim Hf, P= lim P~
Cr, lp—00 Cr, lp—00
v,—0 v,—0

K= lim K, J,
Cry l—00
v,—0

H = lim Hf, P = lim P,
[, —00 [, — 00
c,—0 c,—0

2
K= lim -K,, J,

[,,—00 CQ
c,—0

2

H = lim —H' P= lim P

l,,c,—00 I/ [, Cc,—00
Y /r. Y
Vfr*_>oo Vf’n_>cx>

K= lm K, J,

l,,c,—00
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g2 :

, v
+ lim —HT P = ' L
e =+ lim —L4P*
Tl ) Uy cr, l,—0 l2 )
Vy— 00
2
lim —K.. J
el 9 T 9
il € "
y
y Y
+ lim —H* / .
lim —5H, P'=+ lim ZP*
B~ . lr_>0 12 )
Cr—00
lhm K, J,
C;:QO (19)
lim N ' — ' 5
o Hr : P =4+ lim _TPi
I/r—>0 ZT7C?“_>O l2 "
: v, —0
; Y
lim —K ' ¢
. 5K, (or — lim —
ik iy e T (20
v, —(
Kinematics



In summary, except static ones, there are 22 10-parameter
kinematical (including geometrical) algebras with respect to
the same s0(3) generated by J. 9 more than the possible
algebras in BLL paper (11 - 1 static +3 geometrical)!

They may also be obtained by the combinatory approach.

(See: Guo, Huang, Wu, Zhou (Sci China: PMA 53 (2010), 591))

They are listed as follows.
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Algebra Symbol Generator set H, Pl [H,K] [P,P] [KK] [P, K]
dS oy (HT, P/, K,;,J;) 2K P 172 —c 23  c*H
AdS 0_ (H=,P; ,K;,J;) —2K P —172J —c2] c?H
Poincaré pp2 {(]Ij,’ 1:1;’&," II%; :]]Zl)} 0 P 0 —c™2J c ?H
Riemann t (H—, Pj’, N;,J;) —12K P AN | c2J c ?H
Lobacheuvsky ( (H*,P; ,N;,J,) 2K P —1723 ¢2] c ?H
Fuclid :2 (([Ij” 1:1;’&," NNZ; :]]Zl)) 0 P 0 c2J —c ?H
Galil v 0 P 0 0 0
aret g2 (Z)P:E);)I:[éc; 7':}]?,)
Carroll cc2 (<H’, Pi’., Kig, Jz)) 0 0 0 0 c ?H
) 1) 1%
ng (HT,P;,K?,J;) 2
NH_ g (H+,P;,K§,Ji) r°K P 0 0 0
n_ (H_,Pi,Kg,Ji) )
NH _ s (—H‘,P%,I&E,Ji) —v°K P 0 0 0
o g (H',P,K?,J,) 9
para-Galilet g, (H,P, K¢, J;) K 0 0 0 0
b+ (H7 PTF?KCWJ?J) 2 —2 —2
HN v v K 0 [—=J 0
+ b+2 (HlanaKgaJZ) g ‘ "
h— (H7PZ_7KC7JI) — )
HN_ - (CH.P- K% 3, —?K 0 —172J 0 ¢ *H
) 71991
. 5 (H°, P}, K, J;)"
Static 5 (H®,P;,K?,J;) 0 0 0 0 0
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They fail to be put in 2 cubes with a common apex. (Huang, Tian, Wu, Xu, Zhou, arXiv: 1007.3618)

l,v,>0

ol
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Instead, they may be put in the figure.

c.,l >0

r>-r

v=v=cUl/l

c.,l,v—>w©

r>vrs " or
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Contraction of Geometries

Well-known Examples:

[ — o0

[ — o0

¢ — 00

c— 0
| — 00, c — 00,c/l fixed
| — 00, c— 00,c/l fixed

dS, AdS
Riem, Lob
Min
Min
dS
AdS

A

Min
Fuc

NH,
NH_

What about else?
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Example. Geometries for the second Poincaré algebra
Metrics, metric-inverses, connections of (A)dS, in B coord.:

1 n ,{UV)\ﬁﬁx)\ y
ds? = pe: (77/“, 4 = P ) dxtdx”, (21)
o\" . o o O B,
% — 0, (77 T l?“ L L )8ﬂf’u 85131/ (22)
5)\ VK _|_ 5y K
FZ\V _ __( 77 77,“ ) (23)

lQ:I: ?

where

oF = 1T 1 naaz > 0. (24)
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In the limit of {, — 0,

0 < l’of = Fnuxa’ = Fx -z (25)

Metrics, metric-inverses, connection of (A)dSs reduce to

Pos _ 42 (z-dz)* — (2 - z)(dx - dx)
g - 2
(x - o) < 0
i, = 4o - )00, for x4 =
A (5)\77% + 5y77;m)

Pot = XX
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They satisty
a) |g|=0, and  |h[=0;

b) when and only when V& € po C T'M,
LeG = G & + G0 0E" + 93,0,6" =0,
L&’hiw/ _ hi/w,)\fA o h:l:/”\@)\gl/ o h:I:AVﬁ)\g,u _ O,
[[’6’ V] =0

are valid simultaneously.

3-30

R’u — ::l_Q(gVi)\ég o gyiaéﬁb% R,LW — ::31_293;.

UNO
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When - x <0,
M*™ =150(1,3)/ISO(1,2) = R x dS3

On dS3, 3 Beltrami translations:

2

HT = ¢0.0 — 01_22025025 = CTKg,

3P; — 622 — Z_ZZQZﬁaZB — —Z_lJQ,
SPg — 823 — Z_Q,Zgzﬁazﬁ — l_lJl,
0 1 2

where 2V = [L, . 22 =L, 23 =L are 3d B coordinates.
23 23 73

B spatial SO(3) isotropy at each point,
though 3 algebraic SO(3) isotropy.
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When x - x > 0,

M~ =ISO(1,3)/ISO(3) = R x Hs.

On Hj, d Beltrami translations:

SPZ-_ =0, + 1722270, = %KZ

1 spatial SO(3) isotropy at each point.
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e, 1, v—ONY ==/l

ol
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
2
. : . d
t Riem gftiem — L—I— ((d:c cdx)g — %) (4, 4) (+,+,+,+) No
g "o g
Lob 1 (z - dx)%
[ Lob g = —— | (dz-dz)gp + —5— (4, 4) (+,+,+,+) No
o [“og
LBdS 1 (z - dx)3
( LBdS = -——— | (dz-da)g + —5—E (4, 4) (=, +,+,+) No
s [“op
¢ Euc g"”"e = (dz - do) g (4, 4) (+, 4+, +, +) lp — oo
2
gP2 — 2@ o)pldz-dr)p — (z-d2)g
(z - )}
e2 12 hp, =1 % z)p (z"0,) (3, 1) (+, 4, +54) Iy — 0
I A L (5251/& + 55\5'“&)33/1
Eopv = (x - x)g ,
gEQ_ _ 2 (x-x)p(dr-dx)gp — (z-dx)g
_ 2
. (x - x)E2
€2 EQ— hEQ_ = -1 (CE : CU)E (x“@u) (3a 1) (+7 +a +; _) ZT — 0
foa (8700w + 0, 8,k)x"
Fa— py (z-x)p
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
2
0_|_ dS gdS = L‘i‘ (dmdm—k%) (47 4) (+7_7_7_) NO
o "o
S BdSL gBdst = L (dw - dx + %) (4, 4) (+, 4, +, +) No
o ’c
2
o AdS gAdsS = L (dw dx — ("Cg—df)) (4, 4) (+, = — — No
o "o
2
o_  DTds gPTaS = _ L (gg. gy — (2 d2)° (4, 4) (4,4, = —) No
o "o
p Min gM™m — dg . dx (4, 4) (+, —, —, — l, — oo
gPQi 172 (- dm) — (x - m)(dm - dx)
(x - :13) (+ L
po Py hp,, =1~ (:B-:c)(:cuau) (3, 1) 0 l, -0
K ( ) Y 7+)
r by (5M771//-s + 5;/ num)m
Pot pv T - T
ngz— 12 (z - dm) — (x - oc)(dac dx)
(z - x)?
P2 EP;_ hpp, =1"%(z-x)(x"d,)? (3, 1) (5 4 +5+) lr — 0
by . (5unum + 5,/ num)xm
FEPz_,U,V - T - x
(z - x)°
po DT Py hprp, = —l—4(:c ca) (@ 0),)? (3, 1) (+, = = +) lr — 0
A A K
r by o (5'u77vm + 5,/ num)x
DTP2_|_[,LV - xr -
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
gNHZlZ = (alil:)_?.CthQ
hNHj::—afFé”@zﬁj I e s oo
2 Ty =T
n:l: NH:': FNH:I:SOZZI:% (17 3) (+;_7_a_ V:CT/ZT
co, finite
r io=T R A Ay,
NHto; = "Nt o = g d
gENH:l: — (0-2:)__'202dt2
h’ENHj: = O’lil:(szjaiaj
2 ly,cpr — 00
ny  ENH4 Tpnm,? =+2t (1, 3) (+;+, +,+) v=cp/lr
00 coq ) finite
r i =T =gt
’
gNH+ = —(Ji)_2c2dt2
— +51789.9.
h’NHfi_ = —o] 5”8@83 L s
2 T ™
n NH! r..,0 _ 2t (1, 3) (—; 4, +,+) v =cp/ly
NH+ 00 CO—IT finite
. . 2 .
1—1 , (2 — 1—1 , (2 — vt 5'1/
NH—i— 05 NH+j0 cai_ J
’
gENH+ = (U;i:)_QCth2
— +8579.9.
hENHji_ = —0, 88,0 L — oo
2 T s
n ENH! r L0 _ 2v0t (1, 3) (+;+,+,+) v =cy/lr
ENH—i— 00 cai_ finite
1—1 , 7 — 1—1 , 7 — v-t 61
ENH+ ; ENH+j0 CUIT J
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Geom. Geometrical (g, h) : Contrac-
Alg name variables Ranks Signature tion
gNH2 _ |2 (x - d:c)2 — (- z)(dx - dx)
4 (Zw 'Qw) 2
hng :l_w-m{u_a —(w“@)] lyyer — 0O
n o N Hy 2 R (2, 2) T T
FNH20 1—‘]\71_1210——w':c finite
i 5 :13 —|—5k:13
I'NH, ik T @
gNHé _ 2 (- d:c) — (@ - w)(dm dx)
(z - x)°
h’NHé :l_4:c-:c{y_28t2—(a;“8u)2] ly,cr — 0O
no NH, i (2, 2) (+,+;+, —) v =cp/lr
U'Na? 0 =Unpr 0 =% finite
204 720 r-x
- 5 :13 —|—5k:13
NHégk: - T - x
gENHz _ 2 (¢ - x)(dx - dx) —(a: dm)
(z - x)”
heng :l_4az-az[y 2824—(:8“8 )2} lyryer — 0
n_p  ENH, 2 o (2, 2) (4,454, 4) v =cp/ly
PENHQO FENHQrLO__ww-w finite
r i 57’:1; —|—5k:c
gDTNH 12 (x - d:c) — (x - m)(d:c dx)
(z - x)”
hprnug =1z = {V 202 + (:1:“8“)2] lr,cr — 0
n_o DTNH2 0 0 7 (27 2) (_)_a+7+) V:CT/ZT
I'DTNHy, = FDTNHQ i =~ T finite
FDTNszk:_ T =
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
2
j‘L_’E, 3 I"og, 3
_ 2
hHN:l: = aE’380t
h:l: HNZl: T 0 X (3’ 1) _a_a_;+) Cr — 0
HN4,. = 'HN4 o = :Flg ¥
. E,3
2 T 7
. i - 5Jm + 0 x
+ 2 _+
Jjk l R 3
2
EHNy _ _ 1 do - da (a;. dx)
Uf, 3 E,3
hpaNy = og 395 |
b+ EHN 4 r r 0 g (3, 1) (+,+,+;+) cr — 0
EHNy o = VEHNy = T3 T
E,3
i _k i _J
FEHNii = :Fajmg _E_L(Skx
Jjk l °F. 3
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
/ 2
g"™N= = 1 e de 4 (Zd2)°
%E, 3 "og 3
_ — 2
hyn' = =0, 39
LNy =Tgn/ T 2.
— 0% — 40 °E, 3
i _k i
HN' o=
—Jk %E,3
2
gPTHN _ 1 | g0 o 4 (- d®)
°E,3 "og 3
hpTHN = —0 5 500 _
h— DTHN r 0O _p o _ (3, 1) (+,— —+) cr — 0
DTHNQ; — +DTHN ;0 — l2 —
o
. . . 3
i 5;xk + 52:13‘7
U'DTHN ji, = 5
l (;E’_E’
/ "o
/ / gE - 212 23 dt2—|—d33d33
e E Vot t (4, 4) (4, 4+, 4+, +) Cr — 00
—%m : dmdt}
P’ 1 [Pog e g
g — — ax - dx
p’ P’ 22 | 2 (4, 4) (+, —, —, — Cr — 0O
—|—%w . dwdt]
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
gC = 2di?
g lyycpr — 00
g G h(i = —6”8183 (1, 3) (+, —, =, —) TVT.T—> 0
FG’/JJ/ =0
i lr,c o)
g EG hpg = 5100; (1, 3) (5 4+, +) "m0
FG,LLV = O
QC = —2da: - dx L oo
c C hc;\ = 92, (3, 1) (—s—s—35+) er 0
FCHJV = O
QEC = dw2 - dx L oo
¢ EC hE)\C = act (37 1) (+7 +, +; +) CTT -0
FCHJV = 0
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Geom. Geometrical (g, h) : Contrac-
Alg name variables Ranks Signature tion
g®2 = —d(z/vt) - d(xz/vt) 2
¢ C h 0 __2 (3, 1) (= = —i+) "
C200 — ~ ¢t Cr o0
¥ _ ¥ _ 7
Fopjo =Togos = 28
9”2 = d(@/(vt)) - d(@/(vt))
hgco, =1 *c“t“xH2¥ 0,0
2 r=v lr — 0
EC 3,1 , +, =+
€2 2 PECQSOZ_% | (3, 1) (+, 4+, +5+) Cr — 00
(2 _ (2 2
FECQjo - FECzo - ct ¥
gBG2 — |2 (x - dm) — (e - w)(dm -dex)
(z - x)”
hgpg, = —1 . w(m“@u)z
EG Free parameter: l:co/\/:c @x (2, 1) (—, —; — lpsep — 0
92 2 ) Y Y v — 00
r 0o _ T 0o _ x T
Gop; — G2 zo :c - T
! 5 x’ —|—5 x’
G245 = T T
gC2 = 12 (¢ -xz)(dx - -dx) — (x - dm)
(x - wg
hg, = —1 . x(xHoy,)
g2 Go Free parameter: l:co/\/a; - @ (2, 1) (+,+;—) ;lj;j C_)T ; 0
(0F3 27,0 a: S i
! 5l:c —|—5 x*
el ij T T
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Geom. Geometrical (g, h) . Contrac-
Alg name variables Ranks Signature tion
7
9% = ~1*(dgp)?
h o = (vt)”“670,;0;
/ / ¢ 2 J Cp,lyp — 00,
g G T /000 = — — (17 3) (_’+7+7+) Uy — 00
ct
2 _ 2 7
Uarjo = Lgr0; = ct53
/
g% =17(d%)?
_ 2
’ / hpagr = (ut2) 5”87;8j Cr,lyp — o0
g EG r S.=—-— (1, 3) (+5+,+,+) A
g ct 1
7 _ 7 _ 7
Varjo =LVgro; = ot il
gG/2 12 (x - dm) — (x - w)(dm dx)
(z - x)
hay = 217 (@ - @)(8:)°
L2 o —1/2 Cr,lyr — 0,
g/2 G/2 Free parameter: [“(z - @) (2, 1) ) 1/: —>7" 0
ro —ro —_"°
GL0i G%io @
' sz’ + 5l
G/2’Lj - .
gEG2 12 (x-z)(dax -dax) — (x - da:)
2 2 (33 ' w)Q
h’EG’2 =c “l"“(x- -x)(0r)
F ter: 12 . —1/2 Cr,lyr — 0,
gl EG) ree parameter (- x) ) (2, 1) (4, 45 4) 1/; —>7" 0
EGY EGLi0 — .
stad 4+ byt
r i _% J
GLij —
2 T - x
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Why so many?

Domain conditions

op = 1+ 1_25Wa:“:c” > ()
op = 1—17%5,a"2" =0

o= 11,2t 20
o~ = 1+ nuata’ =0
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Geometries



v,—>0 @

c,,l,—0
1, —0 v=vz=cll,
c,,l,v,—>0
[, >
¢, 0 ¢ >0 Q
[ — og
" [, >
c,—0
c,,l,—>w
v—0
c,—>x
v,—>0
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el —>w v=v=cll,
v—>0 o, >0
c,—> o o, <0

v,—0
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c.—0

VvV —> 0

¢, 1, v,—>o

rotpo
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Summary
There are 45 geometries in all.
All of them have the same vanishing Weyl projective cur-

vature tensor

1
WA =R, +=(00R,, — 6, Ry (27)

YoV Uov 3

From the viewpoint of DG, these geometries are not all
independent. For example, dS and LBdS describe the same
space-time in different coordinate systems.

7 Q
(dS ot = lg, LBdS : % = l@>
Therefore, the number of independent geometries will be less
than 45.
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% Duality btwn present & time infinity

The geometries for the possible kinematics almost appear
In pairs.

FEach pair are invariant under the transformation

1 ! -
— st — & a 28
12t "t v (28)
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Table 1: Duality of the present and the time infinity

t, ¢t & 1/v%t, o'/uvt t, x* & 1/vet, 2t /ut
Min & P’ Fuc & £’
G & G’ EG & EG
C = CQ EC = ECQ
G2 = /2 EG2 = EG’Q
HN_|_ = Eo_ EHN+ = Es
HN_ & P FHN_ & EP,_
HN' & Py DTHN_ & DTP,,
NH, < NH! ENH, <« ENH!
NH, & NH]
NH_ & NH_ ENH_ & ENH_
ENH, <« ENH, DITNH;, & DTN H,
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From the viewpoint of DG, the independent geometries
are

Riem, Lob, dS, AdS, DTdS, Euc, Min, — 7 known ND

ENH., NH., EG, G, EC, C, — 8 known deg
Fo, EPy_, Poy, B, DT'Py, ENHy, NHy, DT'NH>, EGo,
Gy — 11 new deg

There are 26 1n all.
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% Spatial isotropy

Geom.  Ranks of g&kh  Signature topology
DTdS (4,4] Eprap—

Pyy (3,1) (+,—,—;—)  dS3 xRy,
DTP,, (3,1) (+,— —+)  dSs xR,
ENH, (2,2) (+,+;+,+) S? x R?

NH, (2,2) (—, —;+,—) S? x Rgpt
DTN H, (2,2) (=, —;+,4+)  S*xRE;

EGs (2,1) (+,+;+) S*xR xR

Go (2,1) (—, —+) S*xR; xR¢

They’ve no spatial isotropy though they’ve so(3) isotropy.
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(Riem, d&S)
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The remaining geometries are

Riem, Lob, dS, AdS, Euc, Min,
FENH,., NH., FG, G, EC, C,
EQ) EP2—7 P2—7 EQ—

There are 18 in all.

They appear in 9 pairs:

(Lob, AdS) (Fuc, Min)
(EC, C)  (Es, Es-)

(EG, G)

Geo

metries for all possible Kinematics

— 6 known ND
— 8 known deg
— 4 new deg

(ENHy, NH.)
(EP2—7 PQ—)

Relations



% Geometries with Lorentz-like signature
The geometries for genuine possible kinematics should have

right signature.

Then, only 9 geometries remains. They are

CC > 0 =0 <0
Relativistic dS Min | AdS
Absolute-time | NHy G | NH_
Absolute-space | FEs_ C Py
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The right requirements to pick up the genuine possible kine-
matics should be that

(1) space is isotropic w.r.t. any point on the manifold;

(2) parity and time-reversal are automorphisms of the kine-
matical groups;

(3) the geometry has Lorentz-like signature.

Then, the geometries for genuine possible kinematics are

3 relativistic geometries, d.S, AdS, Min;

3 absolute-time geometries, NH., G;

3 absolute-space geometries Fo_, Py_, C;

and their time dualities, P', NH' , G', HNy and Cs.

In DG, a geom & time-duality describe same geometry.
Hence, only 9 remains.
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