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MOTIVATION



• Asymptotic AdS 

• Physics in the AdS bulk 
described by CFTs on the boundary. 

• Time-like boundary, 
one extra spatial direction emerged. 

• E.g., type IIB superstring in 
vs             super Yang-Mills in 4d.    

• AdS isometry          conformal symmetry 

• Boundary correlators
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Holography

AdS5 ⇥ S5
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• Asymptotically Minkowski? 

• Null infinity: 
the latter is the celestial sphere  
No time direction. 

• Symmetries: 
— 4d, Lorentz symmetry 
— 2d, conformal symmetry 

• Boundary observables are S-matrices. 

• This 2d symmetry was once a main ingredient 
leading to twistor strings. 
Here we’d like to explore other view points. 
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Holography?
i+
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I+
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R⇥ S2
<latexit sha1_base64="iMPni1sbZ9tVhKwBGfrPbuprdc0=">AAACBXicdVDLSsNAFJ34rPUVdamLwSK4CkkUdCUFNy7row9oYplMJ+3QmSTMTIQSsnHjr7hxoYhb/8Gdf+MkreDzwDDnnnsv994TJIxKZdvvxszs3PzCYmWpuryyurZubmy2ZJwKTJo4ZrHoBEgSRiPSVFQx0kkEQTxgpB2MTot8+4YISePoSo0T4nM0iGhIMVJa6pk7HkdqGATZRe4pyoksY8Gzy/za7Zk123LtAvA3cazyt2tgikbPfPP6MU45iRRmSMquYyfKz5BQFDOSV71UkgThERqQrqYR0gP9rLwih3ta6cMwFvpFCpbq144McSnHPNCVxY7yZ64Q/8p1UxUe+xmNklSRCE8GhSmDKoaFJbBPBcGKjTVBWFC9K8RDJBBW2riqNuHzUvg/abmWc2C554e1+snUjgrYBrtgHzjgCNTBGWiAJsDgFtyDR/Bk3BkPxrPxMimdMaY9W+AbjNcPXV2ZGw==</latexit>

SO(3, 1)
<latexit sha1_base64="n65YobU9F8ugY6VrAL8I/AGYhCo=">AAAB+XicdVDLSgMxFL1TX7W+Rl26CRahgpSZVtCVFNy4s6J9QDuUTJppQ5OZIckUytA/ceNCEbf+iTv/xkxbweeBkMM595KT48ecKe0471ZuaXlldS2/XtjY3NresXf3mipKJKENEvFItn2sKGchbWimOW3HkmLhc9ryR5eZ3xpTqVgU3ulJTD2BByELGMHaSD3b7gqsh1Kkt9fTUvXEPe7ZRadccTKg38Qtz26nCAvUe/Zbtx+RRNBQE46V6rhOrL0US80Ip9NCN1E0xmSEB7RjaIgFVV46Sz5FR0bpoyCS5oQazdSvGykWSk2EbyaznOqnl4l/eZ1EB+deysI40TQk84eChCMdoawG1GeSEs0nhmAimcmKyBBLTLQpq2BK+Pwp+p80K2W3Wq7cnBZrF4s68nAAh1ACF86gBldQhwYQGMM9PMKTlVoP1rP1Mh/NWYudffgG6/UDL/qSsQ==</latexit>
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Goal

Ambitious: 
Find a holographic dual theory of quantum gravity 

in asymptotically flat spacetime. 

Conservative: 
Find a dual description of the S-matrix  

Note: In this talk we will only focus on massless particles.



PRELIMIARIES
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Variables in Use

• Parametrizing the momentum (massless)  
 
 
 

•          parametrize the position on the celestial sphere. 

•     parametrize the energy. 

•             keeps track of out-going/in-coming particles. 

• For Minkowski space          are conjugate to each other. 
But here we assume they are independent.

pµ�
µ
↵↵̇ =

✓
p0 + p3 p1 � ip2

p1 + ip2 p0 � p3

◆

=
p
2!⇠

✓
1 z̄
z zz̄

◆

<latexit sha1_base64="iIWTs25upBUxfExhOl4UfIXaJoE="></latexit>

(z, z̄)
<latexit sha1_base64="TP4VjFazdlVRScJ7GLTB7HFv2KQ=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICGpgq6k4MZlBfuANJTJdNIOnUzCzI3Qhn6GGxeKuPVr3Pk3TtoKPg8MczjnXu69J0gE1+A471ZhaXllda24XtrY3NreKe/utXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo6vcb98xpXksb2GcMD8iA8lDTgkYyatOTroBUdlketwrVxy75uTAv4lrz36nghZo9Mpv3X5M04hJoIJo7blOAn5GFHAq2LTUTTVLCB2RAfMMlSRi2s9mK0/xkVH6OIyVeRLwTP3akZFI63EUmMqIwFD/9HLxL89LIbzwMy6TFJik80FhKjDEOL8f97liFMTYEEIVN7tiOiSKUDAplUwIn5fi/0mrZrundu3mrFK/XMRRRAfoEFWRi85RHV2jBmoiimJ0jx7RkwXWg/VsvcxLC9aiZx99g/X6AcRdkOg=</latexit>

!
<latexit sha1_base64="Kf1bCArE9qqfoA0TTtRiJr5OfM0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GmaqoCspuHFZwT6gHUomvW1j8xiSjFCG/oMbF4q49X/c+Tdm2go+D4QczrmXe++JE86MDYJ3r7C0vLK6VlwvbWxube+Ud/eaRqWaQoMqrnQ7JgY4k9CwzHJoJxqIiDm04vFl7rfuQBum5I2dJBAJMpRswCixTmp2lYAh6ZUrgV8NcuDfJPRnf1BBC9R75bduX9FUgLSUE2M6YZDYKCPaMsphWuqmBhJCx2QIHUclEWCibLbtFB85pY8HSrsnLZ6pXzsyIoyZiNhVCmJH5qeXi395ndQOzqOMySS1IOl80CDl2Cqcn477TAO1fOIIoZq5XTEdEU2odQGVXAifl+L/SbPqhyd+9fq0UrtYxFFEB+gQHaMQnaEaukJ11EAU3aJ79IiePOU9eM/ey7y04C169tE3eK8fmQmPIQ==</latexit>

⇠ = ±1
<latexit sha1_base64="SJKluijoxABC4HsksRcrlb/MVcY=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapipgm6UghuXFewD2qFk0kwbmmTGJCOWoT/hxoUibv0dd/6NmbaCzwMhh3Pu5d57woQzbTzv3SksLC4trxRXS2vrG5tb5e2dpo5TRWiDxDxW7RBrypmkDcMMp+1EUSxCTlvh6CL3W7dUaRbLazNOaCDwQLKIEWys1O7esbNuIvxeueK5VS8H+k18d/p7FZij3iu/dfsxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZdN8JOrBKH0Wxsk8aNFW/dmRYaD0Woa0U2Az1Ty8X//I6qYlOg4zJJDVUktmgKOXIxCg/HvWZosTwsSWYKGZ3RWSIFSbGRlSyIXxeiv4nzarrH7nVq+NK7XweRxH2YB8OwYcTqMEl1KEBBDjcwyM8OTfOg/PsvMxKC868Zxe+wXn9AKgoj7Q=</latexit>

(z, z̄)
<latexit sha1_base64="TP4VjFazdlVRScJ7GLTB7HFv2KQ=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICGpgq6k4MZlBfuANJTJdNIOnUzCzI3Qhn6GGxeKuPVr3Pk3TtoKPg8MczjnXu69J0gE1+A471ZhaXllda24XtrY3NreKe/utXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo6vcb98xpXksb2GcMD8iA8lDTgkYyatOTroBUdlketwrVxy75uTAv4lrz36nghZo9Mpv3X5M04hJoIJo7blOAn5GFHAq2LTUTTVLCB2RAfMMlSRi2s9mK0/xkVH6OIyVeRLwTP3akZFI63EUmMqIwFD/9HLxL89LIbzwMy6TFJik80FhKjDEOL8f97liFMTYEEIVN7tiOiSKUDAplUwIn5fi/0mrZrundu3mrFK/XMRRRAfoEFWRi85RHV2jBmoiimJ0jx7RkwXWg/VsvcxLC9aiZx99g/X6AcRdkOg=</latexit>
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A New Set of Wave Bases

• The usual scattering amplitudes are Lorentz invariant. 
Here we want some objects behaving like conformal correlators. 

• A set of wave basis (e.g., spin-1)                      , satisfying: 
— e.o.m. 
— under Lorentz transformation, transforms as a vector in 4d and 
a conformal (quasi-)primary in 2d 
 

• Solution: 

• Completeness+normalizability: 

V �⇠
µJ (xµ; z, z̄)

<latexit sha1_base64="CqgRi3T279ueFg/zaywTYGcFNWY=">AAACD3icdVDLSgMxFM3UV62vqks3waJUkGGmCgqCFHQhrirYB3TakkkzbWgmMyQZaTvMH7jxV9y4UMStW3f+jelD8Hngcg/n3EtyjxsyKpVlvRupmdm5+YX0YmZpeWV1Lbu+UZFBJDAp44AFouYiSRjlpKyoYqQWCoJ8l5Gq2zsb+dUbIiQN+LUahKThow6nHsVIaamV3a20YseP4GXSjJ1zwhRy+jTJ95taPBnuOy4S8TDZa2VzllmwRoC/iW2Ou5UDU5Ra2TenHeDIJ1xhhqSs21aoGjESimJGkowTSRIi3EMdUteUI5/IRjy+J4E7WmlDLxC6uIJj9etGjHwpB76rJ32kuvKnNxL/8uqR8o4bMeVhpAjHk4e8iEEVwFE4sE0FwYoNNEFYUP1XiLtIIKx0hBkdwuel8H9SKZj2gVm4OswVT6dxpMEW2AZ5YIMjUAQXoATKAINbcA8ewZNxZzwYz8bLZDRlTHc2wTcYrx8HCpyk</latexit>

(@⇢@
⇢�µ⌫ � @⌫@

µ)V �⇠
µJ (x; z, z̄) = 0

<latexit sha1_base64="ContWUYdHZp9CDuKPHk8yf8MBAw="></latexit>

V �⇠
µJ (⇤x;

az + b

cz + d
,
āz̄ + b̄

c̄z̄ + d̄
) = (cz + d)�+J(c̄z̄ + d̄)��J⇤µ

⌫V �⇠
⌫J (x; z, z̄)

<latexit sha1_base64="+aYelp6wpzA6UVU2/6ZN/3/DVwc="></latexit>

� 2 1 + iR
<latexit sha1_base64="YqdvN5CNU7GSbPjiUgW+24XCYp8=">AAAB/3icdVDLSgMxFM34rPU1KrhxEyyCIJSZKuhKCrpwWcU+oDOUTHqnDc1khiQjlLELf8WNC0Xc+hvu/BszbQWfB0IO59xLTk6QcKa047xbM7Nz8wuLhaXi8srq2rq9sdlQcSop1GnMY9kKiALOBNQ10xxaiQQSBRyaweAs95s3IBWLxbUeJuBHpCdYyCjRRurY2945cE08JtwD5kVE94Mguxp17JJTrjg58G/ilse3U0JT1Dr2m9eNaRqB0JQTpdquk2g/I1IzymFU9FIFCaED0oO2oYJEoPxsnH+E94zSxWEszREaj9WvGxmJlBpGgZnME6qfXi7+5bVTHZ74GRNJqkHQyUNhyrGOcV4G7jIJVPOhIYRKZrJi2ieSUG0qK5oSPn+K/yeNStk9LFcuj0rV02kdBbSDdtE+ctExqqILVEN1RNEtukeP6Mm6sx6sZ+tlMjpjTXe20DdYrx+r/pXf</latexit>

V �⇠
µJ /

Z 1

0
d! !��1 @J(pµ/!)e

i⇠p·x�✏!

| {z }
ordinary wave function

<latexit sha1_base64="tY+BEtKNP2iXHsjydc9HpvPmYVo="></latexit>

[Pasterski, Shao, `17]



9

Celestial Amplitudes

• To obtain an object transforming nicely under conformal 
symmetry, we simply expand the S-matrix on the new basis. 

• The ordinary scattering amplitudes are fed by plane waves. 

• For massless particles this is a Mellin transformation 
 

• The new object is treated as a correlator on     ,  
involving operators                     with conformal dimension      .  

• The dimensions are restricted to unitary principal series. 

Ãn({�a, za, z̄a}) =
Z 1

0

nY

a=1

d!a!
�a�1
a An({⇠a!a, za, z̄a})

<latexit sha1_base64="E46zvr3AS8dxHm69mqKg6VXG94I="></latexit>

S2
<latexit sha1_base64="tdyexd3QKpCLXLC+kyAr3Myv2cM=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgapipgq6k4MZlRVsLnbFk0kwbmmSGJCOUob/hxoUibv0Zd/6NmbaCzwMhh3PuJScnSjnTxvPendLC4tLySnm1sra+sblV3d5p6yRThLZIwhPVibCmnEnaMsxw2kkVxSLi9CYanRf+zR1VmiXy2oxTGgo8kCxmBBsrBYHAZqhEfjW5rfeqNc+tewXQb+K709urwRzNXvUt6CckE1QawrHWXd9LTZhjZRjhdFIJMk1TTEZ4QLuWSiyoDvNp5gk6sEofxYmyRxo0Vb9u5FhoPRaRnSwy6p9eIf7ldTMTn4Y5k2lmqCSzh+KMI5OgogDUZ4oSw8eWYKKYzYrIECtMjK2pYkv4/Cn6n7Trrn/k1i+Pa42zeR1l2IN9OAQfTqABF9CEFhBI4R4e4cnJnAfn2XmZjZac+c4ufIPz+gEeE5G4</latexit>

O�a(za, z̄a)
<latexit sha1_base64="GVSWPvs76XGnai5Tl7KMG3zpdMA=">AAACDnicdVDLSgMxFM34rPU16tJNsBQqSJlWQVdS0IU7K9gHdIbhTpq2oZkHSUZoh/kCN/6KGxeKuHXtzr8x01bweSDkcM693HuPF3EmlWW9G3PzC4tLy7mV/Ora+samubXdlGEsCG2QkIei7YGknAW0oZjitB0JCr7HacsbnmV+64YKycLgWo0i6vjQD1iPEVBacs2i7YMaEODJZeom9jnlClxIS2MXDmwPRDJOXdh3zYJVrloZ8G9SKU9+q4BmqLvmm90NSezTQBEOUnYqVqScBIRihNM0b8eSRkCG0KcdTQPwqXSSyTkpLmqli3uh0C9QeKJ+7UjAl3Lke7oyW17+9DLxL68Tq96Jk7AgihUNyHRQL+ZYhTjLBneZoETxkSZABNO7YjIAAUTpBPM6hM9L8f+kWS1XDsvVq6NC7XQWRw7toj1UQhV0jGroAtVRAxF0i+7RI3oy7owH49l4mZbOGbOeHfQNxusHqECcdw==</latexit>

�a
<latexit sha1_base64="dpz0oJ6Xxxo/L1st4l6vYPgyPw8=">AAAB73icdVDLSgNBEJz1GeMr6tHLYBA8LbtR0JME9OAxgnlAsoTZSScZMju7zvQKYclPePGgiFd/x5t/42wSwWfBMEVVN91dYSKFQc97dxYWl5ZXVgtrxfWNza3t0s5uw8Sp5lDnsYx1K2QGpFBQR4ESWokGFoUSmuHoIvebd6CNiNUNjhMIIjZQoi84Qyu1OpcgkXVZt1T23IqXg/4mvjv9vTKZo9YtvXV6MU8jUMglM6btewkGGdMouIRJsZMaSBgfsQG0LVUsAhNk030n9NAqPdqPtX0K6VT92pGxyJhxFNrKiOHQ/PRy8S+vnWL/LMiESlIExWeD+qmkGNP8eNoTGjjKsSWMa2F3pXzINONoIyraED4vpf+TRsX1j93K9Um5ej6Po0D2yQE5Ij45JVVyRWqkTjiR5J48kifn1nlwnp2XWemCM+/ZI9/gvH4A2zyP1g==</latexit>

[Pasterski, Shao, Strominger, `17]
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Examples

• Gluon amplitudes, after color decomposition 
 

• MHV sector 
 
 
 
 
 
where the momentum conservation

An =
X

⇢2Sn

tr(T ⇢(1) · · ·T ⇢(n))An[⇢]

<latexit sha1_base64="qxWuyfqoMrvze/5VgLZFT1ze4Fc="></latexit>

An[1
+ . . . i� . . . j� . . . n+] =

hiji4

h12ih23i · · · hn1i�
4

=
!i!jQ
a 6=i,j !a

z4ij
z12z23 · · · zn1

�4

<latexit sha1_base64="P8Qwz5hrUNvZ8qSyGUgcCdZWiQk="></latexit>

�4 ⌘ �4(
X

a

pa)

⌘ �(
X

a

⇠a!a)�(
X

a

⇠aza)�(
X

a

⇠az̄a)�(
X

a

⇠azaz̄a)
<latexit sha1_base64="Uy2HuZdbLRIldtQ0DzsEc5Oyquw="></latexit>
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Examples

• Assume all are out-going; denote  

• 3-point (turn into (2,2) signature) 
 
 
 
In terms of           we have 
 
 

• The constraint                 is always present. 
This comes from the overall energy integral.  

� = 1 + i�
<latexit sha1_base64="JiKzW9QSOO17qAiAuLd9vXO07Wo=">AAAB+nicdVDLSgMxFM34rPU11aWbYBEEYZipgm6Ugi5cVrAP6AzlTibThmYeJBmljP0UNy4UceuXuPNvzLQVfB4IOZxzD7k5fsqZVLb9bszNLywuLZdWyqtr6xubZmWrJZNMENokCU9ExwdJOYtpUzHFaScVFCKf07Y/PC/89g0VkiXxtRql1IugH7OQEVBa6pkV94JyBafOAXO5jgXQM6u2VbML4N/EsSa3XUUzNHrmmxskJItorAgHKbuOnSovB6EY4XRcdjNJUyBD6NOupjFEVHr5ZPUx3tNKgMNE6BMrPFG/JnKIpBxFvp6MQA3kT68Q//K6mQpPvJzFaaZoTKYPhRnHKsFFDzhgghLFR5oAEUzviskABBCl2yrrEj5/iv8nrZrlHFq1q6Nq/WxWRwntoF20jxx0jOroEjVQExF0i+7RI3oy7owH49l4mY7OGbPMNvoG4/UDT36TYA==</latexit>

Ã3[1
�2�3+] = �(

X

a

�a)
sgn(z12z23z31)�(z̄12)�(z̄13)

|z12|�1�i�3 |z23|1�i�1 |z13|1�i�2

<latexit sha1_base64="KaqCM59c9Tw5UlkXucdq5Q/F06Q="></latexit>

(h, h̄)
<latexit sha1_base64="++XGCA1otxYPnUPZIUiCqPXQFRw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0WoICGpgq6k4MZlBfuANJTJdNIMnUzCzI1QQj/DjQtF3Po17vwbJ20FnweGOZxzL/feE6SCa3Ccd6u0tLyyulZer2xsbm3vVHf3OjrJFGVtmohE9QKimeCStYGDYL1UMRIHgnWD8VXhd++Y0jyRtzBJmR+TkeQhpwSM5NWjk35AVB5NjwfVmmM3nAL4N3Ht2e/U0AKtQfWtP0xoFjMJVBCtPddJwc+JAk4Fm1b6mWYpoWMyYp6hksRM+/ls5Sk+MsoQh4kyTwKeqV87chJrPYkDUxkTiPRPrxD/8rwMwgs/5zLNgEk6HxRmAkOCi/vxkCtGQUwMIVRxsyumEVGEgkmpYkL4vBT/TzoN2z21GzdnteblIo4yOkCHqI5cdI6a6Bq1UBtRlKB79IieLLAerGfrZV5ashY9++gbrNcPjQeQxA==</latexit>

� helicity (h, h̄) = (
i

2
�, 1 +

i

2
�)

+ helicity (h, h̄) = (1 +
i

2
�,

i

2
�)

<latexit sha1_base64="EukxuYfMVoA9CTVqVh5tRhDuQiw="></latexit>

�(
P

a �a)
<latexit sha1_base64="E4mKSQWJ9JklfVWHkEbAdDwx/SE=">AAACAHicdVC7SgNBFJ31GeMramFhMyQosVl2Y6GVBGwsLCKYB2SX5e7sbDJk9sHMrBCWNH6Df6CFhSK2foadlb/iJFHweWCYwzn3MHOPn3ImlWW9GjOzc/MLi4Wl4vLK6tp6aWOzJZNMENokCU9ExwdJOYtpUzHFaScVFCKf07Y/OBn77UsqJEviCzVMqRtBL2YhI6C05JW2nYByBVVHZpEHDtfJADzY90oVy6xZY+DfxDYnt1Wpl8/e9ga31w2v9OIECckiGivCQcqubaXKzUEoRjgdFZ1M0hTIAHq0q2kMEZVuPllghHe1EuAwEfrECk/Ur4kcIimHka8nI1B9+dMbi3953UyFR27O4jRTNCbTh8KMY5XgcRs4YIISxYeaABFM/xWTPgggSndW1CV8bor/J62aaR+YtXO7Uj9GUxTQDiqjKrLRIaqjU9RATUTQCN2ge/RgXBl3xqPxNB2dMT4yW+gbjOd31eWZjw==</latexit>
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13

Possibility of a CFT?

• Any chance that these 2d correlators arise from a CFT? 

• To specify a CFT, we need: 
— spectrum, species of conformal families w/ dimension; 
— collection of all OPE coefficients; 
— crossing symmetry; 
— unitarity bound (for unitary CFTs), etc. 

• It is natural to think that                             , 
where     is the “gluon operator”. 

• Crossing symmetry guaranteed by construction. 

• What are the OPE coefficients?

Ãn = hO1 · · · Oni
<latexit sha1_base64="rYlnSEnQ492loBhuBCg3BqryUMQ=">AAACLXicdVBNS8NAEN34bf2qevSyWARPJamCXpSKHrypYFVoSthspnVxswm7E6GE/CEv/hURPCji1b/hplbxc2DZx3tvmJkXplIYdN1HZ2R0bHxicmq6MjM7N79QXVw6M0mmObR4IhN9ETIDUihooUAJF6kGFocSzsOr/VI/vwZtRKJOsZ9CJ2Y9JbqCM7RUUD3wUcgIcj9meMmZzPeKIlA7vmSqJ+GTPSoCz+dRguYrpXw9sAXVmltvuGXR38CrD363RoZ1HFTv/SjhWQwKuWTGtD03xU7ONAouoaj4mYGU8SvWg7aFisVgOvng2oKuWSai3UTbp5AO2K8dOYuN6cehdZa7mp9aSf6ltTPsbndyodIMQfH3Qd1MUkxoGR2NhAaOsm8B41rYXSm/ZJpxtAFXbAgfl9L/wVmj7m3UGyebtebuMI4pskJWyTrxyBZpkkNyTFqEkxtyRx7Jk3PrPDjPzsu7dcQZ9iyTb+W8vgFwjaqs</latexit>

O
<latexit sha1_base64="6lpSj1F7Q9TUrxfI58la1BHuB5Y=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmaqoCspuHFnBfuA6VAyaaYNzSRDckcoQz/DjQtF3Po17vwbM20FnxdCDufcyz33RKngBjzv3SktLa+srpXXKxubW9s71d29tlGZpqxFlVC6GxHDBJesBRwE66aakSQSrBONLwu9c8e04UrewiRlYUKGksecErBU0EsIjCgR+fW0X615bt0rCv8Gvjv7vRpaVLNffesNFM0SJoEKYkzgeymEOdHAqWDTSi8zLCV0TIYssFCShJkwn1me4iPLDHCstH0S8Iz9OpGTxJhJEtnOwqL5qRXkX1qQQXwe5lymGTBJ54viTGBQuLgfD7hmFMTEAkI1t14xHRFNKNiUKjaEz0vx/6Bdd/0Tt35zWmtcLOIoowN0iI6Rj85QA12hJmohihS6R4/oyQHnwXl2XuatJWcxs4++lfP6AY5skWs=</latexit>
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OPE Limit & Collinear Limit

• To extract the OPE coefficients we probe 
the limit               , keeping           fixed. 

• This is the (holomorphic) collinear limit in the bulk. 

• Parametrize the energies 

• The amplitude factorize (e.g., for two + helicity gluons) 
 
 

• In particular, 

z1
<latexit sha1_base64="fcdWbJmis2PvLqqQHxIfGTtCC+I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadmNgh4DXjxGNA9IljA76SRDZmeXmVkhLvkELx4U8eoXefNvnE0i+CwYpqjqprsrTATXxvPencLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqh1Sj4BIbhhuB7UQhjUKBrXB8kfutW1Sax/LGTBIMIjqUfMAZNVa6vuv5vXLFc6teDvKb+O7s9yqwQL1Xfuv2Y5ZGKA0TVOuO7yUmyKgynAmclrqpxoSyMR1ix1JJI9RBNlt1So6s0ieDWNknDZmpXzsyGmk9iUJbGVEz0j+9XPzL66RmcB5kXCapQcnmgwapICYm+d2kzxUyIyaWUKa43ZWwEVWUGZtOyYbweSn5nzSrrn/iVq9OK7XaIo4iHMAhHIMPZ1CDS6hDAxgM4R4e4ckRzoPz7LzMSwvOomcfvsF5/QAYLo2q</latexit>

z2
<latexit sha1_base64="3vCo0yWYtjora9QScmlDi8gYc7I=">AAAB6nicdVDLSgMxFL1TX7W+qi7dBIvgapgZBV0W3LisaB/QDiWTZtrQJDMkGaEO/QQ3LhRx6xe582/MtBV8Hgg5nHMv994TpZxp43nvTmlpeWV1rbxe2djc2t6p7u61dJIpQpsk4YnqRFhTziRtGmY47aSKYhFx2o7GF4XfvqVKs0TemElKQ4GHksWMYGOl67t+0K/WPDfwCqDfxHdnv1eDBRr96ltvkJBMUGkIx1p3fS81YY6VYYTTaaWXaZpiMsZD2rVUYkF1mM9WnaIjqwxQnCj7pEEz9WtHjoXWExHZSoHNSP/0CvEvr5uZ+DzMmUwzQyWZD4ozjkyCirvRgClKDJ9YgolidldERlhhYmw6FRvC56Xof9IKXP/EDa5Oa/X6Io4yHMAhHIMPZ1CHS2hAEwgM4R4e4cnhzoPz7LzMS0vOomcfvsF5/QAZso2r</latexit>

~p1
<latexit sha1_base64="eC7s2kAmBNz1n2JXup9WHtsrSbM=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPgadmNgh4DXjxGMA9JljA76SRDZnaXmdlAWPIVXjwo4tXP8ebfOJtE8FkwTFHVTXdXmAiujee9O4WV1bX1jeJmaWt7Z3evvH/Q1HGqGDZYLGLVDqlGwSNsGG4EthOFVIYCW+H4KvdbE1Sax9GtmSYYSDqM+IAzaqx0150gy5JZz++VK55b9XKQ38R3579XgSXqvfJbtx+zVGJkmKBad3wvMUFGleFM4KzUTTUmlI3pEDuWRlSiDrL5wjNyYpU+GcTKvsiQufq1I6NS66kMbaWkZqR/ern4l9dJzeAyyHiUpAYjthg0SAUxMcmvJ32ukBkxtYQyxe2uhI2ooszYjEo2hM9Lyf+kWXX9M7d6c16p1ZZxFOEIjuEUfLiAGlxDHRrAQMI9PMKTo5wH59l5WZQWnGXPIXyD8/oB2cGQbg==</latexit>

~p2
<latexit sha1_base64="MW/m0BJSv+kwIIeaNRkFfND/Hng=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GmZGQZcFNy4r2Ie0Q8mkd9rQJDMkmUIZ+hVuXCji1s9x59+YaSv4PBByOOde7r0nSjnTxvPendLK6tr6RnmzsrW9s7tX3T9o6SRTFJo04YnqREQDZxKahhkOnVQBERGHdjS+Kvz2BJRmibw10xRCQYaSxYwSY6W73gRons76Qb9a89zAK4B/E9+d/14NLdHoV996g4RmAqShnGjd9b3UhDlRhlEOs0ov05ASOiZD6FoqiQAd5vOFZ/jEKgMcJ8o+afBc/dqRE6H1VES2UhAz0j+9QvzL62YmvgxzJtPMgKSLQXHGsUlwcT0eMAXU8KklhCpmd8V0RBShxmZUsSF8Xor/J63A9c/c4Oa8Vq8v4yijI3SMTpGPLlAdXaMGaiKKBLpHj+jJUc6D8+y8LEpLzrLnEH2D8/oB20WQbw==</latexit>

z12 ! 0
<latexit sha1_base64="Y6qgUmWlLjam+alNiNQMuxAx5cI=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgapgZBV1JwY3LCrYV26Fk0kwbmkmGJCPUoX/hxoUibv0bd/6NmbaCzwMhh3Pu5d57opQzbTzv3SktLC4tr5RXK2vrG5tb1e2dlpaZIrRJJJfqOsKaciZo0zDD6XWqKE4iTtvR6Lzw27dUaSbFlRmnNEzwQLCYEWysdHPXy/1g0jXS61Vrnht4BdBv4rvT36vBHI1e9a3blyRLqDCEY607vpeaMMfKMMLppNLNNE0xGeEB7VgqcEJ1mE83nqADq/RRLJV9wqCp+rUjx4nW4ySylQk2Q/3TK8S/vE5m4tMwZyLNDBVkNijOODISFeejPlOUGD62BBPF7K6IDLHCxNiQKjaEz0vR/6QVuP6RG1we1+pn8zjKsAf7cAg+nEAdLqABTSAg4B4e4cnRzoPz7LzMSkvOvGcXvsF5/QAaEJCH</latexit>

z̄1, z̄2
<latexit sha1_base64="8sKfqaBWh14hlFFrTayMvPsuIes=">AAAB/HicdVDLSsNAFL2pr1pf0S7dDBbBhYSkCrqSghuXFewD2hAm00k7dPJgZiLEUH/FjQtF3Poh7vwbJ32AzwOXezjnXubO8RPOpLLtD6O0tLyyulZer2xsbm3vmLt7bRmngtAWiXksuj6WlLOIthRTnHYTQXHoc9rxx5eF37mlQrI4ulFZQt0QDyMWMIKVljyz2vexyO8mnnO8YHXPrNlW3S6AfhPHmna7BnM0PfO9P4hJGtJIEY6l7Dl2otwcC8UIp5NKP5U0wWSMh7SnaYRDKt18evwEHWplgIJY6IoUmqpfN3IcSpmFvp4MsRrJn14h/uX1UhWcuzmLklTRiMweClKOVIyKJNCACUoUzzTBRDB9KyIjLDBROq+KDmHxU/Q/adct58SqX5/WGhfzOMqwDwdwBA6cQQOuoAktIJDBAzzBs3FvPBovxutstGTMd6rwDcbbJ6gGlMI=</latexit>

!1 = x!0, !2 = (1� x)!0
<latexit sha1_base64="DEgrcO67wvuSarJ5gSCkkYhCbTo=">AAACF3icdVDLSgMxFM34rPU16tJNsAgVdJgZBd1UCm5cVrAPaIeSyWTa0MzDJCMtQ//Cjb/ixoUibnXn35hpp+DzQMjJOfdyc48bMyqkaX5oc/MLi0vLhZXi6tr6xqa+td0QUcIxqeOIRbzlIkEYDUldUslIK+YEBS4jTXdwkfnNW8IFjcJrOYqJE6BeSH2KkVRSVzc6UUB6qGtVhjkzDzs3CfLyl10pW0fDg5nX1UumYZsZ4G9iGZPbLIEcta7+3vEinAQklJghIdqWGUsnRVxSzMi42EkEiREeoB5pKxqigAgnnew1hvtK8aAfcXVCCSfq144UBUKMAldVBkj2xU8vE//y2on0z5yUhnEiSYing/yEQRnBLCToUU6wZCNFEOZU/RXiPuIISxVlUYUw2xT+Txq2YR0b9tVJqXqex1EAu2APlIEFTkEVXIIaqAMM7sADeALP2r32qL1or9PSOS3v2QHfoL19Ah/bnpw=</latexit>

An =
1

x(1� x)!0z12

!i!j

!0
Q

a 6=1,2,i,j !a

z
4
ij

z23 · · · zn2
�
4

| {z }
An�1

+O(z012)

<latexit sha1_base64="EpLixrRcXfxUVtAFkTjANP/clIY="></latexit>

�4(p1 + p2 + · · · ) ⇡ �4(p0 + · · · )
<latexit sha1_base64="sxC8WvJq2Y6sqD2hMBW1SllaMg8=">AAACHHicdVDLSgMxFM3Ud31VXboJFqFSKDNtQVciuHGpYB/QqUMmk7ahmUlI7oil9EPc+CtuXCjixoXg35jWCvV14HIP59xLck+oBDfguu9OZm5+YXFpeSW7ura+sZnb2q4bmWrKalQKqZshMUzwhNWAg2BNpRmJQ8EaYf907DeumTZcJpcwUKwdk27CO5wSsFKQq/gRE0CuqgUVeEUVlIs+jSSYA58opeXNjO1+WUEu75bK7hj4N/FKk+7m0RTnQe7VjyRNY5YAFcSYlucqaA+JBk4FG2X91DBFaJ90WcvShMTMtIeT40Z43yoR7khtKwE8UWc3hiQ2ZhCHdjIm0DM/vbH4l9dKoXPUHvJEpcAS+vlQJxUYJB4nhSOuGQUxsIRQze1fMe0RTSjYPLM2hK9L8f+kXi55lVL5opo/OZ7GsYx20R4qIA8dohN0hs5RDVF0i+7RI3py7pwH59l5+RzNONOdHfQNztsH9e+gqg==</latexit>
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OPE From the Mellin Transformation

• The info in the remaining amplitude is not relevant for the leading 
order computation, so 
 
 
 
 
 

• The new operator from the OPE is also a + helicity gluon operator, 
whose dimension is                     . 

• Take the color factor into consideration, we have 

O
+ a1
�1

O
+ a2
�2

⇠
fa1a2
a3

B(�1 � 1,�2 � 1)

z12
O

+ a3
�1+�2�1 + · · ·

<latexit sha1_base64="320mT7COrG/p44pFmsWg/pkJUcg="></latexit>

Ãn =

Z 1

0
d!1d!2 · · ·

!
�1�1
1 !

�2�1
2

x(1� x)!0z12
An�1 +O(z012)

=

R 1
0 dxx�1�2(1� x)�2�2

z12

Z 1

0
d!0!

�1+�2�2
0 · · ·An�1 +O(z012)

=
B(�1 � 1,�2 � 1)

z12
hO

+
�1+�2�1 · · · i+O(z012)

<latexit sha1_base64="GMDAK0tkox2E3ychIyexeqdQ8Wk="></latexit>

�1 +�2 � 1
<latexit sha1_base64="yM1EyOiIQpbjqV3SaAdENb3Cz+A=">AAAB/HicdVDLSsNAFJ3UV62vaJduBosgiCGJgq6koAuXFewD2hAm00k7dDIJMxMhhPorblwo4tYPceffOGkj+DxwuYdz7mXunCBhVCrbfjcqC4tLyyvV1dra+sbmlrm905FxKjBp45jFohcgSRjlpK2oYqSXCIKigJFuMLko/O4tEZLG/EZlCfEiNOI0pBgpLflmfXBJmEK+c1gS98jxzYZtuXYB+Js41qzbDVCi5Ztvg2GM04hwhRmSsu/YifJyJBTFjExrg1SSBOEJGpG+phxFRHr57Pgp3NfKEIax0MUVnKlfN3IUSZlFgZ6MkBrLn14h/uX1UxWeeTnlSaoIx/OHwpRBFcMiCTikgmDFMk0QFlTfCvEYCYSVzqumQ/j8KfyfdFzLObbc65NG87yMowp2wR44AA44BU1wBVqgDTDIwD14BE/GnfFgPBsv89GKUe7UwTcYrx/wZ5Ol</latexit>
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The Idea

• The kind of CFTs we are looking for are not arbitrary. 
They come with extra ingredients. 

• Poincare symmetry also contains bulk translations, which is not 
part of the celestial conformal group 
 
 
 
indicating that                       . 

• Soft theorems are tied to residual symmetries at infinity. 
— Gauge theories: large gauge transformations. 
— Gravity: BMS symmetry. 

P

Z 1

0
d!!��1 · · · A =

Z 1

0
d!!� · · · A

<latexit sha1_base64="0YDNOPlm+K4kHq39kztzIj9i7M0="></latexit>

PO� = O�+1
<latexit sha1_base64="VUMT+Lk+8+fvlQ3yTKh3f4CA2Js=">AAACFXicdVDLSsNAFJ34rPUVdelmsAiCEpIq6EYp6MKdFewDmhAm00k7dDIJMxOhhPyEG3/FjQtF3Aru/BsnbQUf9cAwh3Pu5d57goRRqWz7w5iZnZtfWCwtlZdXVtfWzY3NpoxTgUkDxywW7QBJwignDUUVI+1EEBQFjLSCwXnht26JkDTmN2qYEC9CPU5DipHSkm8e1N0IqT5GLLvK/cy9IEyh/HSKuO/kvlmxrapdAP4ljjX67QqYoO6b7243xmlEuMIMSdlx7ER5GRKKYkbysptKkiA8QD3S0ZSjiEgvG12Vw12tdGEYC/24giP1e0eGIimHUaAri23lb68Qp3mdVIUnXkZ5kirC8XhQmDKoYlhEBLtUEKzYUBOEBdW7QtxHAmGlgyzrEL4uhf+TZtVyDq3q9VGldjaJowS2wQ7YAw44BjVwCeqgATC4Aw/gCTwb98aj8WK8jktnjEnPFvgB4+0TVUKfhg==</latexit>
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Ansatz

• For the pure gluon theory we assume 
 
 

•  The need of       is due to the need of the              propagator. 

• The three gluon vertex has the form           . The leading behavior 
comes from this. Counting energy weights determines the 
dimension of the new operator. 

• Bose statistics requires  

• We are then left with the coefficient                   to solve.  

O
+a
�1

(z1, z̄1)O
+b
�2

(z2, z̄2) ⇠
ifab

c

z12
C(�1,�2)O�1+�2�1(z2, z̄2)

<latexit sha1_base64="SyHQfQXeh3RbeFVffCWADgDd/0M="></latexit>

z12
<latexit sha1_base64="XXeZOfcs1dI9c8uM9tTO885170o=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIvgapgZBV1JwY3LCrYV2qFk0kwbm0mGJCPUof/gxoUibv0fd/6NmbaCzwMhh3Pu5d57opQzbTzv3SktLC4tr5RXK2vrG5tb1e2dlpaZIrRJJJfqOsKaciZo0zDD6XWqKE4iTtvR6Lzw27dUaSbFlRmnNEzwQLCYEWys1Lrr5X4w6VVrnht4BdBv4rvT36vBHI1e9a3blyRLqDCEY607vpeaMMfKMMLppNLNNE0xGeEB7VgqcEJ1mE+3naADq/RRLJV9wqCp+rUjx4nW4ySylQk2Q/3TK8S/vE5m4tMwZyLNDBVkNijOODISFaejPlOUGD62BBPF7K6IDLHCxNiAKjaEz0vR/6QVuP6RG1we1+pn8zjKsAf7cAg+nEAdLqABTSBwA/fwCE+OdB6cZ+dlVlpy5j278A3O6wdOqI7w</latexit>

1
(p1+p2)2

<latexit sha1_base64="j6uSba37mZqA9ytYLDPpHEebzqE=">AAAB/nicdVDLSsNAFJ3UqrW+ouLKzWARKkJM4kJXUnDjsoJ9QBrDZDpph04ezEyEEgJ+gf/gxoUibv0Ft+78Gp20Cj4PXO7hnHuZO8dPGBXSNF+10kx5dm6+slBdXFpeWdXX1tsiTjkmLRyzmHd9JAijEWlJKhnpJpyg0Gek449OCr9zSbigcXQuxwlxQzSIaEAxkkry9M1ewBHOrDyrJ561l3j27oWde3rNNGyzAPxNLGPSzVpjP79+dt7KTU9/6fVjnIYkkpghIRzLTKSbIS4pZiSv9lJBEoRHaEAcRSMUEuFmk/NzuKOUPgxiriqScKJ+3chQKMQ49NVkiORQ/PQK8S/PSWVw5GY0SlJJIjx9KEgZlDEssoB9ygmWbKwIwpyqWyEeIpWHVIlVVQifP4X/k7ZtWAeGfWbVGsdgigrYAtugDixwCBrgFDRBC2CQgRtwB+61K+1We9Aep6Ml7WNnA3yD9vQOl/CYRw==</latexit>

AA@A
<latexit sha1_base64="3V68R6tRHX0AvxJ8rogGKrnIPYw=">AAAB83icdVC7TsMwFL0pr1JeBUYWiwqJKUraASZoxcJYJPqQmqhyXKe16jiR7SBVUX+DhQGEWPkK/oCNv8FJQeJ5JMtH59x7fX2ChDOlHefNKi0tr6yuldcrG5tb2zvV3b2uilNJaIfEPJb9ACvKmaAdzTSn/URSHAWc9oLpRe73bqhULBbXepZQP8JjwUJGsDaS12p5CZaaYY5aw2rNsetODvSbuHZxO7Xzl0aB9rD66o1ikkZUaMKxUgPXSbSf5fMIp/OKlyqaYDLFYzowVOCIKj8rdp6jI6OMUBhLc4RGhfq1I8ORUrMoMJUR1hP108vFv7xBqsNTP2MiSTUVZPFQmHKkY5QHgEZMUqL5zBBMJDO7IjLBEhNtYqqYED5/iv4n3brtNuz6lVtrnsECZTiAQzgGF06gCZfQhg4QSOAW7uHBSq0769F6WpSWrI+effgG6/kdMcOTVQ==</latexit>
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Translation

• LHS 
 
 

• RHS 

• When the symmetry is not broken, the two sides have to equal
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Soft Theorems

• Soft theorems governs the universal factorizing structure of 
scattering amplitudes when a massless external particle has 
vanishing momentum. 

• For gluons there are the leading and the subleading theorems. 

• The leading conformally soft theorem indicates 
 
 
 
i.e.,
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[Lysov, Pasterski, Strominger, `14]
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Soft Theorems

• Subleading soft theorem implies that the celestial amplitude 
is invariant under the action of 

• No need to worry about the      part, since it leads to descendants 
that are to be compared with terms we omit in the ansatz. 

• Applying on both sides of the ansatz we have 
 

• A further application of Jacobi identity gives
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Determining the Coefficient

• Collect the constraints derived so far 
 
 
 
 
 

• These together determines that 

• Similar analysis also shows that
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Case Of Einstein Gravity

• The ansatz (two + helicity gravitons) 
 
 
Analysis works similarly as the gluon case. 

• Subleading soft symmetry corresponds to 2d conformal 
transformations. They do not generate new constraints. 

• Subsubleading soft theorem implies invariance under the action 
 

• The constraints determines that
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More Examples

• We also studied gluons minimally coupled to gravitons 
 
 
 
 
 

• We checked all these results against the computation from the 
collinear limits. The above is consistent with the        coupling. 
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Conclusion
• Scattering amplitudes receives a representation on the celestial 

sphere, which looks like conformal correlators. 

• To see whether this can be promoted to a correspondence 
between theories in the Minkowski bulk and CFTs on the celestial 
sphere we should understand the resulting spectrum and 
interactions. 

• On the one hand, we worked out the leading OPE between 
primary operators using Mellin transformation of the collinear 
limit of scattering amplitudes. 

• On the other hand, we determined the same coefficients using 
constrains from symmetries and soft theorems.
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Outlook
• Other operators in the OPE. 

In particular, what plays the role of stress tensor? 
Analog of double-trace, triple-trace operators, etc? 

• Analog of Sugawara construction in the gluon case. Connection 
with the double copy construction of gravity amplitudes. 

• A proper understanding of the conformal dimensions. 
What is the unitary principal series doing? 

• Role of the case with massive particles.  
Especially string theory amplitudes.
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