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Introduction

@ Symmetries are crucial mathematical structures that underpin
numerous physical theories.

@ The asymptotic symmetry analysis helps to reveal potential dual field
theories of black holes.
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Introduction (extremal Kerr)

@ The near horizon extreme Kerr scaling geometry (NHEK)

dr?
1412

d3? = 2GJQ? <—(1 + r2)dr? + +d6% + N*(dyp + rdT)2> .
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Introduction (extremal Kerr)

@ The near horizon extreme Kerr scaling geometry (NHEK)

ds® = 2GJQ? <—(1 + r?)dr? + N%(dyp + rdr)2> :

p
1+1r2
The non-trivial asymptotic symmetry can be specified by the following
boundary conditions [Guica, Hartman, Song and Strominger, 2009]

h.r = O(r?) hro =O(1) hg=0(r" B h,=0(r7?)
hor = hrp oo =O(1) heg=0(r") hyr =O(r?)
hor = hrg  hgp = hyg  hgg = O(r™1) her =0(r2?)
hrr = hz, hrcp = hapr h re = h9r hy = O(I’_3)
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Introduction (extremal Kerr)

@ The near horizon extreme Kerr scaling geometry (NHEK)

p
1+r2
The non-trivial asymptotic symmetry can be specified by the following
boundary conditions [Guica, Hartman, Song and Strominger, 2009]
hrr = O(r?) hrpy=0(1) hp=0(r") hTr =0(r?)
hor = hrp oo =O(1) heg=0(r") hyr =O(r?)
hor = hrg  hgp = hypg  hgg = O(r™t) hg, = O(r 2)
hrr = hz, hrcp = hapr hr9 = h9r hy = O( )
The most general diffeomorphisms which preserve the falloffs are of
the form

¢ = (—re'(9)+0(1))0+(C+O(r )0 +(e()+O(r2))dp,+O0(r )0y

ds® = 2GJQ? <—(1 + r?)dr? + N%(dyp + rdT)2> :
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Introduction (extremal Kerr)

@ The near horizon extreme Kerr scaling geometry (NHEK)

p

1+1r2

The non-trivial asymptotic symmetry can be specified by the following
boundary conditions [Guica, Hartman, Song and Strominger, 2009]

h.r = O(r?) hro =O(1) h= o(r 1) hT, =0(r?)

hor = hrp oo =O(1) heg=0(r") hyr =O(r?)

hor = hrg  hgp = hypg  hgg = O(r™t) hg, = O(r 2)

hrr = hz, hrcp = hapr hr9 = h9r hy = O( )

The most general diffeomorphisms which preserve the falloffs are of
the form

¢ = (=ré (9)FO0(1)0+(CH+O(r2))0r+(e(9)+O(r2))0p+O(r 1)y
The asymptotic symmetry contains one copy of the conformal group

Ce = 6(90)830 - rel(go)ar ) ilSm; Cal = (M — n)Cmyp -

ds® = 2GJQ? <—(1 + r?)dr? + N%(dyp + rdT)2> :

Y
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Introduction (extremal Kerr)

@ The central term appears when considering the conserved charge
algebra under Dirac bracket {-,-}p.g. = — [, "]

J 3J
L Ln] = (M = n)Lmin + ﬁm(m2 ~Vom—n, hly=Qc, + 75,,.
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Introduction (extremal Kerr)

@ The central term appears when considering the conserved charge
algebra under Dirac bracket {-,-}p.g. = — [, "]

J 3J
L Ln] = (M = n)Lmin + ﬁm(m2 ~Vom—n, hly=Qc, + 75,,.

The Cardy formula with left-moving central charge ¢; = %J and

temperature T; = % reproduces the black hole entropy

2 27J
S = ?CLTL = = SEKBH -
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Extremal Kerr-like spacetimes/WCFT

@ The most general Kerr-like spacetimes in four dimensions [Griffiths and
Podolsky, 2006]

dr? . dx?
Q (1A-x’)P

1 Q
ds? — Q2{ - [dt — (a(1 — x?) +2/(1 + x)) d¢>]2+p2 [

+

201 _ 2 2 2 2
a(1 2X)P PNGERCRY). d¢} }
o a

where
Q:l—%(l—ax)r7 PP =r 4+ (l—ax)?, P=1+a3x+ax?,

A
Q:()\2k+92+g2)72Mr+er272%r37 (a2k+§) *,

are metric functions characterized by M, e, g, a, o, I, A.

Jianfei Xu (SEU) August 29, 2024 6 /41



Extremal Kerr-like spacetimes/WCFT

@ The horizon polynomial generically takes the form

Q=— (a2k + %) (r—rn)(r—n)(r—n)(r—mn).
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Extremal Kerr-like spacetimes/WCFT

@ The horizon polynomial generically takes the form

Q=— (a2k + %) (r—rn)(r—n)(r—n)(r—mn).

Approximate @ to quadratic order

Q

Q

dQ 1d%2Q
QCre) + dr 2 dr?

ki(r—=ri)(r=rs)+0O((r— r+)3) ,

L (r=re)+ . (r=rs)’+0((r—r)%

r= r=

Q

where

ky = =

an A
= e— 6r+7 —6r2(a®k + E),

rs = r - —

k+ dr

r=rq

1 A
= {245—2/\//—6&% —ar (a2k+§)] :
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Extremal Kerr-like spacetimes/WCFT

@ For an extremal black hole ry = rg, the near horizon region can be
infinitely scaled to the following geometry (with AdS,xS?)

1
r=ry+ort, tz?(u—F>,-~-

ds® = [(x) (—=Fdu® — 2dudF + o?(x)dx* + 7*(x)b(dy + Fdii)?) |

where

B r2 +(a+1)? Fx) = N (r2 + (I — ax)?) 2(x) = ky
o= P Oty s wmyy e AR G Rl s V=R

2 - Kl (0 PP )P
TRO= (7 + (1 — ax)2)? ’

2ria
b= vy
k(P2 + (a+1)2)

Jianfei Xu (SEU) August 29, 2024 8 /41



Extremal Kerr-like spacetime/WCFT

@ We impose the following boundary conditions [X. Jiang and JX, 2024]

hyy = O(F)  hyg = O(F 1) hyx = O(FY)  hyy = O(F
hru = hu; h"; = 0(7’_3) h;X = (7’_2) h;gp = 0(7’_2)
hxu = hux hx? = h?x hxx = O(F_l) hx<p = O(F_l)
hou = hu, hor = hyy hox = hxp  hyp = O(F )
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Extremal Kerr-like spacetime/WCFT

@ We impose the following boundary conditions [X. Jiang and JX, 2024]

how = O(F)  hyz = O(F L) hy = O(F L) hy, = O(F)
hyy = hyy  hyr = O(?‘3) hix = O(F~ 2) hzp = O(r‘2)
hxu = hux hx? = h?x xx = O(F 1) hx<,0 - O( _1)
hou = hu, hor = hyy hwx =he  hpp=0(F")

The most general asymptotic Killing vector that preserves this falloffs
can be found out

n = (f(u) + O(F)) ;L + (—Ff(u) — g'(u) + O(F 1)) 8‘9?

FOFED) T+ (gu) +0(F ) -
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Extremal Kerr-like spacetimes/WCFT

@ Alternatively, these B.C.s can be viewed as uplifted from the new
boundary conditions for Ad52 [Godet and Marteau, 2020],[Detournay, Smoes,
and Wutte, 2023]

ds® = [(x)((—7 + 2P(u)F + 2T (u))dv® — 2dud?
+ 0?(x)dx® + ¥?(x)b(dp + Fd@i)?) ,
which is preserved by the leading asymptotic Killing vector

1= Fu) g + (TR () - £/ 0) 5+ 6(0)
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Extremal Kerr-like spacetimes/WCFT

@ Alternatively, these B.C.s can be viewed as uplifted from the new
boundary conditions for Ad52 [Godet and Marteau, 2020],[Detournay, Smoes,
and Wutte, 2023]

ds® = [(x)((—7 + 2P(u)F + 2T (u))dv® — 2dud?
+ 0?(x)dx® + ¥?(x)b(dp + Fd@i)?) ,
which is preserved by the leading asymptotic Killing vector

1= Fu) g + (TR () - £/ 0) 5+ 6(0)
Suppose the time coordinate u is periodic under length 7, then the
) and gn = 1) (g(U) = ﬁeL>
satisfy the classical Virasoro and U(1) Kac-Moody algebra
i[fm, fa] = (M — n)fmin,
ilfm, &n] = —ngmin,
ilgm,&n] = 0.
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Extremal Kerr-like spacetimes/WCFT

@ The central extension terms appear in the covariant charge algebra.
The variation of charge associated to a vector ( is given by [lyer and
Wald, 1994]

1
09(&, hg) = — *Fy
Q(&, h: g) 6 /az w
with
(FIW),u.u - %V,u.gzh + vuha,jcg + vagu.hay + Vo—ho'ucu - VMhCV - (,u <~ l/) .

For any two vector fields £ and (, the charges satisfy an algebra
under Dirac bracket [Compere and Fiorucci, 2018]

196, Qct = Qe + Keey  Kee =069Q(6,Legrg8) -
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Extremal Kerr-like spacetimes/WCFT

@ Charges can be shown to be integrable on the backgrounds satisfying
the new B.C.s. One can define the variation of the metric according to

5g/“/ 6g“”
R e
M = o PO+ s T
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Extremal Kerr-like spacetimes/WCFT

@ Charges can be shown to be integrable on the backgrounds satisfying
the new B.C.s. One can define the variation of the metric according to

5g,uy 6g“”
R e
M = o PO+ s T

Then the variation of charge associated to the asymptotic Killing
vector can be written as

1 T
50 ki) = 5= [ [ Br(0a(07() (6()3P(u) — F(0)3T (1)) cic,
which is explicitly integrable with the finite charge

Qi) = = [ [ Bre0o(0r(x) (e(u) Plu) — F(u) () dixdr.
8m J_1Jo
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Extremal Kerr-like spacetimes/WCFT

@ The charge variations associated to the mode vectors

SLY =6Q(f, hig),  OPF* =6Q(gn, hi g),
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Extremal Kerr-like spacetimes/WCFT

@ The charge variations associated to the mode vectors

SLEY = 5Q(f, b g), OPZ =6Q(gn, h; g),

will form the warped conformal algebra
(L5450} = (m— Lo, + Kah, K% = 00(h Lrgie).
(L8PSt = mPEt, 4 REE, REE, = 6Q(fy, Lg, 81 8).

(PP, Pe™} = kinny kimin = 0Q(&n Lang: 8) 1

with central extensions
0Q(fn, Lr,8:8) =0,

20U, Lens 8) = i27fk+(>\ - r+a(:‘i“;)a)?>\ + rra(a—1)) =i

5Qan. Longi8) =iy o™ r+a(fj:7)7)i)\ e Py L

n-

August 29, 2024 13 / 41
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Extremal Kerr-like spacetimes/WCFT

@ In a standard form of the most general warped conformal algebra

Cext
ext jexty __ ext : 3
{Ln 7Lm } - (m - n)Lm—I—n +1 12 m 6’77:*"7
t t t : t, .2
{L* Pty = mPo  + i m™d
ext
Pext Pext _ K 5}
{n 9 m}_l 2 mm7,,,,
the central charges now read as
Cext =0
ext Aryar
T 2mki (A — rra(ad+ D))A+ rraa— 1))’
ext Aryar?

T 2m2kie (A — rra(a+ )N+ rrafa = 1)
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Extremal Kerr-like spacetimes/WCFT

@ The mixed central terms can be eliminated by a charge redefinition

L*ext _ Lext + 2%ext Pext P*ext _ Pext
n - Fn I{exr nege n - 'n -

Jianfei Xu (SEU) August 29, 2024 15 / 41



Extremal Kerr-like spacetimes/WCFT

@ The mixed central terms can be eliminated by a charge redefinition

L*ext _ Lext + 2%ext Pext P*ext _ Pext
n - Fn Hexr nege n - 'n -

which leads to the standard warped conformal algebra

C*ext 3
kext kext __ *ext H
{Ln >Lm }*(m_n)Lm—I—n"i_’ 12 m 5'",—”7
xext xext\ __ *ext
{Ln 7Pm }_umJrn?
K,*eXt
*xext *xext H
{Pr&t Prext) = Mém, —pn -
with
C*ext _ 12)\2I’+3
ki = rea(a+ D) (A + rra(a— 1)’
*ext )\2I’+3T2

T 22k (A —rra(at )Mt riaa— 1)
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Non-extremal Kerr-like spacetimes/WCFT

@ For a non-extreme case, the near horizon geometry is a Rindler space
without conformal symmetry.
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Non-extremal Kerr-like spacetimes/WCFT

@ For a non-extreme case, the near horizon geometry is a Rindler space
without conformal symmetry.

@ A geometry with conformal symmetry is not a necessary condition
for the interactions to exhibit conformal invariance.

@ In the non-extremal case, the conformal symmetry hides in the
solution space of perturbations.

o Consider a scalar perturbation ® = e ™“t+mMPS(9)R(r) on Kerr. In
the low frequency limit w < 1/M, divide the radial coordinate into
near and far regions, the hidden conformal symmetry acts on the near
region field solution space. [Castro, Maloney and Strominger, 2010]

far region

r > M matching region r < l/w

near region

Jianfei Xu (SEU) August 29, 2024 16 / 41



Non-extremal Kerr-like spacetimes/WCFT

@ The hidden conformal symmetry from conformally coupled scalar
perturbations. The KG equation

(V,VF = xR)® =0,

is not separable due to the metric conformal factor.
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Non-extremal Kerr-like spacetimes/WCFT

@ The hidden conformal symmetry from conformally coupled scalar
perturbations. The KG equation

(V,VF = xR)® =0,

is not separable due to the metric conformal factor. Therefor we
perform a Weyl transformation g, = Q%g,, and ® = Q71®, so that
the transformed scalar equation [X. Jiang and JX, 2024]

(§,5" — xR)é = 0.

is separable and the separated angular and radial equations under the
ansatz ® = e WHHMOR(r)S(x) are

Jianfei Xu (SEU) August 29, 2024 17 / 41



Non-extremal Kerr-like spacetimes/WCFT

2 1
(P + (a+ gz)w —am)” “;] R(r) = KR(r),

T8

dS(x)

d
— (1 =x*)P
dx(( x) dx

) . {((3(1 —x2) +2/(1 4 x)) w — m)?
(1-x2)P

/_ o 2\pr
L 2P+ 4P 6(1 x2)P }S(X):KS(X),

which are all Heun-type equations.

August 29, 2024
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Non-extremal Kerr-like spacetimes/WCFT

@ Near the horizon, the radial equation can be approximately written as

r r2 2\ — am)? 2 2\ — 2
i((rr+)(rrs)di(r))+|:((++(a+l)) am) 7((@ +(a+1)%) am)

dr (r—ro)(ry — re)k2 (r—rs)(ry — rs)k?

w? 2amw 1

+(r +(r++rs)r+r++r + rprs +2(a+1)? ) k2 - +3k+(9(rr+):|R(r)

K
ER( r).
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Non-extremal Kerr-like spacetimes/WCFT

@ Near the horizon, the radial equation can be approximately written as

d Y dR(r) ((r}r—|—(a-{—I)z)w—am)2 B ((rs2—|—(a—i—l)2)o.)—am)2
<( =) =g ) + { (r—r)(rs — )2 (=) — )k

dr

w?  2amw 1

+(r +(r++rs)r+r++r + rprs +2(a+1)? ) k2 - +3T+(9(rfr+) R(r)
+

K
ER( r).

The potential term can be further simplified by imposing the near
region and low frequency condition r < 1/w

d [, dR(r) (2 + @+ DP)w=—am)? (2 +(a+)?)w—am)’ .
dr ( dr ) |: (r—re)(re —rs)k2 (r—rs)(ry — rs)k2 R(")

=K'R(r).
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Non-extremal Kerr-like spacetimes/WCFT

@ The reduced radial equation can be mapped to the Casimir equation
of SL(2, R) satisfied by W = e~ wtFimeR(r)

1
<H§ +5(HH- + HH+)) V=KV,

Jianfei Xu (SEU) August 29, 2024 20 / 41



Non-extremal Kerr-like spacetimes/WCFT

@ The reduced radial equation can be mapped to the Casimir equation
of SL(2, R) satisfied by W = e~ wtFimeR(r)

1
<H§ +5(HH- + HH+)) V=KV,

The conformal generators are defined in terms of conformal
coordinates

) _ )
Hy =i—2 Fy=i
* Ic%.)*’ * Ir?(.u—7
HO:,<w+i ZQ) FIO_:(W’L Xﬁ)7
dwt = 209y Ow— 20y
) ) ) ) B

H — +y2_9 +,.9 27) a0 = -2 9 ~ 9 5 0

’<(“)aw++ Yoy Y o) ) e T ey Y aor
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Non-extremal Kerr-like spacetimes/WCFT

@ The conformal coordinates are defined as

Wt = T 2rTRéH2me T ki (rs — rs)7 —
r—rs 41a
2, 2 2
W= I e Tiame o, ki(ri +rs+2(a+1)%) = — ky
r—rs ’ dra(ry +rs) ’ 2(rs 1)’

— T a(Tr+T)oH(nR+nL)t
.y - e b
r—rs

Jianfei Xu (SEU) August 29, 2024 21 /41



Non-extremal Kerr-like spacetimes/WCFT
@ The conformal coordinates are defined as

r—ry ki(ry —rs
wt =/ — 2 TRéF2MRE T, ( )7 nr=0,
— Is

4ma
o [r—ry Q2rTidtene T, ki(r2+r2+2(a+1)?%) = ky
r—rs ’ dra(ry +rs) ’ 2(rs 1)’

— T a(Tr+T)oH(nR+nL)t
.y - e b
r—rs

The allowed generators for warped conformal symmetry

H, =
+ ’8w+)
_ 0
H()-l(Jri Xi), Ho—l(w7—+z—),
dwt = 209y - 209y
9]
H_ = +)2 +, 2 _ 27)
'((w)a++”ya e

Jianfei Xu (SEU) August 29, 2024 21 /41



Non-extremal Kerr-like spacetimes/WCFT

@ The local symmetries are represented by the vector fields which
preserve the Casimir operator and Hy

EU(wh) = Hwh) =0 + olw)y 0

Ow Ow™ Eﬁiy’
) = plw™) (w-2— Xﬁ)
o) =) (w go=+ 220
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Non-extremal Kerr-like spacetimes/WCFT

@ The local symmetries are represented by the vector fields which
preserve the Casimir operator and Hy

) = )2 L M) y 0
S UCD e O iy s 20y

_ _ 0 y 0
o) =) (w go=+ 220

Their Fourier modes satisfy the classical Virasoro and U(1)
Kac-Moody algebra

illms ] = (m = n)lm-4n, In=¢ (I(w+) = 27rTR(w+)l+ﬁ> )
illm, Pn] = —npm+n, pn=2C¢ (P(w+) = (er)m) )
i[pm, pn] = 0.

Jianfei Xu (SEU) August 29, 2024 22 /41



Non-extremal Kerr-like spacetimes/WCFT

@ In contrast to the extremal case, we need an additional counterterm
in defining the covariant charge variation to carry out the local
symmetry algebra with central extensions in the non-extremal case [X.

Jiang and JX, 2024]
0Q=0Qw +6Qct -

with
1

0Qc(&, h g) = To6m /az ie - (X)), X =2h", VN, dx"

August 29, 2024 23 /41
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Non-extremal Kerr-like spacetimes/WCFT

@ Define the charge variations with respect to the mode vectors

6L, =06Q(In, h;g), Py =105Q(pn, h; g),

Jianfei Xu (SEU) August 29, 2024 24 / 41



Non-extremal Kerr-like spacetimes/WCFT

@ Define the charge variations with respect to the mode vectors
6Ln =06Q(In, hig), OPn=0Q(pn, hi g),
the Dirac brackets among these charges form the standard warped
conformal algebra
{Los L} = (M = 0)Lonin + i5m*0m
{Lp, Pm} = mPmip,
{Po, P} = iZ-mbm, 1.,
with

_ 6X\2(r + rs)a

Tk O —rra(at DA+ ra(a— 1)’
N(ry +rs)a

ke (3= rra(a+ D) (A + rea(a— 1)

c

K=—

Jianfei Xu (SEU) August 29, 2024 24 / 41



Non-extremal Kerr-like spacetimes/WCFT

@ Comparing the central charges

_ 6X\2(r + rs)a

Tl O raat )t a1’
A2(ry + rs)a

b O rra(a+ D) Ot rra(a— 1)

c

K= —

to the extremal case

voxt 12X%ria

Tl - raa+ D)+ rra(a— 1)’
2

Cc

A2r,ar
212k (N — rea(a+ DY+ rea(a — 1))’

*ext
K =

Jianfei Xu (SEU) August 29, 2024



Non-extremal Kerr-like spacetimes/WCFT

@ Comparing the central charges

_ 6X\2(r + rs)a

Tl O raat )t a1’
A2(ry + rs)a

b O rra(a+ D) Ot rra(a— 1)

c

K= —

to the extremal case

voxt 12X%ria

Tl - raa+ D)+ rra(a— 1)’
2

Cc

A2r,ar
212k (N — rea(a+ DY+ rea(a — 1))’

*ext
K =

one find the time periodicity 7 = 27/, which is also a requirement
from the horizon smoothness condition in the Euclidean signature.
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Horizon entropy from WCFT modularity

@ The global warped conformal symmetry is spontaneously broken to
U(1) x U(1) due to the 27 identification along ¢, these are the
translational symmetries in the dual WCFT with coordinates

tt =27Tro +2ngt, t = —21T;¢—2nt.
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Horizon entropy from WCFT modularity

@ The global warped conformal symmetry is spontaneously broken to
U(1) x U(1) due to the 27 identification along ¢, these are the
translational symmetries in the dual WCFT with coordinates

tt = 2t Tro + 2ngt, tm =-2nT; ¢ —2n;t.
The WCFT is defined on a torus
(t,9) ~ (t,p+2m) ~ (t+iB, ¢+ iBQ),
(tht7) ~ (tT +4n% TR, t ™ — 4% Ty) ~ (tF 4+ 2mi, t~ + 27i),

on which the partition functions have modular properties.

Jianfei Xu (SEU) August 29, 2024



Horizon entropy from WCFT modularity

o Generically, the WCFT torus partition function can be written as

Z;,(7I7) = Trg (e2ﬂi‘T'Poef27riTLo> ’
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Horizon entropy from WCFT modularity

o Generically, the WCFT torus partition function can be written as
Z;,(7I7) = Trg (e2ﬂi‘FPoef27riTLo> ’
which is related to the canonical partition function through

ZZ|£(7_'|T) _ ewiHZ( ZZ)ZO|1 (7—- — ET|T> WCT

= 67”.’{%20‘1 <€;- — g’ — E) ST
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Horizon entropy from WCFT modularity

o Generically, the WCFT torus partition function can be written as
Z;,(7I7) = Trg (e2ﬂi‘FPoef27riTLo> ’
which is related to the canonical partition function through
ikl r T
Zp(7|T) = ewme( 2’“’>Zo|1 (f - |> WCT

= 67”.’{%20‘1 <€;- — g’ — E) ST

In the 7 — —i0 limit, the thermal entropy can be calculated by the
vacuum charges

52(1—78 —70;)log Z
— 472i(Tr + T)PYe +8n2 Trlye.
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Horizon entropy from WCFT modularity

@ The vacuum charges are related by the WCFT spectral flow [Detournay,
Hartman, and Hofman, 2012]
Pvac)2
2vac _ _i + (P(\)/ac)
0 24 k
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Horizon entropy from WCFT modularity

@ The vacuum charges are related by the WCFT spectral flow [Detournay,
Hartman, and Hofman, 2012]
Pvac)2
2vac _ _i + (P(\)/ac)
0 24 k

Lo is proportional to the angular momentum thus has vanishing
vacuum value

Tvac __ pvac\2 _ _ )\2(r+ + rS)a 2
Ly =0, (R™)" = <2k+(Ar+a(a+l))(A+r+a(a’))> '

The WCFT entropy match the horizon entropy by the area law [x.
Jiang and JX, 2024]

X272+ (at 1))
(A= rra(a+ D)(A + rza(a— 1))

5:47T2“5(\)/ac|(-,-R+ TL): = Sgy .
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Bulk absorption probability from WCFT

@ Consider the scattering process of a scalar filed ¢ originating in the
asymptotically flat region of a Kerr black hole. The Klein-Gordon
particle number flux

F = /\/—ngdOdng, with J# = 8L(¢*wq> — OVHDY),
Y
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Bulk absorption probability from WCFT

@ Consider the scattering process of a scalar filed ¢ originating in the
asymptotically flat region of a Kerr black hole. The Klein-Gordon
particle number flux

F = /\/—ngdOdng, with J# = 8L(¢*v“¢ — OVHDY),
Y

The absorption cross section of the scalar scattering process

bulk __ -Fin - ]:out
Oabs — F :
m
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Bulk absorption probability from WCFT

@ On the Kerr background, the scalar wave equation is separable

1 . m? 22 2
Lineag(sm 009) — e + w?a” cos 0] 5(0) = —Ky,

drdr " (r—rg)(ry—r)  (r—r)(rr—r)
+(r? +2M(r + 2/\//))&] R(r) = KeR(r).

[ d A d  (2Mryw — am)? (2Mr_w — am)?
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Bulk absorption probability from WCFT

@ On the Kerr background, the scalar wave equation is separable

1 : m? 2.2 2 _
Linaag(sm 009) — e +w"a“cos 0| S(0) = —Ky,

drdr " (r—rg)(ry—r)  (r—r)(rr—r)
+(r? +2M(r + 2/\//))&] R(r) = KeR(r).

[ d A d  (2Mryw — am)? (2Mr_w — am)?

Consider the low frequency limit when w < 1/M and in this case
Ki=¢(l—-1),=—m+1,--- ,m+ 1. In the far region r > M, the
radial wave equation is the spherical Bessel's equation

% <r2 dlj/(rr)> + r2wW?R(r) = (¢ — 1)R(r).

Jianfei Xu (SEU) August 29, 2024 30/ 41



Bulk absorption probability from WCFT

@ There are two linearly independent solutions of the far region radial
equation [Nian and Tian, 2023]

1 1
Rfar(r) = Afar\/ﬁt]fz+%(wr) + Bfar\/ﬁ‘]ef%(wr) )
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Bulk absorption probability from WCFT

@ There are two linearly independent solutions of the far region radial
equation [Nian and Tian, 2023]

1 1
Rfar(r) = Afar7J7£+%(wr) + BfariJzil(wr) y

vwr Vwr 72

Separate the pure outgoing and pure ingoing parts
- il 1 1

Rear(r) = Zout </e WJ_H%@W) + \/JJ[_;(LW))

T 1 1
+ Zin (_’e E\/ﬁJfH%(Wf) + \m%;(wr)> ;

where
1

Loyt = ————~
Ut 2 cos(l)

(_iAfar + eiiﬂngar) 5
Zin= m(iAfar + eiﬂéBfar) .
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Bulk absorption probability from WCFT

@ The outgoing and ingoing scalar modes at the outer boundary of the
far region

eiwr+i7r€/2

o 2
(Dout(r — OO) = Z e_IWt+lm¢S€(0)ZOUt (\/;wr COS(ﬂ'f)) )
£,m

Oin(r = 00) =) e T S(0)Z; \F“ (x0)
in x0) = e ¢ in - o cos(r '

£,m
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Bulk absorption probability from WCFT

@ The outgoing and ingoing scalar modes at the outer boundary of the
far region

eiwr+i7r€/2

o 2
(Dout(r — OO) = Z e_IWH_lmd)SK(G)ZOUt (\/;wr COS(ﬂ'f)) )
£,m

®in(r — )_Z —iwt+im¢5(9)z. \/EMCOS( 0)
in\r ) = € ¢ in . or ™ .

£,m

The outgoing and ingoing Klein-Gordon particle fluxes

Fout X ‘Zout|27 Fin |Zin’27
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Bulk absorption probability from WCFT

@ So the absorption cross section is fixed by the coefficients

bulk __ ]:in - »Fout o ‘Zout’2
Oabs — .Fi -+ ‘Z,',-,P
_ 2icos(ml)(ArrBf, — BrrAf,,)

|iAfar + eiwerar |2
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Bulk absorption probability from WCFT

@ So the absorption cross section is fixed by the coefficients

bulk __ ]:in - »Fout o ‘Zout’2
Oabs — .Fi -+ ‘Z,',-,P
_ 2icos(ml)(ArrBf, — BrrAf,,)

|iAfar + eiwerar |2

What is the relation between these coefficients and the black hole
parameters?
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Bulk absorption probability from WCFT

@ The coefficients can be determined by the near-far matching.
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Bulk absorption probability from WCFT

@ The coefficients can be determined by the near-far matching.

@ In the near region r < 1/w, the radial wave equation becomes a
hypergeometric equation

d, d (2Mr,w — am)? B (2Mr_w — am)? N 00— ,
[drAdr+(f—f+)(r+—r_) (r_r_)(r+_r_)]R() ((t=1)R(r),

with solution (imposing ingoing B.C. at horizon)

_j2Mriw—am
r—ry +—r— )
Rn r = — -
)= (=) (rr)
AM?w — 2 AMrow — 2 —
><2F1<£—iw M M1 — @ T 2am T r*).
re—r_ re—r_ r—r_
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Bulk absorption probability from WCFT

@ The near region radial wave solution has the following large r
behaviour

Rnear(r > M) ~ Apearr* + Bnear(ry — r_) 2641771
where

r (1 _ ;M) r(—2¢+1)

A . re—r_
near — )
M(1— €= 2Mw)l (1~ ¢ — j4¥es2am)
AMryw—2
(1 #tee2am) rog - 1)
Bhear =

(¢ — i2Mw)T (z _ ,-M) '

ry—r—

Jianfei Xu (SEU) August 29, 2024



Bulk absorption probability from WCFT

@ The near-far matching:

far region
|

r > M matching region r <& l/w

near region

Compering the r dependencies of the near and far region solutions in
the matching region. They are the two limiting cases of a single full
solution which are required to be equal in the matching region

Rnear(r > M) ~ R (r — 0).

Jianfei Xu (SEU) August 29, 2024 36 / 41



Bulk absorption probability from WCFT

@ Thus the near and far asymptotic expansion coefficients are related

Apar = 2_£+%r <_€ + ;) WZAnearv

1
By = 2072T (e + 2) (ry —r ) 2101 00
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Bulk absorption probability from WCFT

@ Thus the near and far asymptotic expansion coefficients are related

Apar = 2_£+%r <_€ + 2) WZAnearv

1
By = 2072T (z + 2> (ry —r ) 2101 00

With the above relations and w < 1/M, the absorption cross section
finally can be written as (superradiant scattering 0 < w < mﬁ)

bulk o 2/COS(7T£)(AfarB* - BfarA;(:-ar)

— far
abs ’Bfar|2
C (w/2)2 (e — r)2E sinh <7T4I\/Ir+w - 23m>
- 2
M(¢+3)7r2e—1)?

ry —r—

X |F( — i2Mw)|?
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Bulk absorption probability from WCFT

@ The finite temperature warped CFT coordinates in the Kerr case

1
X=2rTgp, Y =5nt=2m(T+qTr)é, Trr=
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Bulk absorption probability from WCFT

@ The finite temperature warped CFT coordinates in the Kerr case

1
X=2rTgp, Y =5nt=2m(T+qTr)é, Trr=

@ In a field theory, the Fermis Golden rule gives the transition rate out
of the thermal states

R=2m) ]ng\z/dXdYefQX_iQyG(X, Y),
fm

where )
AM2 — 2
0=""YTAM L oMug, Q= —2Mw,

ry —r—
and G(X,Y) is the two point correlation function. For the warped
CFT [w. Song and JX, 2018]

G(X, Y) ~ Co(~1)7e@0Y+aX) (ﬂ sinh ™
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Bulk absorption probability from WCFT

@ The absorption cross section for the thermal states in the warped CFT
Gaps / AXdYE XY [G(X — ie, Y — i€) — G(X + i, Y + i€)],

Fie correspond to absorption and emission [S. Gubser, 1997].
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Bulk absorption probability from WCFT

@ The absorption cross section for the thermal states in the warped CFT
Gaps / AXdYE XY [G(X — ie, Y — i€) — G(X + i, Y + i€)],

Fie correspond to absorption and emission [S. Gubser, 1997].
The form of the absorption cross section in warped CFT
e™@

Oabs ™~ W Sinh(ﬂ-(Q + QEI - Q))’r((s - l(Q + QEI))|27

matches the bulk absorption cross section in the Q dependence [JX,
2023]
2

Y

4Mriw — 2 4M?w — 2
ok sinh <7r’+°” a’") 'r (e _ e T eam a’”)
ry —r— ry —r—

given § = /£.
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@ The Kerr-like spacetimes with extremal horizons have infinite scaling
regions near their horizons where consistent boundary conditions can
be imposed to manifest the asymptotic symmetry group as warped
conformal symmetries.

@ In the non-extremal case, these spacetimes have hidden conformal
symmetry from which the local warped conformal symmetries can be
recovered from the vector fields that keep the Casimir operator and
scalar frequency invariant. The covariant charges with additional
counterterms form the symmetry algebra with well defined central
charges.

@ The black hole entropy as well as the absorption probability in a bulk
scattering process can be shown to be reproduced from warped CFT
calculations.

o Future directions include relating the Heun-type equations to the
Virasoro and Kac-Moody blocks' equations, evaluating black hole
QNM using warped CFT methods, higher dimensional black holes,- - -
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Thank You
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