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INTRODUCTION: PARTITION FUNCTION AND
EUCLIDEAN PATH INTEGRAL

» Partition function (canonical ensemble):
Z =Trexp{—BH} = Z(n| exp{—(H }|n) W=—-InZ
n

> In Path integral language:
Minkowski:

Pr=0;
(| exp{—itH}}i) = / " ldespti / arc}

P0=9;

Euclideanize: ¢t — —it, and periodic boundary condition
i = j = n with period 3, trace:

2= {ulexp{-p}n) = [

n ¢0:¢ﬂ

[do] expf / drLe)



Define Euclidean action: I = — deEE

To the leading order, we use the classical solution to calculate
the classical action: Z ~e 12 and W = —InZ ~ I.

For canonical ensembles, W = gF, F is Helmholz free energy.
E=(H)=9F|vnN.

For grand canonical ensemble:

A

Trexp{—B(H — uN} =Y (n|exp{—B(H — uN)}In)
W = —InZ=B(F—uN)=8G~Ig

G is the Gibbs free energy.

These can be used to discuss the thermodynamics of the
spacetime geometry such as black hole. We will use this
formalism to discuss the thermodynamics of the black branes:
Euclideanize the metric and compactify the time direction.
Use the classical action to find the leading order
approximation of the partition function.



BLACK P-BRANE WITHOUT DILATON

Solution to D-dimensional spacetime gravity with a p + 1 form
gauge field:
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BLACK P-BRANE WITHOUT DILATON

» Solution:
__d_ _d_ S
ds? = ALA_PTRAR + AT datdat + (AL D) THp® + pPdQF,
B - r d/2 (s d/2
tl--p  — ry P2 )
_ )
Fptl»..p = apAtl...p = dW,

where Ay =1—7% /pd and 44 = 2.
» Asymptotic flat.

> isometry : Before compactification: .
RxEd—-1)xSO(d+2),d=14+p,D=d+d+2

» horizon: p = ry; Curvature singularity at p =0

> rp =0, flat. 7y =7r_ # 0, extremal.



BLACK P-BRANE WITHOUT DILATON
» Charge :
Qd Qd+1

\[:‘i d(?“+7“_ )J/2 )

If we define Q% = % r_ = Qi not an independent
d Q4. T T+

variable. 7 = 0= Q = 0, “hot flat space”, no charge
» Temperature seen from infinity: 7% = 1/38*

. l+
*_47TT'+ d, ?
= - ,

Ty

L4
4 1_7’
d r

=

Local temperature at p: T'=1/0

B= AVIATTIT g AVZAT




GENERAL STRATEGY

» We put the black p-brane inside a spherical cavity: outside the
boundary is flat space in hot equilibrium (hot flat space). The
black brane and the heat bath are in a thermal equilibrium.
Two kinds of system:

» Canonical ensemble: fix temperature at the boundary and Q

charge.
» Grand canonical ensemble: fix temperature and A potential at

the boundary.
» Path integral of Euclidean action with Boundary terms =
Partition function. At leading order: e~ 2 ~ Z
The period of the Euclidean time =3*= 1/(Temperature seen
from infinity).



CANONICAL ENSEMBLE:BOUNDARY CONDITIONS

Boundary terms:

» Gravity sector:

1 1
I5(0) = ~33 [ dPrViE Ret s /a AP (K - K,

K is the trace of the extrinsic curvature at the boundary. K
is the one for the flat metric.

» Form field sector:
IS(F) = 11/ dPx\/gpF?
E 262 2(d+ 1) Jy E¥d+1
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CANONICAL ENSEMBLE:BOUNDARY CONDITIONS

» Matching with the flat metric at the boundary:

ds* = dr® + dz'dz’ + p*dQ% |, (p>0)

» 7 has the period of § < the same temperature as the black
brane

» the same volume: ' = AP 2 i =

[drzt = [dPzty/det gy,

> the radii for the (d + 1)-sphere in both cases is the same



CANONICAL ENSEMBLE: BLACK P-BRANE PARTITION
FUNCTION

Substitute the solution into the action we find the partition

function:
) < f+>1/2
yANS

/A N2 5
+d <A> +d(AL A2 —2(d+1)
+

V- o
—InZ=1Ip = _Bgmzdﬂpd

» From the definition of the partition function for canonical
ensemble: free energy F'= —InZ/p =1g/5



CANONICAL ENSEMBLE: BLACK P-BRANE PARTITION
FUNCTION

» Since Z = Tre PH E = _TrHe PH _ <<9an)

Tro—PH o5 o We find

Vp,

_ Wi g

Blp)=——53

)

/
(d+2) (%)1 ’ Fd(A D)2 —2(d+1)

which approaches the ADM mass at p — co. From
S = BE — F we have entropy:

—1/2= 55y -5l
G Ar VA Qi g rd 2(b-2)
= ry 1—-— .
2k2

]
» Another way: Geometry determines entropy S = A/4 then
one finds E. We have the same results.



CANONICAL ENSEMBLE: BLACK P-BRANE PARTITION
FUNCTION

I = PBE-S
Vo, | - ALN\Y2 L -
- 72 oo P |([d+2) (i) +d(AL A )P —2d+1)
—1/2— 4 __ - _ ‘i’f
Am VPA*I/? e Q(Z+l d+1 <1 7’d>1 2b-2)
- 5 T - = .
2K ri

> Generalize to nonequilibrium: We fix the 7" (3), V,, on the
boundary and @), and choose arbituary geometric parameters
r4 not satisfying the equilibrum temperature equation 5(r;).
These determine the E and entropy S and hence free energy
F. Notice r— = r_(r4,Q)is not an independent variable.

» The equilibrium should be at the point: (gTF)
+ vaQ:B
can solve 3(r4). The result should be the same 3 we used in

equilibrium.

=0, we



CANONICAL ENSEMBLE: BLACK P-BRANE PARTITION
FUNCTION

(aF)

Ory Vp,Q,8

~ d 02—1—2 r‘z
d+2+<§_27A,) (1_7{1)]

- __d P ’27@&—2)
x | Bd — dmry APA_PPTD (1 = =0,

~

d
drr  AYPA PP

~ T‘i 2(DJ—2)
i(i-2)
+

The same as before.

—__d
= ﬂ _ Ai/2A7 2(D—-2) ﬁ*7



CANONICAL ENSEMBLE: STABILITY CONDITION
We define

d N
x:(r+) Sla B:£7 q:<%) ’
p dmp p
We have r_/ry = Q%*/r2 < 1=z > |q
>
ol .
where f(z,q) > 0.
> At the equilibrium

?Ig b
dx2 oz
b O’I ,
e >0, 3 QE < 0, local maximum, unstable
T T
ab o°I -
e <0, 3 f > 0, local minimum, locally stable
T T



CHARGELESS CASE

b(w
1 -
b(z) = =21 — 2)'/2,
d
bufax T~
3
0 |z Tmaxtg T2 1
1/2+1/d
Pb :71 7~2 /+/ at x :‘~2~
max \/27& d+2 ) max d+2

» b > byax, No black brane, there is only “the hot empty space”.
> 0 < b < byax there are two black brane solutions. The larger
one has 9b/dx < 0, locally stable; the smaller one unstable.

» the “hot empty space” has Ip = 0, globaly stable black brane

IE<0:>:E>xg:‘(lC(zf;)12) > Tmax- b < by

» For b, < b < bmax, the black brane will tunnel to “hot flat
space” .




CHARGED CASE

Analyse 9b/0x = 0,

ob

o
ox 1+

Ny,

)zt —[1+ (2 + g)qQ]»’v3 - 3q2(g - Da? \ 1

- d -
+¢°[d—1+ %ﬁw —dg*
- 0

The discriminant:

_ 2\3 .6 _ - ~ 5 7

A(g,d) = (1+6)q [(=3d(4+d)® +4(d - 1))* = 108822 + d - &*)%¢*(1 - ¢*)]

» g = q., A =0, two solutions merge, . o
critial point. 4 \\

> ¢ < qe A >0, two stationary points.

> q > q., A <0, no stationary point.



CHARGED CASE:d > 2

there is a critical point g,

> ¢ > ¢, there is no solution for 9b/dx = 0, 9b/Ox < 0 for all
lgf <z <1

FIGURE: b decreases monotonically with x when |¢| < z < 1.

There is only one stable black brane solution at all temperature.



» ¢ = q. there is only one point where 9b/0x = 0 or the two
extrema merge. Tmin = Tmax = L 1 his is a critical point with

0%b/0x? = 0.

bq

LA
\

q ze 1

xT

> At the critial point, the reduced specific heat

¢ = 705 _ 95
oT or
1/3
108 1 —2/3
S sas|_ |Troamp L U
T=Tc 3! oz =z, €

Therefore, the critical exponent « is —2/3.



CHARGED CASE:d > 2

> when g < ¢

[ S

bmgx

€1
|

b i
} \
L @1l @9l @3
q

TminTmax 1

T

FI1GURE: The typical behavior of b vs x when there is a phase transition.

» 0 < b < by there is one stable solution

> bin < b < bax there are three solutions, the largest and
smallest are locally stable solution and the middle one is
unstable

> boax < b there is one stable solution



CHARGED CASE:d > 2

q < {qc
> bmin < b < bmax, compare the free energies of the two local
minima: There is a phase transation point by,
» for b < by, I; > I3, the larger one is globally stable.
» for b > by, Iy < I3, the smaller one is globally stable.
» at b =10, I = I3, the larger one and the smaller one could
coexist. This is a first order phase transation.

oo 0081 /
/




CHARGED CASE:d = 1

1
2\ 2 2\ —1
b=ax(l—x)/? (1—22) (1—1) :

9b(z, q) §x4 _ (

—_—

5 3 3
I+ )3+ +Sqte—¢* =o.
Ox 2

2 2 2

15)3(¢> — 1)3¢® 16 16
A(q,l):( )(16 ) [q4—q2+

125 125} <0

» b(q) =b(1) =0, A <0, one maximum in
qg<ax<l.

» 0 < b < b(xmax), two black brane:
smaller— unstable, larger—stable. b

g Ts Tmax@il



CHARGED CASE:d = 2

q T 1 q z 1 q Ts T4 T 1
—1/2

1 1/2 1/2 q2
b == 1-— 11— = .

(2) = 32"/~ ) L

solution to a( 2) 0, py = : [1 +3¢° + \/173} where
B=(1-¢)(1-9¢%
» g > q. = 1/3, no real solution. a( z) < 0, one stable black
brane for 0 < b < b(q).

» ¢<g.=1/3: (1) 0 < b <b(q), one stable black brane.
(2)b(q) < b < b(xy), one small unstable , the other larger
stable.



BLACK P-BRANE WITH DILATON

Solution to D-dimensional spacetime gravity with a dilaton field
and a p+ 1 form gauge field:

Ig = Ip(9) + Ip(¢) + Ip(F),

Iole) = gz [ AUrEE R+ g [ 7y (K - Ko),
1
RO IE— Md% i (- 5(00).
1 1
IC In - dD a(d)¢ F2
E( ) 2R22(d+1)'/M xz gEe d+1
11 ;
53T dP 'z gL ea(dmFummu.udAmuzmud,

212 d!



BLACK BRANE SOLUTION

__d_ _d_ a? g a2
ds* = AyA_P7Pdt? + AP datdat + ATTAZ Tdp? 4 p2A20Q

d/2 d/2
Ap1..p = —je—a¢0/2 |:(T> — (T72+) :| R
Ty p

d/2
— - 2 s (r—ry)
Fptl-np = 8/3Ai1“'p = —1ie U«d?()/ d F)JT,
e—2(06—¢0) — A,
_ 2 _ 4 _ _2dd
where ¢g = ¢(00), and a* =4 -
o2
» Physical radius:;p = p A%
. a2 ol o
> Define re =rind Ar=1-"2=1-2%
p p
iNg3
d
» Temperature:p* = 272+ (1 - = ,
d ol

d _
- 3 _1/d4nr

_ A1/2A 2(d+d) gx _ A1/2A 1/d ~+

B=nY?A_ B YPaTli=t

<1

The same as before except ro — 7y, p — p.

2
d+1’



» We fix ¢ at the boundary ¢,.

» Charge:
Q = \/%H/ea(d)¢FT01---(d—1)@de—1
d a2 ;
= et aT e oy,

We define (Q*)4 = epr/z%Q — (Fypr_)d/2
d
The same form as before except r4 — 7.

» Euclidean action:

BVPQJ+1 - Ay 1/2 N 1/2 B ~
Ig = ——4l5dis( == dl— dAL A2 —2(d+1
B o2 P (A,) + (A+) +d(A D) (d+1)

The same form as the nondilaton case except r+ — 7,
p— p.



» We define: z = (%)

N oy 1
b*lxl/‘z(l—ac)l/2 1- L) ’ 1-L ‘
== " .

They are exactly the same equations as in the nondilaton
case. All the discussions in the nondilaton case can be applied
here with no change only with new definition of variables.



SUMMARY OF CANONICAL ENSEMBLE

> q= 0,
» T < Tmin, (b > bmax) there is no black brane solution.
» Thmin < T < Ty there are two solution: smaller—unstable, larger —locally
stable but not globally stable. Tunnel to “hot flat space”.

> Ty < T, there are two solutions: smaller one —unstable, larger one

—globally stable. T" larger— r larger.

> g>0,d>2
> q > qc, one globally stable black brane. ¢ = ¢, there is a critical point.
» q<qc, T < Tpin or T > Tmax, there is one globally stable black brane.
T greater — 74 larger.

» q < gc, Tmin <T < Tmax: three solutions, the largest and the smallest
ones—locally stable, the middle one unstable. At b:: A first order

transation between the largest one and the smallest one.

> g>0, d=1,T> Tin , there are two solutions: smaller one —unstable,
larger one — stable.
> d=2,
» g > qc, T > T, : one stable solution. T increase — 74 larger.
» 0<q<qe, Tmin <T < T(q): two solutions: smaller—unstable, larger
— stable; T'(q) < T one stable solution.



(GRAND CANONICAL ENSEMBLE

Fix temperature 7', volume V,,, pp, and potential A at the
boundary
» Fix the potential in the local inertial frame:

d/2 A 1/2
A()i...,; = (A+A—)71/2A01---p=e’a¢f’ (:—;) (i) =V2kd,

» Subtract the boundary term of the canonical action<
Legendre transformation.

11
g Ig+77/£) AP~ gy, e (D prranzpa g,
Pom

= IF - BVpQu®



EQUILIBRIUM CONDITION

Equilibrium: g% =0; $& =0 = 3, ®. Define

Q; = (\éii?geaq;/2) ! » T = (&)dvg = 477653 4= (?B;l)d7¢ = ﬂne_a$/2¢
> At the equilibrium, temperature and &:
b=>b(z,q), ¢ = p(x,q) where we have defined

N———
Nl=

1
1 wd(l— )2 g (1-z
_E B 1_1 N 1o Qo(x,q):; 92

(-5’ o

> Solve ¢ = p(z,q) and reformulate b(z,q) in  and @:

=

—(-¢?)al

e b=bp@) =bag = U
_¢J2)

[1
22 1—(1-¢2)z aa
» For a grand canonical ensembel, we fix b, V},, ¢: Given b and
@ we can solve x from the second eq. and this determines ¢ in
the first eq. So we only need to consider when there is a
solution of the second equation.



STABILITY ANALYSIS

i Hon- e T = 9PIp(z9) — —
» stability condition: Define I;; = Dm0, 0 1= Q2=
positive eigenvalues < I4q > 0, Iqq~
det I;;

Equivalent to

dho(z)  be(@) [2— (d+2(1 - 72)] Ca
i 2ol 2= 2] <0=2-(2+d)z(1 - @) <0.




PHASE STRUCTURE

Equilibrium condition:

1 1
_ ST (1_=2).12 5
b= =IO ) 0050 = 2
d(1-@2)2"d d(1—g2)2 d
Stability condition:22(%) < 0 = 2 — (2 + d)z(1 — ¢?) < 0.
» Solve the %zm‘“) = 0: Tmax = WQPW)
>|f 2ig<<p<1y-rmax>l
0<b<by(l).

There is an unstable black brane solution. No

stable black brane solution. It will decay to
“hot flat space”.



PHASE STRUCTURE

— d .
|f§0< my Tmax < 1: bol(e)
|
s |
bg = 2 VI ldd+2)(1—g] ° (05 Timas 7T |
( Lp)max = m [ ( + )( — ¢ )] B 3 }
1 |
1 ( 2 )3 ; |
— . I
\/QCZ 2+d 0 =z Tmax €2 1

» 0 < b < by,(1), there is one unstable solution.

> by (1) < b < bpax there are two solutions. the smaller
unstable, the larger locally stable.

» Since the Gibbs free energy of “hot flat space” is zero, for the
larger one to be globally stable, we need Ip < 0.

7 = 7§(J+2)(yi1) (y— ﬁ) <0 where 74 < y=/T-3(1-¢%) <1
= when 0 < @ < #12 , ba(1) < b < (bg)g, there is a global stable black brane

. _— 4(d+1)
solution at 4 = @22 (=77)"



SUMMARY OF THE GRAND CANONICAL ENSEMBLE

JJ <@ <1,0<b<bs(1): one unstable black brane
solution, decay to “hot flat space”.

d =
2+4d’

» 0 < b < by(1): there is one unstable solution.

> o<

2+d v/ == 2+d, b,(1) < b < bmax there are two solutions.
the smaller unstable, the larger locally stable, but globally
unstable They will finally tunnel to “hot flat space”.

> ¢ < 2+d'

» by < b < bmax two solutions: smaller—unstable,
larger—locally stable, but globally unstable. They will finally
tunnel to “hot flat space”.

> b,(1) < b < by,two solutions: smaller—unstable,
larger—globally stable.



SUMMARY AND DISSCUSION

» The phase structures of black branes in Canonical ensemble
and Grand canonical ensemble are quite different because of
the boundary condition.

» In canonical ensemble, there is a first order phase transation
and a second order transation at the critical temperature. No
such phase transation in GC. Similar to the phase structure of
the van der Waals-Maxwell liquid-gas phase transation.

> The ¢ = 0 case, d = 1,2 case in canonical ensemble are quite
different from d > 2 case but have some similarity with the
GC cases.



Thank you!



	Outline
	Introduction
	Canonical ensemble
	Grand canonical ensemble
	Summary and Disscusion

